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Problem 1

When studying a thermal system at temperature T , an implicit choice of reference frame is
made. This frame is at rest relative to the heat bath, thereby defining a preferred direction
Uµ = (1,0). Taking a bosonic four-momentum P = (P0,p) (where P0 = 2πTn are the discrete
Matsubara modes), this implies that thermal quantities can depend on P ⋅U = P0. Therefore, the
most general massless bosonic one-loop vacuum (no external momenta) sum-integral appearing in
perturbative calculations is of the form (P 2 = (P0)

2 + p2 in Euclidean signature)

I
η
ν (d, T ) ≡ ∑∫

P

(P0)
η

(P 2)ν
, (1)

where η ∈N0 and ν ∈N+.

Note: We use dimensional regularization throughout, where ultraviolet and infrared divergences
are regulated in d = 3 − 2ε dimensions. We also use units where kB = c = h̵ = 1.

(a) Show that Iην = 0 for odd values of η.

(b) Compute Iην explicitly by first evaluating the spatial integral, and then using the standard
(analytically continued) result for the Riemann sum

ζ(s) =
∞
∑
n=1

1

ns
, Re(s) > 1. (2)

Setting η = 2 and ν = 1, expand the result in Laurent series around ε = 0 up to and including the
constant term (i.e. that of order O(ε0)). You can use, for example, Series[] in Mathematica.

(c) We saw in the lectures that the pressure (minus free energy density) for a free massless
scalar field is

pfree(d, T ) = c × −
1

2
∑∫

P

log(P 2
), (3)

where c = 1 is the number of degrees of freedom for a real scalar field.
Since T is the only scale in this sum-integral, by dimensional analysis the thermodynamic

pressure must scale as pfree ∝ T d+1. By scaling the loop momentum p → Tp in d dimensions and
taking the derivative T 2∂/∂T 2, show that one can equivalently write

pfree(d, T ) = −
1

d
I
2
1(d, T ). (4)

Using your result for (b), set ε→ 0 to show that you get the usual Stefan-Boltzmann law for a gas
of massless particles. This is an alternative way to compute Eq. (3).

Problem 2

A powerful tool in modern multi-loop calculations is the so-called integration-by-parts (IBP)
method. The key idea is to exploit the identity (here we restrict ourselves to one loop, massless
propagators and no external momenta)

∑∫

P

∂

∂pi
[
pi(P0)

η

(P 2)ν
] = 0, (5)
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where pi are the components of the spatial loop momentum.

(a) By expanding the derivative in Eq. (5), show that the sum-integral Iην (d, T ) from Problem
1 satisfies the recursion relation

I
η+2
ν+1(d, T ) = (1 −

d

2ν
) I

η
ν (d, T ). (6)

Using this relation iteratively, one can always reduce either the upper index to 0, or the lower
index to 1 (or both). This means that I0ν and Iη1 can be considered master sum-integrals, i.e. they
form a basis for the space of sum-integrals of the form Eq. (1). Therefore, we can write

I
η
ν (d, T ) = p1(d, ν, η)I

0
α(d, T ) + p2(d, ν, η)I

β
1 (d, T ). (7)

(b) Find α and β in Eq. (7) in terms of η and ν, and express p1 and p2 as products over
polynomials in d. Note that, for given values of η and ν, one of these prefactors is always zero (you
can check the different cases separately, and/or insert Heaviside functions).

Problem 3

Consider a dense gas of Nf (massless) quark flavors at exactly zero temperature, all with the
same chemical potential µ. The pressure of this system in a weak-coupling expansion is

p(µ) = pfree + p2 + . . . , (8)

where pfree is the pressure of a free Fermi gas of quarks, pfree = NfNc µ
4/(12π2) (Nc is the number

of colors, Nc = 3 for QCD), and p2 is an O(αs) perturbative correction in the QCD strong coupling
constant αs = g

2/(4π). This correction is obtained from a single 2-loop vacuum Feynman diagram,

p2 = −
1

2
, (9)

where 1/2 is the corresponding symmetry factor (with an extra minus sign from the quark loop),
and the solid and wavy lines represent quarks and gluons, respectively.

(a) Employing the Feynman rules for QCD in Feynman gauge, show that

p2 = −g
2Nf(N

2
c − 1)

d − 1

2
∫{P} ∫Q

[
1

P 2(P −Q)2
−

2

P 2Q2
] , (10)

where the curly brackets as in {P} refer to fermionic signature of the Euclidean momentum, i.e.
P = (p0 + iµ,p), while Q is the gluon momentum Q = (q0,q).

(b) Argue why the second term in Eq. (10) can be set to zero in dimensional regularization,
and then show that p2 reduces to

p2 = −g
2Nf(N

2
c − 1)

d − 1

2
(∫{P}

1

P 2
)

2

. (11)

Compute this integral by first using the Residue theorem for the temporal component, and then
performing the spatial integral in spherical coordinates. Write the pressure to O(αs) as

p = pfree [1 + c (
αs

π
)] +O(ε), (12)

and set Nf = Nc = 3 for three massless quarks flavors in QCD. What is the value of c?

(c) At the inner core of very massive neutron stars, one expects quark chemical potentials very
roughly of the order µ ∼ 400MeV. By evaluating the 1-loop QCD running coupling

αs(Λ̄) =
2π

β0

1

log Λ̄
Λ̄QCD

(13)

at the scale Λ̄ = 2µ (β0 = 9 and Λ̄QCD = 200MeV), decide whether the perturbative correction
in Eq. (12) for that value of µ is small or not. Is QCD strongly coupled even in these extreme
conditions of density?
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