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Motivation

@ Extend moments analysis beyond
photoproduction to
electroproduction

o Further account for target/recoil
polarisations

@ Understand resonance production
in electron—proton collisions at
next-generation facilities

University
of Glasgow
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Electroproduction

. : Moments Analysis
Moments

Analysis
-

@ Analyse the structure of exotic hadrons i.e. XYZ states

@ Possibly extract physical data such as pion form-factors in a more
simplified manner (without Rosenbluth separation)
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The Electron lon Collider (EIC) 52 of Glasgow

@ The EIC will be the next
electron—proton collider and the first
since HERA.

@ Electron—proton collisions are much
“cleaner” than proton—proton
collisions.

@ Provide much higher centre-of-mass
/ production energies than current
LINAC experiments.

@ So far, moments analysis has only

been performed for photoproduction
(e.g. GlueX).

Figure 2: Schematic of the EIC.
Taken from
https://www.bnl.gov/eic/machine.php

D. Leahy (University of Glasgow) Generalised Moments for Electroproduction JPAC & JLAB12 Feb 2026 4/27



University

Moments Analysis Overview (I) 2 of Glasgow

@ Akin to Fourier analysis, decomposing /(€2, ®) (the signal) as moments
H(LM) (Fourier coeffs) and spherical harmonics YM() (sinusoids)

@ For multiple resonances with different spins, moments encode
o Interference and phase between resonances,
e Magnitudes of partial waves.

2" +1 o _
Z <m> C/l’%Lo CI/%//_Mpm’,Z/ if « =0,
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Moments Analysis Overview (I1)
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Figure 3: Example plot of S-, P- and D- wave contributions to the moments for a
toy model of an n7° decay. Taken from V Matthieu et al. [1]

D. Leahy (University of Glasgow)

Generalised Moments for Electroproduction

JPAC & JLAB12 Feb 2026

6/27



! University

of Glasgow

Moments Analysis Overview (lII)

@ From standard field theory we can write out our 2-body decay intensity
as

do *) .
I(Q,®) = dtdm., dQdd =R Z Axian (2 P,\N(q’) Vo (). (3)
a AN
)\1,)\2

@ Can expand amplitudes out in a basis
of spherical harmonics:

Aana () =D Timan, Y(Q)
Im
(4)
@ Intensity can also be expanded as a

sum of different polarisation
contributions

Figure 4. Diagram of the angles and
_ /0 : : 0
1(Q2) = I°(Q2) + 1(Q)P,(®) (5) vectors involved in the nm
photoproduction. Taken from [1]
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The Reflectivity Basis

@ The reflectivity basis is a transformation into

e 1
Trln;)\l)\g = 5 (T—ll-lm;)\l)\z - (_1)mTilm;)\1)\2) (6)
@ ¢ is an eigenvalue of this basis and is called the reflectivity

@ It can have a value ¢ = 4 and is equivalent to the naturality of the
exchange [1]

@ Also convert our nucleon helicities (A1 A2) to an index k
M1 =" Tont (7)
[/]m 1= 7_rln;+f (8)

This represents the spin-flip of the nucleon

@ k =1 is non-spin flip (++ or - -) andn k = —1 is the spin flip state
(+- or -+)
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Interlude: Naturality 52 of Glasgow

Definition

o Naturality (natural parity) is defined as
n= 'D(_l)J7

where:
e P is the parity,
e J is the total angular momentum of the meson.

e Natural (n = 41) exchanges:
o Pomerons, ps, other vector mesons.

°
e Unnatural (n = —1) exchanges:
e 7s, other pseudoscalar mesons.
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Electroproduction vs Photoproduction

Basic Definitions

o Electroproduction: production of a resonance by a virtual photon
emitted by a scattering electron.

@ Photoproduction: production of a resonance by a real photon in a
photon beam.
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Why Move to Electroproduction of Glasgow

Electroproduction vs Photoproduction

@ Now have a 3 x 3 virtual-photon SDM compared to previous 2 x 2
real-photon SDM

@ More cross-sections! o1 — o1, 0y, o1 and o1

e Virtual photon has a @2 dependence (virtuality) = different distance
scales can be probed

How does Q? now appear?

@ Q? dependence enters via the parameter ¢, this is the transverse
polarization parameter of the virtual photon defined by
1

€

15 20_25# tan? (%)
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Aside: Practical Issues with SDMEs... of Glasgow
e Common to quote SDMEs in 04 _ P + (e + )R Pl (10)
terms of the 23 normalised k=14 (e+0)R
observables rf.
e ¢ is an electron mass correction 1+ (5 + 5)R’ ’
e ¢ is a polarisation parameter riy =
p . p ik \/ﬁpﬁ(
@ Get photoproduction result back m, a=5-8.
in the limit R — 0 € (11)

@ This is standard in many current experiments and previous analyses
(e.g. HERA [2], HERMES [3], COMPASS [4], etc).

@ Requires a Rosenbluth separation (variation of the beam energy) to
obtain R and e...

@ Moments analysis should not require this
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Electroproduction SDMEs 2 of Glasgow

@ Electroproduction introduces helicity-0 states that cannot be
transformed by the previous reflectivity transform.
a4l / I
pmm’ - K’TOm JLALA2 TOm AL
501 _
Prom = \/— Z A (TOm Ao T A T T Sl Tom ,\1,\2>
A==+1
6,I' _ /
Bt = (TOm a2 D = TAmanre Tom ,\1,\2)
)\ +1
i 7! Tl 7! Tl
pmm/ - 0m,A1 2 " Am, A1\ =+ AmA1 A2 T 0m A1 Ao
,\ +1
8, / %
Prom = Z A ( Amande Tomae — TomA T/\m,)\l)\2> :
A +1
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The Ansatz

@ Define a new reflectivity basis as before, but introduce an additional
index T/L

(¢)

NFmk =" Trmtr/+— = Totmt /- — (1) Toaomsyy— (12)

Nimk = T s = Tompgjom — €(=1) " Tommsgj—e (13)
@ Each partial wave now corresponds to a transverse or longitudinal piece
in the reflectivity basis.
@ From parity: (E)TL,,,;_)\I_,\2 = —¢(—1)NN (E)TL,,,;AIM

@ Our result is consistent in that there are no positive reflectivity
exchanges for m=0
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Expanding the SDMEs
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Moments and Intensities in Electroproduction = ¢f Glasgow

@ Similarly to before we can write out our overall intensity as

(I°(Q) +1(Q) - P () (14)

Q9= 7

@ The intensity vector and polarisation vectors are then defined as

I(Q) = (I17 l27 I37 l47 I57 l67 I77 /8)

P, (®) = ( — ecos(29), —esin(2P), Po/1 — €2, —eR, —1/2eR(1 + €) cos(P),
— V/2eR(1 + €)sin(®), Per/eR(1 — €) cos(P), Per/eR(1 — €) sin(P)

What is the physical meaning of a?

@ 0 — Unpolarised @ 4 — Longitudinally Polarised

@ 1 & 2 — Transverse Linearly @ 5 & 6 — Linear-Longitudinal
Polarised Interference

@ 3 — Transverse Circularly @ 7 & 8 — Circular-Longitudinal
Polarised Interference

v
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Fixed Amplitudes Trial: p° Decay
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Figure 5: Moments inversion using fixed amplitudes, only S and D waves
contributing with max (|m|) = 1.
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Fixed Amplitudes Trial: p° Decay of Glasgow
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Figure 5: Moments inversion using fixed amplitudes, only S and D waves
contributing with max (|m|) = 1.
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Fixed Amplitudes Trial: QfGlaSgOW

Possible ambiguities?
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Figure 5: Moments inversion using fixed amplitudes, only S and D waves
contributing with max (|m|) = 1.
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Possible ambiguities?
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Figure 5: Moments inversion using fixed amplitudes, only S and D waves
contributing with max (|m|) = 1.
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HERMES Results
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Figure 6: The 23 SDMEs extracted from pO data: proton (squares) and deuteron (circles) in the entire HERMES kinematics
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HERMES Results
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Figure 6: Results from brufit moments inversion using HERMES SDME Data [5],
see Figure 6. The minimisation algorithm settles on a magnitude but phases are
left ambiguous, other than Sy for which the phase is fixed at 0 and
correspondingly has an ambiguous magnitude.
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Polarised Targets and Recoils 2 of Glasgow

@ For polarised targets/nucleons we sum over the 16 extra degrees of
freedom (giving 9 x 16 = 144 SDMEs) [6]

@ ldentical treatment to photoproduction, just with a different
polarisation vector [1]

@ Introduce indices 3, € {0,1,2,3} that get summed over

’
o Can get any pf‘fnr,’” state by taking the « electroproduction state then

applying the 5 and T rule

[ - Polarised Target Rules
©Q Unchanged

© Interference condition flips (diagonal <+ off-diagonal)

@ Interference condition flips, € and k factor and the second k-index
swaps

© ¢ and k factors and the second k-index swaps
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Polarised Targets and Recoils 2 of Glasgow

@ For polarised targets/nucleons we sum over the 16 extra degrees of
freedom (giving 9 x 16 = 144 SDMEs) [6]

@ ldentical treatment to photoproduction, just with a different
polarisation vector [1]

@ Introduce indices 3, € {0,1,2,3} that get summed over

!’
o Can get any pf‘nﬂ—,’” state by taking the a electroproduction state then

applying the 5 and T rule

[ - Polarised Recoil Rules
Q Unchanged

© Factor of k and interference condition swapped

@ Interference condition swaps and first k-index is flipped.
© Factor of k and first k-index is flipped.
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Pion Form-Factor? (1) of Glasgow

Extract pion form factor F, without Rosenbluth separation by exploiting
the off-diagonal nature of the interference cross section o 7.
Experimentally, this would be obtained from measuring the moments of
the angular decay and then inverting the moments to obtain the
amplitudes = giving F;.

i

Cross Sections and Moments

do
"To) x o1 + €0 + €orr cos2® + 1/2¢(1 + €)o7 cos d (15)

I(®) = HO+eH" cos 2d+4/2¢(1 + €)H® cos ®4Pp/e(1 — €)HE sin ® (16)

v
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Pion Form-Factor? (Il)

e Apply High Energy Factorisation (can we do this?!) so that the
scattering amplitude separates into hard photon and soft photon vertex
connected by a Regge trajectory

@ Simplifies so that we can now consider the nucleon spinor factors as a
common scalar intensity factor |\/|?

@ Reduces complexity down to helicity states of meson of which there are
3 distinct dominant contributions

e Longitudinal Unnatural (T, ) — Pion signal (dominated by pion pole)

o Transverse Natural (T y) — Dominant background (consists of
pomerons and vector mesons)

o Transverse Unnatural (Tt y) — Secondary background (contains
transverse pions)

@ As we have a spin-1 v* to spin-0 pion Tt ¢ pions are heavily
suppressed by centrifugal barrier (couples to P-wave while T, ¢ couples
to S-wave)

D. Leahy (University of Glasgow) Generalised Moments for Electroproduction JPAC & JLAB12 Feb 2026 21 /27



! UanCl sity

of Glasgow

Pion Form-Factor? (1l1)

@ Transverse pions are heavily suppressed so Tt y is essentially "noise"

M=¢ Tﬂ—L(an + Bsf) +er TFT(an + Bsf) + €T TpT(an + Bsf)
Signal (Unnatural) Background (Unnatural) Background (Natural)
(17)
@ So longitudinal is dominated by spin-flip pion pole and transverse by
non-flip vector mesons

@ Intuition suggests their interference is zero (opposite reflectivities)...

@ For interference terms it is only opposite reflectivites that contribute

o Applying this to 0,1 oc Re(MM7*) = Re(Tr. T,7) X |Bor + Bsf|?

@ This factor acts as the necessary constraint to solve for the signal
amplitude via moments inversion
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Future Work £ of Glasgow

Validation and Toy Models

@ Test using toy models and input some form-factor @ dependence

e Compare with previous results in real/quasi-real photon limit

Applications to Data

@ Use HERMES data to get a working electroproduction module in brufit

@ Study reaction data at polarised electron-beam experiments (e.g.
JLab/CLAS)

@ Connect to further physics i.e. GPDs, more Form Factors

Model Extensions

@ Incorporate higher spin mesons and decay products
@ Extend from 2-body to 3-body decays for richer spectroscopy
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Summary & Questions

@ Connected moments analysis in photoproduction to a generalised
electroproduction framework.

@ Accounted for the effects of polarised nucleons, both target and recoil

@ Showed preliminary electroproduction results using brufit to obtain
amplitudes from moments

@ Further laid a proof of concept using moments analysis to obtain pion
form factor

@ Laid groundwork to apply moments analysis to at the EIC and previous
electroproduction experiments

Any Questions?
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SDME Basis Matrices and Coefficient Vector of Glasgow

Full Spin Density Matrix

1—4/1—£2 P cos ap ef"‘”(\/a(1+5+26)—\/6(1—6) P cos a2)

—eef

ei¢(\/£(1+5+26)—\/€(1—5) P cos az) 2(e+9) —efi¢(\/5(1+8+25)+
—ege?i® 7e"°(\/s(1+5+25)+\/s(175)Pcosoq) 1+4/1—28

Why can we decompose this?

@ As our spin density matrix is a hermitian matrix it can always be

decomposed into N2 basis matrices (N is the dimension of the matrix)

@ General complex matrices form a vector space over R of dimension 22

@ Hermitian matrices are a subspace of this with half the d.o.f so they
form a vector space of N2

v
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SDME Basis Matrices and Coefficient Vector of Glasgow

~v* Vector of Coefficients

M={1, —ecos(2¢), —esin(2d), 2?’"(1 —¢€)Po, €+ 6, 1/2e(1+ €+ 26) cos

\/26(1 4 & + 26) sin &, Z(1 —€)(PLcos® + Pasin®), 20(1 —&)(Py

Vector of Vector Meson SDME Coefficients

1
Nn=—_—__{1
1+(s~|—5)R{ ’

V2e(1 4+ 26)sin®, 28(1 — )(Prcos ® + Pasin®), 28(1 — e)(Pysin

—ecos(29), —esin(29), 2W’”(l —¢€)Po, €+ 6, y/2e(1H
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SDME Basis Matrices and Coefficient Vector of Glasgow

Basis Matrices
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Parity Relations and the k-Basis 2 of Glasgow

& 1
P OT e = O Tiom—x—x, = 5 |:T(;—m;—)\1—)\2 - f(—l)mTém;—Al—,\Q]
1

= 5 (DT T — (1PN

—> under exchange m <> —m

(©) TLm;—)\1—>\2 = _6(_1))\1_>\2 () TLm;>x1>\2'

A\

Casting L into k-basis

o Always have (©) Trmapn, = Il:(e)TLm;—)\l—/\g
o k-basis [/]{,., is valid also for the longitudinal part

\
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Checking the Degrees of Freedom

Reflectivity Basis

o For our partial waves [/]T ., and [/]{, ., the total d.o.f. is

2 x 2 +ox S = 6(2+1), (18)

where the longitudinal part is symmetric under
—m < m:[/]im;k = ¢ (_1)m [I]eLm;k‘

@ For m = 0, only an unnatural contribution remains.

Standard Basis

o In the standard basis T{ ., , (and considering parity):

3 x 2?2
2

—6(2/ + 1), (19)
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Interference Conditions

@ Previously in photoproduction the reflectivity transformation
diagonalises our amplitudes in our € and k spaces.

@ Is this still preserved in electroproduction?

@ Spoiler! Our e space is now off diagonal for some of our SDMEs (the
interference terms)

@ As for k... see the inclusion of proton polarisations later.

Diagonalisation Conditions

> Uil 1emane = Nimt ot + i [+
e’ A1\
[/]im;—+[//]€Lm’;—+ + [/]eLm;——[//]eLm’;——
= (1 — €Y (NLmrt [Tt + =[]

=2 Z 556’[I]€Lm;k[/,]€L/m’;k
ek

~—

v
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Interference Conditions of Glasgow

Off-Diagonal Conditions

Z [/]eTm;)\l)\g [//]im’;)\l)\z = [/]E'I'm;++[//]7_m’;++ + [I]eTm;Jrf[l/]im/;qu_’_
e’ A1\

[I]eTm;er[l/]ele’;er + [I]ETm;ff[//]eL/m’;ff
= (1 + 66/)([/]e'rm;++[ll]i_m’;JrJr =+ [I]gl'm;+f[//]7_m’;+ »:

=2 Z 55—6’ [I]ETm;k[l/]ele’;k
ek

@ Non-interference terms are purely diagonal (equal reflectivities).

@ Interference terms consist purely of off-diagonal terms (opposite
reflectivites).

@ Proofs not shown for purely transverse and L/T interference (see
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Mathematica Script and Outputs Demo 2 of Glasgow
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k-Basis Example £, of Glasgow

@ Why can we convert our nucleon lambdas into this
spin-flip/non-spin-flip basis?
o From our parity relation we have (ignoring other indices) T, = +T__
and T,_ =+T_,
o Redundant to have all four summed over if (——) is needed we just take
+ of (++)
@ + factor is trivial but why can we reduce our basis even when they are

related by the factor -17

Example:
@ Can describe a standard 2-D cartesian basis in terms of
(1,0),(0,1),(-1,0),(0,-1)
o With this we can describe every point on a 2-D plane
o Clearly redundant as (—1,0) = —(1,0)
@ So we just express our basis in terms of the linearly independent (1,0)
and (0,1)

apnlied to o maore oh 3 3
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Transverse Parity Proof

1
E I:T]{—m;—)\l—/\z — 6(_1)mTilm;—)\1—/\gi|
1

= S [—(=1)ymRR T e F (=DM

75 (6) TITm'/\l)\Q = (E) TT—m;—)\l—Az =

2
—> under exchange m < —m

OF fim2g2p = (=12 O T 105,
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Polarised Targets and Recoils of Glasgow

@ To account for polarised targets we sum over the 4 target degrees of
freedom [6]

@ ldentical treatment to photoproduction, just with a different
polarisation vector

This gives 9 x 4 = 36 SDMEs
Thats quite a bit...

Can generalise some rules to visualise the impact of each dof
Need to introduce a new index 5 = 0,1,2,3 that gets summed over

@ Invariant = equivalent to regular electroproduction.

@ |Interference condition flips (1 + e/ — 1 F e€’).

@ Interference condition flips, global € and k factor and the second k-index

swaps.
© Global ¢ and k-factor and the second k-index swaps.
B,

e Cangetany p, "
applying the S rule
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Polarised Targets

B Standard representa-  Transformed represenfia- Standard representation Transformed repr

tion tion tion
TE "N % sl TE 1)
0 § TTm A1 X2 Tom: Al E TTm PEE 2 E TTm —A1 )2 T /\1)\22 E ek TTm k
ee’ A1 EEPNPY
E: el 2: e//* }: el s/* }:
0 TLm;)\l)\z ’ >\1 TLm k" Lm’;k 2 TLm;f)q)\Q Lm’; X1\ 2 ek T, Lmk L,
ee’ X\ EEPIPY
el el %
0 E Timaino TTmia 2 E TinT m’ K 2 E Tim T m’ >\1>\22 E ek T T7
ee’ A1 EEPSPY
TE "1 % sl * TE e
0 E Tomanse Tonig 2 E Tk Timrk 2 E T Tim a2 E ek T T,
ge’ A1 ee’ A1
el £ I —el’ el %
1 E A1 TTm;A1A2 T lg; A1 Tka Tm' -k 3 E A1 TTm A1A2 Tl >\12 § A1 ek Tka
ge’ A1 EEPSPY
€ l el’ el s'l'
! Z M TLm Mz Tim §; :>‘1 Lm P $3 E AL T = xan Timr AR 2 :>‘1 ek TLm k
ge’ A1 ee’ A1
el el s/ el el %
1 E AL Timan TT *%]g AT, Lm « Tt *3 E A1 Timi—xn0 T T, >\1 § Arek TLm k
ee’ A1) e’ A1
el —el’ el
1 E A1 TTm;)\1A2 ]g AL TTm k! im ;:3 E A1 TTm —A1ho T, ,\1 § A1 ek TTm k
ee’ A\ e’ A1
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Polarised Recoil of Glasgow

@ Exact same thing as before, just with a different polarisation vector for
the recoil nucleon

@ Therefore we now have 36 x 4 = 144 SDMEs...

@ Again we introduce a new index [ = 0,1,2,3 to sum over and obtain
some rules
@ Unchanged.
@ Factor of k and interference condition swapped.
@ Interference condition swaps and first k-index is flipped.
@ Factor of k and first k-index is flipped.
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Wb

Standard  representa- Transformed representatidbtandard representation Transformed represen
tion tion
U G
Z TTm TAT A2 _‘Is'n”ll/ *)\1)@ Z TTm k '?'inj(;k Z T'ﬁn;)q,—)q T?n:/')\I%\Z TTm k TT,:_/’:
EEOSPY) ee’ A2
Z TLSI. s/* ;Z el* 2 Z T e'l' ;Z T- el *
m;A1 Ao Lm’ A1 Lm k Lm’ k LmiAg,— Ao Lm’ A1 Lm k "Lm’:k
ee’ A1 ee’ A1 g
Z Tel Z Tl 2 Z T Z Toelx
LmiAgAp Tm’ )\IA Lm k T rm ik Lm A=A TTmiing R Lm k Pk
EEPNPY ee’ A1 2
’ ’
Z T'?ln;)\l)\z ’ >\1 Z TTm k TE’ ’*;k 2 Z TTm A1, — LErn/’ AI%QZ TTm k TLmE/Ik*
ee’ A\ ee’ A1)

/ v I
> X T, Tim ]Z KXo Tsh, Toel's

Z A2 T-?;;A177A2 7, ’ijg,\; kA2 TTm k TE'

ee’ A1 ee’ A1 A2
el el el’ el el el
E A2 Timoagn, Timi § k X2 TLm « T 3 g A2 Timag, =2 10 %;g; ko T Lm « Tin
EEPSPY ee’ A1 2
el £ I —e'lL el el £ el
E A2 TLm;,\1>\2 T7 g ko T Lm k T k’f E A2 TLm;Al,—)\z T /ZA k X2 TLm-—k TH
ee’ A1 ee’ A2
el —el’ £l
E A2 TTm;/\1>\2 Lm’ g kX TTm k TLm/ ;3 E A2 TTm A1,— A2 m’2 E; kA2 TTm PR
PSP ee’ Ao
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