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FRW Geometry (> 100 Mpc)

» dS? = —dt? + a?(t)d¥ - dX
* Hubble parameter: H(t) = g

* Deceleration parameter: g(t) = —% (H = % — H? > % = H + H?)
C .
* First slow roll parameter: q(t) = —H;‘;’ =—-1+4+€(t),e(t) = —%

* Primordial inflation~ de sitter = a(t)~eft, H =constant
* Loop effects on de Sitter are stronger than flat spacetimes
* Leading logarithms: E.g. A¢* theory = Aln?[a(t)], Sub-leading=>AIn[a(t)]

* Loop counting parameters: GH*~1071° (from data constraints)
e GH?In[a(t)] could be significant
* Non-perturbative strong = require a re-summation technique
* Predictivity: non-analytic contributions
* Gauge issue



Starobinsky’s Formalism =» The Proof (gr-qc/0505115)

* Exact field equation for scalar potential model on de Sitter
+ L= —20,00,0g" =g — V(®)y=g > d,[y=g g"'0,®] = V' (®)y=7
* Yang-Feldman equation
e O(t, %) = Dy(t, %) — [d*x' =g (t', %) i0(t — t)[Po(t, X), Po(t', )] V'(P(t, %))

. dy(t,%) = [ (dg)B fut, ke *Fa(k) +u (t, ke **at (k)

o) =i e ] = A1) 4 (5) +




Starobinsky’s Formalism = The Proof (gr-qc/0505115)

* IR truncation changes everything but preserves leading logarithms

* Every pair of ®,’s must contribute an IR log for leading logarithm order =» can IR
truncate @, to @,

¢ @o(t, %) = f( n)ge(k H)0(Ha — k) { = et
(1%t imaginary for commutator)
(68 = polt, ) - [ dtx Lo 63 ) v 1)
iy 1 rt I 7! I 2
= o(t,X) — o J dt’ V'(p(t', %))

* @o(t,x) # Dy(t,x) = no UV divergences, ¢, & ¢, commute, but their correlators
agree at leading log order

e‘iz'faT(l_c))}

H
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* Taking the time derivative gives Starobinsky’s Langevin equation!
c 9 =@o—=-V'(9) D 3H(p— o) = —V'(¢)



Explicit Computations Show Discrepancies
beyond Scalar Potential Models

e Order 1 contributions come from both UV & IR

° . . — HP F(D)
Exact dim. reg. gives (au¢(x)av¢(x)> = “Yuv X 2(4m)D/2 1"(%4_1)

* Any purely IR stochastic result must be positive for u = v

* Simple rule for "GR + Fermions’’ deviates from Starobinsky’s (gr-qc/0802.2377)
 Renormalization matters

D—-4 D—-4
(2H) ) — Counterterm ((“a) ) = —In (%) + 0D —4)

* No stochastic formalism will recover these logs, but RG was designed to do it

o Primitive( — —

* Crucial to stay focused on large logarithms
e Always check formalism against explicit computations



Two sources of leading logarithms

* Exact field equation for scalar potential model on de Sitter
1 /
* L=—-0,00,09"\=g —V(®)\/=g > d,|y=g 9" 0,®] = V'(®)y=g

* IR truncation

* Every pair of ®,’s must contribute an IR log for leading logarithm order =» can IR
truncate @, to @,

 Starobinsky’s Langevin equation
c 9=y ——V'(p) > 3H(P— o) =—V'(p)
* Only keep the 15t derivative on ¢ & insert the stochastic jitter ¢
* 3H : —0,|y=g 0;P|> —9,|y=g | x 0,
e Capture the leading logs from iA(x; x') = : ERLER GHZAxZ)

Al aarAx? 812

* The other source of logs (not from tail terms)

D—-4 D—-4
* “RG” logs from renormalization er ) = —In (%) +0(D —4)

D—4 D—4



Distinguish between “Active” & “Passive” Fields

e Undifferentiated Active field can cause IR logs, Passives cannot
* MMC scalars & gravitons [hy,, in g, = a? (nw + Khw) ] are Active
* MICC scalars, fermions, photons & differentiated Actives are Passive

* Integrate out Passives & differentiated Active field for constant Active
* Induces scalar potential model for Actives = use Starobinsky formalism

* Constant Active field induce effective potentials three ways (at least):
* Through masses, Yukawa: —fp¥YW¥./—g
* Through field strengths, Nonlinear Sigma: —f(A)Za Bo,Bg"*V\[—g

* Through the Hubble constant, gravity: constant h,, corresponds to different Hubble
parameter H = just change this parameter in the propagators



Examples of Integrating Out Passives
* Fermions Yukawa-coupled to a real scalar (gr-qc/0602110)
* L =Wegy (i, — 3Aupc] ") ¥V=7 — 30,00,09" =g — [V(¢) + foP¥]y=g
* Photons minimally coupled to a complex scalar (arXiv:0707.0847)
* L= —F0Fo0gt gV =g — (0, — ieA, )" (0, + ieA,)pgH Y=g — V(¢ P)y=7
* Nonlinear Sigma Models (arXiv:2110.08715)

* And same sorts of large logarithms but no indices and no gauge fixing issues

2
* Double Field Model: £ = —%auAa\,Ag“"w/— —%(1 + %A) d,B0,Bg"’\[—g
e Similar to matter loop corrections to gravity
: : 1 1
* Single Field Model: £ = —~ (1 + EACDY%CD%CDg“"J—g
* Similar to pure gravity, no dimensionally regulated & fully renormalized result yet
* MMCS Corrections to Gravity (arXiv:2405.00116)

o —i[*VEPT](x;x) WBQ’W N W@M TN



Large Logarithms in Nonlinear Sigma Models
Stochastic and Renormalization Group

Single Field Model

Double Field Model

. , , Quantity Leading Logarithms
(Juantity Leading Logarithms Quantin — t
us(n, k) {1—% In(a) + O(/\4)} X 7{%
ug (1, k) {l-i-—ln a)+0(XY } :1 up(n, k) {1 “—”O(’\J‘)} X 7o
— Pa(n, 1) {1 \2’;’ In(a) + O()\J‘)} X %ln(Hr')
Poln,r) || {12t ln(e) + OO b x B n(Hr) | Por) i £ OO} x EL (1)
. (Q|A(2)|Q) {1 2H 1 (a) + O(A } x A2 In(q)
’:.!:1|¢]i=‘”|5“'!} {]."' |['||I' | 'l_ {J[/IHL ]} 3{ _"I]l ) <Q|~‘l )|Q> {1_ \ H 111((! +O )\4 } w H_ H hll”]
016220 | 0\ 1 1) (QB(z)|2)
(YD) Ve { ol )} Y Q1B (2)(9) e {1 + O\ }x H2 1n(a)




Pure Gravity

* Logs come from undifferentiated h,,, =» constant §,, = n,, + kh,

~

* But g,y = a*g,, with constant g, is de Sitter with H* - —gG°°H?!
F,Lfv = aH (5,55\9 + 5\'?519 - g()pguv) > Rguv - _gOOHZ (5,590\) o 5\')090;1)
* H> > H* AND n4p = JapWwith 87 — u, = —N§ (arXiv:2409.12003)
* ADM:  Jupdx®dxP = —N?dn? + y;;(dx" — N'dn)(dx/ — N/dn)
e New: Lo = —laD 2G"F,E, Fu gre [hup,c — lhpau — (D — Z)aﬁhupua]
e Ghost contributions: £,, = —aP~2,/—G§%F¢,5F;
£1+2+3 _ CLD -2 / N’gafﬁ 1"*”}/,0"*’50 4+ équy&:qvpa]h'ycﬁahpoﬁ
D 2 D / =~ ’ya~ﬁp~06h h HQ“U,»YUg |

4+5 _ ~~a5~75~P08 |: §8O(aD_2h'yph5a) _|_a!D_2h'yph6a,a] )
Lo = (%MH a”™! V _gﬁgﬂﬁﬁgﬁég’oahmﬁhhhﬁﬁ -



(1) Integrate out hyy s hye g & hyy g hpeo
(2) Stochastically simplify the derivative terms

5S[h]
Sh

K — _KT[h]leind

KILLog
LHS (dropping unimportant terms):

Temporal changes on the fields are much slower than the one on a(t)

- E.g. % |a®hy,| @ 3Hah,, & drop a®hy,
Only keep the first time derivative on the field & subtract it with stochastic jitter
¢ E.8 00phyy + 0k D 83| My — X ]

—

RHS (integrating out differentiated fields):  fapsPses  — 3@-(931'[@&90} (z:2)]

! [“"SAW] (z:27) = [ Ya(pVa)s — D3 ?v';aﬁ?f;pg]?:AA(I;If)

—d U gy, lo) iAp (2 2)

E

+(D_3)2(D_2) [(D — 3)ugug + ’7"'0:.5] [(D — 3)u,t, + ’?’pa] iAc(x; )




Induced stress tensors

o GhOSt de SN f{]{'HQ 4/ N{_% u,/__up, U‘I"‘"Lw[ ’O‘-"g+"ua"u-’8]/{ha_g

—OUJUL —v)a, QI{hQQ Lt 1/[ —af3 _|_4uozu3],{!ha3}

* Total Tinag — wki2a 4\/_{ ‘“’{ 2+(“7a-3+u‘*u"'9) I{hqg}
(13— 12N oy + ufu” [4+( (16—12N2)u“u3)/{,ha3}

12N utu: al{ha0+N|:6“ (= 1/)5’_|_4ﬁm/ a9_|_2wu, Ve 055’ 4"lL(M?fV)’8’LLa

+ 160y 24u“u”uo‘u9} u”//ihmﬁhao}



Decompose pure spatial, time-spatial mixed & pure temporal

*Khgp = Agp + U Bpy + [Vaﬁ + uauﬁ]C - (1) ufA,; =0 =ufB,-(2)

* Khygp = —Ugl - 6[Ap0 — cflpa] +UpBoyp + [Vpa + upua]C,ﬁ
* Aup =>» dynamical gravitons (Active), B,& C =» constrained fields (Passive)
* A,q: stochastically truncated free field (stochastic jitter)

* Drop the products of differentiated graviton fields
* Drop (a) nonlinear in Bg& C; (b) also Bg X 04,5 C X 0A,,

e (2) D> Ay; = —A; N, Ayg = —Ay, N¥ = A, ,N¥N*, B, = —B*N,, ---(3)
: g,uleDM =N T Khuv +(1) + (3) =

o .. = Jutdy
Vij (1-0)
1 1
¢ Ni = —NBi , Nz = 1
2 1+C+ _ByB¥



Master eqLations

+ Dy =Dy — (D —2)H%a’ /=5, D,=a,|a’" 21/*~gaﬁaﬁ]
« Do =D, —2(D —3)H?*a"./-3, u-aA”" A”", R=L —g =Ny

812

(A)Lw A)uy) o 2}5?[@7’“” (2 _705;5’14&3 _ 40) - %7}9 AV)O'apBU 4 %(1 L NQ)W”VAQBOQ B}B

DpB* = k2 kH?a'/=G (3—4N?)B* +a*/=§ HA*{4(1-N*)0,C+4all B, }
DeC = w2k /=g{ 14=12N2 =437 Ay — (T+12N*)C L0/ =G H(1— N?) A9, B
* Valid for € (t) < 1 (Hubble parameter evolves slowly)

* These are operator equations

* A,q drives stochastic effects through v**A,.,, percolate into B; & C



Expansion Rate

* Invariant operator: H = D _1)\/_ [\/_g“vavqb]
* 0,¢0,pg"" = -1, ¢lgl(t =0,x) =0, On de Sitter:¢(t = t,x) =t

H[g](x)z [(ENVET 1)\/— [\/_g "0, ﬁb]

= — e { 0| PN VA (7 +579,0) | +0, PN T (70 +370,0)| |

- (D—nall?—w\ﬁ{ ((1 + %N%) [aD‘l\/m_/ \/1 R {QD IN\/’T/“/‘YT] }
- %\/1 + e +(D—11)Nﬁ{ (&&%N@') {\/7/ \/1_|_A/k€_3ki’§eé_% {N\/;/A/ijaj_f]}

* At late times: H — %{H + Q}D'fi)}




Perturbative solutions for A;;
* Finite renormalization of A, N*~1, ighore 0B & C = A;; ~ A;; — S5, 4 4y,

-NEHt-)%szi C’=ﬁ & A= 3 AL~ Al — 37 A

*Vij~0ij + A P> Al Al — 3[05; + Aij) [ Ak — AreAoe + AreAem Ak — - - -]

1
* Treat A;; as order A (In reality, A;;~A2
L] Y L]
!/
e Order A: A(l)ij = Af,ij 9 AEJD = Ajj
/ 2
e Order 12: A% =304 S A = —31[Auls;
/ (1 1 1
e Order A3: A® = —30,A17) — 340 Al + 341/ AL s, > N
3) = {%)\QIQ[AM] T Ape A }513 — 51 Ak Al Il = /ﬂ AN" f(N')
* Order A%: AW}, = —3[4f) —2494) + 4 ”AgilAﬂiﬂ ;- [AD — AL AD] - 34040 D
Agf) {g)\?’IS[A W+ 3P BAAg — A Ad] + 2 (T[Aw])
+3 [AMAgmAmk]}aij + AT 1A Ay | + 31T AweAn Ay



Corrections to Tensor Power Spectrum

Ay = Ay = 3T AIS; + {3V (A + 3TTAwA] |05 — 3T AA
{ NI Ap) +2 P [3 A Aok — Ao Aue) 2 (T AR )24 2 T A Avn A, ]}5@-
+302] {J[Akkmm] A [T Ape A Ai] + O(N)
* The VEV of two coincident free fields
(AijAre) = SR TE] = SAN[T]

’,Tl'

* [1;Tie) = 6ixSjp + 61065 — 261 6ks = 5z
» The terms o A;; Ay — Ay — 31 A Ay +%>\21\I[Akk]«4@

=+ %I[AMA%A@] +
e Secular corrections:

Ay — A@J{1 + AT[(AreA)] + } - Aij{l + NN 4 }



Force of gravity

* Response to a point mass

Doc ~ 28 a4\/—_~{2 - 47??:7;42-3-} — 47 GMad®(7)

De = 0,[a*V/=5 370, — 20%*/=§ = 0| @*Ny7 (00 +370;) | +0: | Ny (7°00+570;) | =2 Ny/7

= 020, [ N7 790, | - (o0+ 0N [GA‘( (00 N70, ) | 220" N /7

e N=1&Ni=0= Do— a2, [\fqﬂja} _p 'agﬁao] —2H%M /A
o w2 4\/_{2 - 4713A13}only change cosmology background
= aQaz- VAVIOC| = |0 FOC| — 212" C = —AnGMad*(7)
* Expand out /y and yY

VY =14+ 2 A0+ 2(Ap)” — T Ak An + . ..

V=8 — A+ Audij +



Force of gravity
One loop contribution to \/yy;;

—~

<%(Akk)2 _ iﬁkfﬁ%)@ij — —9ANG,;
<_%Avkk;4vzj> — AN | <szgkj> — %)\Nd@j
* (4;;)~0(2?)
> (De)C = a0, [ (143N +..)o.C| = [ (1=]AN + ... JaC| — 2% (1-AN + .. )C
 Newtonian potential

Clt.r) = GM{l — =B n[oHr] + }

ar 472




Summary

 Starobinsky’s formalism proven to work for scalar potential models
* Reproduces the leading logarithms at each order
* Stochastic “jitter” is IR-truncated free field of Yang-Feldman equation

* Inflationary QFT produces (at least) three kinds of large logarithms

: ” - : : : 1 H? 1
* “Tail term” logs (original stochastic formalism) = iA(x; x") = py e ﬁln (Z HZAxZ)

* Three kinds of induced stochastic potential models from integrating out fields
5 O wa)P™

D—4 B D—4 - _ln(%)_l_O(D_Ll-)

* “RG” logs from renormalization

* Resummation schemes exist for
* Scalar potential models = all stochastic
Scalars coupled to other fields (SQED, Yukawa) =2 induced stochastic potential models
Nonlinear sigma models = both induced stochastic potential models & RG
Graviton corrections to most matter (MMCS, Dirac, EM) = RG, but not MCCS
Matter (MMCS, MCCS, Dirac, EM) corrections to gravity =2 all RG

* Quantum gravity (expect both stochastic & RG)



Some Remarks

* Master equations need to be
 solved perturbatively to compared with explicit computations
 also non-perturbatively to make late time predictions

* Check against dimensionally regulated and BPHZ renormalized results

e 1Pl 1-point function at 1-loop
* Does the 1-loop shift in A agree with the gravitational Langevin equation?

* 1P| 2-point function at 1-loop = solve linearized effective field equation
* Does the 1-loop correction to graviton mode function agree?
e Does the 1-loop correction to the response to a point mass agree?

* Resolve RG-Stochastic Mixing =»

* RG improve Stochastic field Egn (non-linear sigma model)

* Gauge issues



Curvature-Dependent Field Strength Renormalization

* 1-Loop C-terms: AL = ¢;R?\/—g + c,C*Y°C a'gy(g\/
Wwr(3)  0-2) _ wPr(3) 2
287D/2  (D—1)2(D—3)(D—4) “2 = T38aD/2 (D+1)(D-1)(D-3)2(D— ~4)
* R? induces curvature-dependent renormalizations of G & A = (D — 1)H?
R? = [R — DA]? + 2DA[R — (D — 2)A] + D(D — 4)A?
* C? does also

0C1=

D—3 D(D — 3)

2 _ - \V V12 _ _ 2
c —4<D_2>[R“ ART = =D =2y R~ DAl
_ 2(D_Z)(D_?’)A[R — (D = 2)A] - (D=2)D=3)D=H) 12 | Gauss-Bonnet
bt . 0 In(1+62) _ 3x?H?
¢ 5Z — Z[D(D — 1)C1 — (D - 2)(D - 3)C2] 9 — aln(uz) — 320772
* Callan- Syman2|k Equation explains all three leading logs
. 9 2) N _ 3K*H?
TG0 +,BG -t Zy] G (x;x')=0 ( TeonZ X Infa(?)])

= 0 (at thls order) and factors of In(u) are really In (g;)



	Quantum Cosmology in Accelerating Spacetimes
	FRW Geometry (>100 𝑀𝑝𝑐) 
	Starobinsky’s Formalism  The Proof (gr-qc/0505115) 
	Starobinsky’s Formalism  The Proof (gr-qc/0505115) 
	Explicit Computations Show Discrepancies�            beyond Scalar Potential Models
	Two sources of leading logarithms
	Distinguish between “Active” & “Passive” Fields
	Examples of Integrating Out Passives
	Large Logarithms in Nonlinear Sigma Models�      Stochastic and Renormalization Group
	Pure Gravity
	(1) Integrate out  ℎ 𝜇ν,𝛼  ℎ 𝜌𝜎,𝛽  &  ℎ 𝜇ν,𝛼  ℎ 𝜌𝜎 �(2) Stochastically simplify the derivative terms
	Induced stress tensors
	Decompose pure spatial, time-spatial mixed & pure temporal 
	Master equations
	Expansion Rate
	Perturbative solutions for  𝐴 𝑖𝑗 
	Corrections to Tensor Power Spectrum
	Force of gravity
	Force of gravity 
	Summary
	Some Remarks
	Curvature-Dependent Field Strength Renormalization

