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FRW Geometry (> 100 𝑀𝑀𝑀𝑀𝑀𝑀)

• 𝑑𝑑𝑆𝑆2 = −𝑑𝑑𝑡𝑡2 + 𝑎𝑎2 𝑡𝑡 𝑑𝑑𝑥⃗𝑥 � 𝑑𝑑𝑥⃗𝑥
• Hubble parameter: 𝐻𝐻(𝑡𝑡) ≡ 𝑎̇𝑎

𝑎𝑎
• Deceleration parameter:  𝑞𝑞 𝑡𝑡 ≡ − 𝑎̈𝑎/𝑎𝑎

𝐻𝐻2 (𝐻̇𝐻 = 𝑎̈𝑎
𝑎𝑎
− 𝐻𝐻2 → 𝑎̈𝑎

𝑎𝑎
= 𝐻̇𝐻 + 𝐻𝐻2)

• First slow roll parameter: 𝑞𝑞 𝑡𝑡 = − 𝐻̇𝐻+𝐻𝐻2

𝐻𝐻2 = −1 + 𝜖𝜖(𝑡𝑡) , 𝜖𝜖 𝑡𝑡 ≡ − 𝐻̇𝐻
𝐻𝐻2

• Primordial inflation~ de sitter  a 𝑡𝑡 ~𝑒𝑒𝐻𝐻𝐻𝐻 ,𝐻𝐻 =constant
• Loop effects on de Sitter are stronger than flat spacetimes
• Leading logarithms: E.g. λ𝜑𝜑4 theory  𝜆𝜆𝑙𝑙𝑙𝑙2[𝑎𝑎(𝑡𝑡)], Sub-leading𝜆𝜆ln[𝑎𝑎(𝑡𝑡)]

• Loop counting parameters: 𝐺𝐺𝐻𝐻2~10−10 (from data constraints)
• 𝐺𝐺𝐻𝐻2ln[𝑎𝑎(𝑡𝑡)] could be significant
• Non-perturbative strong  require a re-summation technique
• Predictivity: non-analytic contributions
• Gauge issue



Starobinsky’s Formalism  The Proof (gr-qc/0505115) 

• Exact field equation for scalar potential model on de Sitter 
• ℒ = −1

2
𝜕𝜕𝜇𝜇Φ𝜕𝜕νΦ𝑔𝑔𝜇𝜇𝜇 −𝑔𝑔 − 𝑉𝑉(Φ) −𝑔𝑔  𝜕𝜕𝜇𝜇 −𝑔𝑔 𝑔𝑔𝜇𝜇ν𝜕𝜕νΦ = V′ Φ −𝑔𝑔

• Yang-Feldman equation 
• Φ 𝑡𝑡, 𝑥⃗𝑥 = Φ0 𝑡𝑡, 𝑥⃗𝑥 − ∫𝑑𝑑4𝑥𝑥𝑥 −𝑔𝑔 𝑡𝑡′, 𝑥⃗𝑥′ 𝑖𝑖𝑖𝑖(𝑡𝑡 − 𝑡𝑡′) Φ0(𝑡𝑡, 𝑥⃗𝑥),Φ0(𝑡𝑡′, 𝑥⃗𝑥′) 𝑉𝑉𝑉 Φ(𝑡𝑡, 𝑥⃗𝑥)

• Φ0 𝑡𝑡, 𝑥⃗𝑥 = ∫ 𝑑𝑑3𝑘𝑘
(2𝜋𝜋)3

𝑢𝑢 𝑡𝑡,𝑘𝑘 𝑒𝑒𝑖𝑖𝑘𝑘�𝑥⃗𝑥𝛼𝛼(𝑘𝑘) + 𝑢𝑢∗(𝑡𝑡,𝑘𝑘)𝑒𝑒−𝑖𝑖𝑘𝑘�𝑥⃗𝑥𝛼𝛼†(𝑘𝑘)

• 𝑢𝑢 𝑡𝑡,𝑘𝑘 = 𝐻𝐻
2𝑘𝑘3

1 − 𝑖𝑖𝑖𝑖
𝐻𝐻𝐻𝐻

exp 𝑖𝑖𝑖𝑖
𝐻𝐻𝐻𝐻

= 𝐻𝐻
2𝑘𝑘3

1 + 1
2

𝑘𝑘
𝐻𝐻𝐻𝐻

2
+ 𝑖𝑖

3
𝑘𝑘
𝐻𝐻𝐻𝐻

3
+ ⋯



Starobinsky’s Formalism  The Proof (gr-qc/0505115) 
• IR truncation changes everything but preserves leading logarithms

• Every pair of Φ0’s must contribute an IR log for leading logarithm order  can IR 
truncate Φ0 to 𝜑𝜑0

• 𝜑𝜑0 𝑡𝑡, 𝑥⃗𝑥 ≡ ∫ 𝑑𝑑3𝑘𝑘
(2𝜋𝜋)3

𝜃𝜃(𝑘𝑘 − 𝐻𝐻)𝜃𝜃 𝐻𝐻𝐻𝐻 − 𝑘𝑘 𝐻𝐻
2𝑘𝑘3

𝑒𝑒𝑖𝑖𝑘𝑘�𝑥⃗𝑥𝛼𝛼(𝑘𝑘) + 𝐻𝐻
2𝑘𝑘3

𝑒𝑒−𝑖𝑖𝑘𝑘�𝑥⃗𝑥𝛼𝛼†(𝑘𝑘)
(1st imaginary for commutator)

• 𝜑𝜑 𝑡𝑡, 𝑥⃗𝑥 = 𝜑𝜑0 𝑡𝑡, 𝑥⃗𝑥 − ∫ 𝑑𝑑4𝑥𝑥′ 𝜃𝜃 𝑡𝑡−𝑡𝑡′

3𝐻𝐻
𝛿𝛿3 𝑥⃗𝑥 − 𝑥⃗𝑥′ 𝑉𝑉′ 𝜑𝜑 𝑡𝑡′,𝑥⃗𝑥′

= 𝜑𝜑0 𝑡𝑡, 𝑥⃗𝑥 − 1
3𝐻𝐻 ∫0

𝑡𝑡 𝑑𝑑𝑡𝑡′ 𝑉𝑉𝑉 𝜑𝜑(𝑡𝑡′, 𝑥⃗𝑥)
• 𝜑𝜑0(𝑡𝑡, 𝑥⃗𝑥) ≠ Φ0(𝑡𝑡, 𝑥⃗𝑥)  no UV divergences, 𝜑𝜑0 & 𝜑̇𝜑0 commute, but their correlators 

agree at leading log order 

• Taking the time derivative gives Starobinsky’s Langevin equation!
• 𝜑̇𝜑 = 𝜑̇𝜑0 −

1
3𝐻𝐻
𝑉𝑉𝑉 𝜑𝜑  3𝐻𝐻 𝜑̇𝜑 − 𝜑̇𝜑0 = −𝑉𝑉𝑉(𝜑𝜑)



Explicit Computations Show Discrepancies
beyond Scalar Potential Models

• Order 1 contributions come from both UV & IR 
• Exact dim. reg. gives      𝜕𝜕𝜇𝜇𝜙𝜙(𝑥𝑥)𝜕𝜕ν𝜙𝜙(𝑥𝑥) = −𝑔𝑔𝜇𝜇ν × 𝐻𝐻𝐷𝐷

2(4𝜋𝜋)𝐷𝐷/2
Γ(𝐷𝐷)

Γ 𝐷𝐷
2+1

• Any purely IR stochastic result must be positive for 𝜇𝜇 = ν
• Simple rule for ``GR + Fermions’’ deviates from Starobinsky’s (gr-qc/0802.2377)
• Renormalization matters 

• Primitive (2𝐻𝐻)𝐷𝐷−4

𝐷𝐷−4
− Counterterm (𝜇𝜇𝜇𝜇)𝐷𝐷−4

𝐷𝐷−4
= − ln 𝜇𝜇𝜇𝜇

2𝐻𝐻
+ 𝑂𝑂(𝐷𝐷 − 4)

• No stochastic formalism will recover these logs, but RG was designed to do it

• Crucial to stay focused on large logarithms 
• Always check formalism against explicit computations



Two sources of leading logarithms
• Exact field equation for scalar potential model on de Sitter 

• ℒ = −1
2
𝜕𝜕𝜇𝜇Φ𝜕𝜕νΦ𝑔𝑔𝜇𝜇𝜇 −𝑔𝑔 − 𝑉𝑉(Φ) −𝑔𝑔  𝜕𝜕𝜇𝜇 −𝑔𝑔 𝑔𝑔𝜇𝜇ν𝜕𝜕νΦ = V′ Φ −𝑔𝑔

• IR truncation
• Every pair of Φ0’s must contribute an IR log for leading logarithm order  can IR 

truncate Φ0 to 𝜑𝜑0
• Starobinsky’s Langevin equation

• 𝜑̇𝜑 = 𝜑̇𝜑0 −
1
3𝐻𝐻
𝑉𝑉𝑉 𝜑𝜑  3𝐻𝐻 𝜑̇𝜑 − 𝜑̇𝜑0 = −𝑉𝑉𝑉(𝜑𝜑)

• Only keep  the 1st derivative on 𝜑𝜑 & insert the stochastic jitter 𝜑̇𝜑0
• 3𝐻𝐻 : −𝜕𝜕𝑡𝑡 −𝑔𝑔 𝜕𝜕𝑡𝑡Φ −𝜕𝜕𝑡𝑡 −𝑔𝑔 × 𝜕𝜕𝑡𝑡Φ
• Capture the leading logs from 𝑖𝑖∆ 𝑥𝑥; 𝑥𝑥′ = 1

4𝜋𝜋2𝑎𝑎𝑎𝑎𝑎∆𝑥𝑥2
− 𝐻𝐻2

8𝜋𝜋2
ln 1

4
𝐻𝐻2∆𝑥𝑥2

• The other source of logs (not from tail terms)
• “RG” logs from renormalization    (2𝐻𝐻)𝐷𝐷−4

𝐷𝐷−4
− 𝜇𝜇𝜇𝜇 𝐷𝐷−4

𝐷𝐷−4
= − ln 𝜇𝜇𝜇𝜇

2𝐻𝐻
+ 𝑂𝑂(𝐷𝐷 − 4)



Distinguish between “Active” & “Passive” Fields
• Undifferentiated Active field can cause IR logs, Passives cannot 

• MMC scalars & gravitons [ℎ𝜇𝜇ν in  𝑔𝑔𝜇𝜇ν ≡ 𝑎𝑎2 η𝜇𝜇ν + κℎ𝜇𝜇𝜇 ] are Active 
• MCC scalars, fermions, photons & differentiated Actives are Passive

• Integrate out Passives & differentiated Active field for constant Active  
• Induces scalar potential model for Actives  use Starobinsky formalism

• Constant Active field induce effective potentials three ways (at least): 
• Through masses, Yukawa: −𝑓𝑓𝜙𝜙�ΨΨ −𝑔𝑔
• Through field strengths, Nonlinear Sigma: −𝑓𝑓(𝐴𝐴)2𝜕𝜕𝜇𝜇𝐵𝐵𝜕𝜕ν𝐵𝐵𝑔𝑔𝜇𝜇ν −𝑔𝑔
• Through the Hubble constant, gravity: constant ℎ𝜇𝜇ν corresponds to different Hubble 

parameter �𝐻𝐻 just change this parameter in the propagators



Examples of Integrating Out Passives
• Fermions Yukawa-coupled to a real scalar (gr-qc/0602110)

• ℒ = Ψ𝑒𝑒𝑎𝑎
𝜇𝜇𝛾𝛾𝑎𝑎 𝑖𝑖𝜕𝜕𝜇𝜇 − 1

2𝐴𝐴𝜇𝜇𝜇𝜇𝜇𝜇𝐽𝐽
𝑏𝑏𝑏𝑏 Ψ −𝑔𝑔 − 1

2𝜕𝜕𝜇𝜇𝜙𝜙𝜕𝜕ν𝜙𝜙𝑔𝑔
𝜇𝜇ν −𝑔𝑔 − [𝑉𝑉 𝜙𝜙 + 𝑓𝑓𝜙𝜙�ΨΨ] −𝑔𝑔

• Photons minimally coupled to a complex scalar (arXiv:0707.0847)
• ℒ = −1

4𝐹𝐹𝜇𝜇ν𝐹𝐹𝜌𝜌𝜌𝜌𝑔𝑔
𝜇𝜇𝜇𝜇𝑔𝑔ν𝜎𝜎 −𝑔𝑔 − 𝜕𝜕𝜇𝜇 − 𝑖𝑖𝑖𝑖𝐴𝐴𝜇𝜇 𝜙𝜙∗ 𝜕𝜕ν + 𝑖𝑖𝑖𝑖𝐴𝐴ν 𝜙𝜙𝑔𝑔𝜇𝜇ν −𝑔𝑔 − 𝑉𝑉(𝜙𝜙∗𝜙𝜙) −𝑔𝑔

• Nonlinear Sigma Models (arXiv:2110.08715)
• And same sorts of large logarithms but no indices and no gauge fixing issues

• Double Field Model: ℒ = −1
2
𝜕𝜕𝜇𝜇𝐴𝐴𝜕𝜕ν𝐴𝐴𝑔𝑔𝜇𝜇ν −𝑔𝑔 − 1

2
1 + λ

2
𝐴𝐴

2
𝜕𝜕𝜇𝜇𝐵𝐵𝜕𝜕ν𝐵𝐵𝑔𝑔𝜇𝜇ν −𝑔𝑔

• Similar to matter loop corrections to gravity 
• Single Field Model: ℒ = −1

2
(1 + 1

2
𝜆𝜆Φ)2𝜕𝜕𝜇𝜇Φ𝜕𝜕νΦ𝑔𝑔𝜇𝜇𝜇 −𝑔𝑔

• Similar to pure gravity, no dimensionally regulated & fully renormalized result yet
• MMCS Corrections to Gravity (arXiv:2405.00116)
• −𝑖𝑖[𝜇𝜇νΣ𝜌𝜌𝜌𝜌](𝑥𝑥; 𝑥𝑥𝑥)



Large Logarithms in Nonlinear Sigma Models
Stochastic and Renormalization Group

Single Field Model Double Field Model



Pure Gravity
• Logs come from undifferentiated ℎ𝜇𝜇ν constant �𝑔𝑔𝜇𝜇ν ≡ η𝜇𝜇ν + κℎ𝜇𝜇𝜇

• But 𝑔𝑔𝜇𝜇ν = 𝑎𝑎2 �𝑔𝑔𝜇𝜇ν with constant �𝑔𝑔𝜇𝜇ν is de Sitter with 𝐻𝐻2 → − �𝑔𝑔00𝐻𝐻2! 

Γ𝜇𝜇ν
𝜌𝜌 = 𝑎𝑎𝑎𝑎 𝛿𝛿𝜇𝜇

𝜌𝜌𝛿𝛿ν0 + 𝛿𝛿ν
𝜌𝜌𝛿𝛿𝜇𝜇0 − �𝑔𝑔0𝜌𝜌 �𝑔𝑔𝜇𝜇ν  𝑅𝑅𝜎𝜎𝜎𝜎ν

𝜌𝜌 = − �𝑔𝑔00𝐻𝐻2 𝛿𝛿𝜇𝜇
𝜌𝜌𝑔𝑔𝜎𝜎ν − 𝛿𝛿ν

𝜌𝜌𝑔𝑔𝜎𝜎𝜎𝜎

• 𝐻𝐻2 → �𝐻𝐻2 AND η𝛼𝛼𝛼𝛼 → �𝑔𝑔𝛼𝛼𝛼𝛼with 𝛿𝛿𝜇𝜇0 → 𝑢𝑢𝜇𝜇 ≡ −𝑁𝑁𝛿𝛿𝜇𝜇0 (arXiv:2409.12003)
• ADM:    �𝑔𝑔𝛼𝛼𝛼𝛼𝑑𝑑𝑥𝑥𝛼𝛼𝑑𝑑𝑥𝑥𝛽𝛽 ≡ −𝑁𝑁2𝑑𝑑η2 + 𝛾𝛾𝑖𝑖𝑖𝑖 𝑑𝑑𝑥𝑥𝑖𝑖 − 𝑁𝑁𝑖𝑖𝑑𝑑η 𝑑𝑑𝑥𝑥𝑗𝑗 − 𝑁𝑁𝑗𝑗𝑑𝑑η
• New: ℒ̃𝐺𝐺𝐺𝐺 = −1

2
𝑎𝑎𝐷𝐷−2 �𝑔𝑔𝜇𝜇𝜇𝜇 �𝐹𝐹𝜇𝜇 �𝐹𝐹𝜈𝜈 , �𝐹𝐹𝜇𝜇 = �𝑔𝑔𝜌𝜌𝜌𝜌 ℎ𝜇𝜇𝜇𝜇,𝜎𝜎 −

1
2
ℎ𝜌𝜌𝜌𝜌,𝜇𝜇 − 𝐷𝐷 − 2 𝑎𝑎 �𝐻𝐻ℎ𝜇𝜇𝜇𝜇𝑢𝑢𝜎𝜎

• Ghost contributions: ℒ̃𝑔𝑔𝑔 = −𝑎𝑎𝐷𝐷−2 − �𝑔𝑔 �𝑔𝑔𝛼𝛼𝛼𝛼 ̅𝑐𝑐𝛼𝛼𝛿𝛿 �𝐹𝐹𝛽𝛽



(1) Integrate out ℎ𝜇𝜇ν,𝛼𝛼ℎ𝜌𝜌𝜌𝜌,𝛽𝛽 & ℎ𝜇𝜇ν,𝛼𝛼ℎ𝜌𝜌𝜌𝜌
(2) Stochastically simplify the derivative terms

• 𝜅𝜅 𝛿𝛿𝑆𝑆[ℎ]
𝛿𝛿ℎ𝜇𝜇𝜇𝜇𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿

= −𝜅𝜅𝑇𝑇 ℎ 𝜇𝜇𝜇𝜇|𝑖𝑖𝑖𝑖𝑖𝑖

• LHS (dropping unimportant terms):
• Temporal changes on the fields are much slower than the one on 𝑎𝑎(𝑡𝑡)

• E.g.  𝑑𝑑
𝑑𝑑𝑑𝑑

𝑎𝑎3ℎ𝜇𝜇𝜇𝜇  3𝐻𝐻𝐻𝐻3ℎ𝜇𝜇𝜇𝜇 & drop 𝑎𝑎3ℎ̇𝜇𝜇𝜇𝜇

• Only keep the first time derivative on the field & subtract it with stochastic jitter
• E.g. 𝜕𝜕𝛼𝛼𝜕𝜕𝛽𝛽ℎ𝜇𝜇𝜇𝜇 + 𝜕𝜕𝛼𝛼ℎ𝜇𝜇𝜇𝜇 𝛿𝛿𝛼𝛼0 ℎ̇𝜇𝜇𝜇𝜇 − 𝜒̇𝜒𝜇𝜇𝜇𝜇

• RHS (integrating out differentiated fields):



Induced stress tensors
• Ghost 𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖

• Total 𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖



Decompose pure spatial, time-spatial mixed & pure temporal 

• κℎ𝛼𝛼𝛼𝛼 = 𝐴𝐴𝛼𝛼𝛼𝛼 + 𝑢𝑢(𝛼𝛼𝐵𝐵𝛽𝛽) + 𝛾̅𝛾𝛼𝛼𝛼𝛼 + 𝑢𝑢𝛼𝛼𝑢𝑢𝛽𝛽 𝐶𝐶 -- (1)           𝑢𝑢𝜌𝜌𝐴𝐴𝜌𝜌𝜌𝜌 = 0 = 𝑢𝑢𝜌𝜌𝐵𝐵𝜌𝜌--(2)

• κℎ𝜌𝜌𝜌𝜌,𝛽𝛽 = −𝑢𝑢𝛽𝛽𝑢𝑢 � 𝜕𝜕[𝐴𝐴𝜌𝜌𝜌𝜌 −𝒜𝒜𝜌𝜌𝜌𝜌] + 𝑢𝑢(𝜌𝜌𝐵𝐵𝜎𝜎),𝛽𝛽 + 𝛾̅𝛾𝜌𝜌𝜌𝜌 + 𝑢𝑢𝜌𝜌𝑢𝑢𝜎𝜎 𝐶𝐶,𝛽𝛽
• 𝐴𝐴𝛼𝛼𝛼𝛼 dynamical gravitons (Active) ,  𝐵𝐵𝜇𝜇& 𝐶𝐶 constrained fields (Passive)
• 𝒜𝒜𝜌𝜌𝜌𝜌: stochastically truncated free field (stochastic jitter)
• Drop the products of differentiated graviton fields
• Drop (a) nonlinear in 𝐵𝐵𝛽𝛽& 𝐶𝐶; (b) also 𝐵𝐵𝛽𝛽 × 𝜕𝜕𝐴𝐴𝜌𝜌𝜌𝜌 𝐶𝐶 × 𝜕𝜕𝐴𝐴𝜌𝜌𝜌𝜌

• (2) 𝐴𝐴0𝑖𝑖 = −𝐴𝐴𝑖𝑖𝑖𝑖𝑁𝑁𝑘𝑘, 𝐴𝐴00 = −𝐴𝐴0𝑘𝑘𝑁𝑁𝑘𝑘 = 𝐴𝐴𝑘𝑘ℓ𝑁𝑁𝑘𝑘𝑁𝑁ℓ, 𝐵𝐵0 = −𝐵𝐵𝑘𝑘𝑁𝑁𝑘𝑘 ---(3)
• �𝑔𝑔𝜇𝜇𝜇𝜇|𝐴𝐴𝐴𝐴𝐴𝐴 = 𝜂𝜂𝜇𝜇𝜇𝜇 + 𝜅𝜅ℎ𝜇𝜇𝜇𝜇 + (1) + (3) 

• 𝛾𝛾𝑖𝑖𝑖𝑖 = 𝛿𝛿𝑖𝑖𝑖𝑖+𝐴𝐴𝑖𝑖𝑖𝑖
(1−𝐶𝐶)

• 𝑁𝑁𝑖𝑖 = 1
2
𝑁𝑁𝐵𝐵𝑖𝑖 , 𝑁𝑁2 = 1

1+𝐶𝐶+ 1
4𝐵𝐵𝑘𝑘𝐵𝐵

𝑘𝑘



Master equations
• �𝐷𝐷𝐵𝐵 = �𝐷𝐷𝐴𝐴 − (𝐷𝐷 − 2)�𝐻𝐻2𝑎𝑎𝐷𝐷 − �𝑔𝑔 ,       �𝐷𝐷𝐴𝐴 = 𝜕𝜕𝛼𝛼 𝑎𝑎𝐷𝐷−2 − �𝑔𝑔 �𝑔𝑔𝛼𝛼𝛼𝛼𝜕𝜕𝛽𝛽

• �𝐷𝐷𝐶𝐶 = �𝐷𝐷𝐴𝐴 − 2(𝐷𝐷 − 3)�𝐻𝐻2𝑎𝑎𝐷𝐷 − �𝑔𝑔 ,      𝑢𝑢 � 𝜕𝜕𝐴𝐴𝜇𝜇𝜇𝜇 → 𝑎𝑎
𝑁𝑁
𝐴̇𝐴𝜇𝜇𝜇𝜇 ,   �𝑘𝑘 =

�𝐻𝐻2

8𝜋𝜋2
,   − �𝑔𝑔 = 𝑁𝑁 𝛾𝛾

• Valid for 𝜖𝜖 (𝑡𝑡) ≪ 1 (Hubble parameter evolves slowly)
• These are operator equations
• 𝒜𝒜𝜌𝜌𝜌𝜌 drives stochastic effects through 𝛾𝛾𝑘𝑘ℓ𝐴𝐴𝑘𝑘ℓ, percolate into 𝐵𝐵𝑖𝑖 & 𝐶𝐶



Expansion Rate
• Invariant operator: H = −1

(𝐷𝐷−1) −𝑔𝑔
𝜕𝜕𝜇𝜇 −𝑔𝑔𝑔𝑔𝜇𝜇𝜇𝜇𝜕𝜕𝜈𝜈𝜙𝜙 , 

• 𝜕𝜕𝜇𝜇𝜙𝜙𝜕𝜕𝜈𝜈𝜙𝜙𝑔𝑔𝜇𝜇𝜇𝜇 = −1 , 𝜙𝜙 𝑔𝑔 𝑡𝑡 = 0, 𝑥⃑𝑥 = 0 , On de Sitter:𝜙𝜙 𝑡𝑡 = 𝑡𝑡, 𝑥⃑𝑥 =t

• At late times: 



Perturbative solutions for 𝐴𝐴𝑖𝑖𝑖𝑖
• Finite renormalization of Λ, 𝑁𝑁2~1, ignore  𝜕𝜕𝐵𝐵 & 𝐶𝐶

• 𝒩𝒩 ≡ 𝐻𝐻𝐻𝐻 𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐻𝐻 𝑑𝑑
𝑑𝑑𝒩𝒩

, 𝐶𝐶′ ≡ 𝑑𝑑𝑑𝑑
𝑑𝑑𝒩𝒩

&                   

• 𝛾𝛾𝑖𝑖𝑖𝑖~𝛿𝛿𝑖𝑖𝑖𝑖 + 𝐴𝐴𝑖𝑖𝑖𝑖

• Treat 𝒜𝒜𝑖𝑖𝑖𝑖 as order 𝜆𝜆 (In reality, 𝒜𝒜𝑖𝑖𝑖𝑖~𝜆𝜆
1
2 )

• Order 𝜆𝜆:                    
• Order 𝜆𝜆2: 

• Order 𝜆𝜆3:                                                                      

• Order 𝜆𝜆4:                                                                                                     



Corrections to Tensor Power Spectrum

• The VEV of two coincident free fields

• [𝑖𝑖𝑖𝑖𝑇𝑇𝑘𝑘ℓ𝐴𝐴 ] = 𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑗𝑗ℓ + 𝛿𝛿𝑖𝑖ℓ𝛿𝛿𝑗𝑗𝑗𝑗 − 2𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑘𝑘ℓ
• The terms ∝ 𝒜𝒜𝑖𝑖𝑖𝑖 : 
• Secular corrections: 



Force of gravity
• Response to a point mass

• 𝑁𝑁 = 1 & N𝑖𝑖 = 0
• only change cosmology background


• Expand out 𝛾𝛾 and 𝛾𝛾𝑖𝑖𝑖𝑖



Force of gravity 
• One loop contribution to 𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖

• 𝐴𝐴𝑖𝑖𝑖𝑖 ~𝑂𝑂(𝜆𝜆2)



• Newtonian potential



Summary
• Starobinsky’s formalism proven to work for scalar potential models

• Reproduces the leading logarithms at each order 
• Stochastic “jitter” is IR-truncated free field of Yang-Feldman equation

• Inflationary QFT produces (at least) three kinds of large logarithms 
• “Tail term” logs (original stochastic formalism)   𝑖𝑖∆ 𝑥𝑥; 𝑥𝑥′ = 1

4𝜋𝜋2𝑎𝑎𝑎𝑎𝑎∆𝑥𝑥2
− 𝐻𝐻2

8𝜋𝜋2
ln 1

4
𝐻𝐻2∆𝑥𝑥2

• Three kinds of induced stochastic potential models from integrating out fields 
• “RG” logs from renormalization     (2𝐻𝐻)𝐷𝐷−4

𝐷𝐷−4
− 𝜇𝜇𝜇𝜇 𝐷𝐷−4

𝐷𝐷−4
= − ln 𝜇𝜇𝜇𝜇

2𝐻𝐻
+ 𝑂𝑂(𝐷𝐷 − 4)

• Resummation schemes exist for 
• Scalar potential models  all stochastic
• Scalars coupled to other fields (SQED, Yukawa)  induced stochastic potential models
• Nonlinear sigma models  both induced stochastic potential models & RG
• Graviton corrections to most matter (MMCS, Dirac, EM)  RG, but not MCCS
• Matter (MMCS, MCCS, Dirac, EM) corrections to gravity  all RG

• Quantum gravity (expect both stochastic & RG)



Some Remarks
• Master equations need to be

• solved perturbatively to compared with explicit computations
• also non-perturbatively to make late time predictions

• Check against dimensionally regulated and BPHZ renormalized results 
• 1PI 1-point function at 1-loop

• Does the 1-loop shift in Λ agree with the gravitational Langevin equation?
• 1PI 2-point function at 1-loop  solve linearized effective field equation

• Does the 1-loop correction to graviton mode function agree?
• Does the 1-loop correction to the response to a point mass agree?

• Resolve RG-Stochastic Mixing 
• RG improve Stochastic field Eqn (non-linear sigma model)

• Gauge issues



Curvature-Dependent Field Strength Renormalization

• 1-Loop C-terms: ∆ℒ = 𝑐𝑐1𝑅𝑅2 −𝑔𝑔 + 𝑐𝑐2𝐶𝐶𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝐶𝐶𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼 −𝑔𝑔
• 𝑐𝑐1 =

𝜇𝜇𝐷𝐷−4Γ 𝐷𝐷
2

28𝜋𝜋𝐷𝐷/2
(𝐷𝐷−2)

𝐷𝐷−1 2(𝐷𝐷−3)(𝐷𝐷−4)
𝑐𝑐2 =

𝜇𝜇𝐷𝐷−4Γ 𝐷𝐷
2

28𝜋𝜋𝐷𝐷/2
2

(𝐷𝐷+1)(𝐷𝐷−1) 𝐷𝐷−3 2(𝐷𝐷−4)
• 𝑅𝑅2 induces curvature-dependent renormalizations of 𝐺𝐺 & Λ = (𝐷𝐷 − 1)𝐻𝐻2

𝑅𝑅2 = 𝑅𝑅 − 𝐷𝐷Λ 2 + 2𝐷𝐷Λ 𝑅𝑅 − (𝐷𝐷 − 2)Λ + 𝐷𝐷(𝐷𝐷 − 4)Λ2
• 𝐶𝐶2 does also 

𝐶𝐶2 = 4
𝐷𝐷 − 3
𝐷𝐷 − 2

𝑅𝑅𝜇𝜇ν − Λ𝑔𝑔𝜇𝜇𝜇 2 −
𝐷𝐷 𝐷𝐷 − 3

𝐷𝐷 − 1 𝐷𝐷 − 2
𝑅𝑅 − 𝐷𝐷Λ 2

− 2 𝐷𝐷−2 𝐷𝐷−3
𝐷𝐷−1

Λ 𝑅𝑅 − 𝐷𝐷 − 2 Λ − 𝐷𝐷−2 𝐷𝐷−3 𝐷𝐷−4
𝐷𝐷−1

Λ2 + Gauss-Bonnet

• 𝛿𝛿𝑍𝑍 = 2 𝐷𝐷 𝐷𝐷 − 1 𝑐𝑐1 − (𝐷𝐷 − 2)(𝐷𝐷 − 3)𝑐𝑐2  𝛾𝛾 = 𝜕𝜕 ln 1+𝛿𝛿𝛿𝛿
𝜕𝜕 ln 𝜇𝜇2

= 3κ2𝐻𝐻2

320𝜋𝜋2

• Callan-Symanzik Equation explains all three leading logs 
• 𝜕𝜕

𝜕𝜕 ln 𝜇𝜇
+ 𝛽𝛽𝐺𝐺

𝜕𝜕
𝜕𝜕𝜕𝜕

+ 2𝛾𝛾 𝐺𝐺 2 𝑥𝑥; 𝑥𝑥′ = 0 (−3κ2𝐻𝐻2

160𝜋𝜋2
× ln 𝑎𝑎(𝑡𝑡) )

• 𝛽𝛽𝐺𝐺 = 0 (at this order) and factors of ln(𝜇𝜇) are really ln 𝜇𝜇𝜇𝜇
2𝐻𝐻
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