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Introduction
The discovery of the long-lived doubly-charmed tetraquark T+

cc reignited the quest for
other doubly-heavy exotic states. We performed the lattice QCD calculation of elastic
DDs scattering in the JP = 0+ channel to investigate the possible signatures of a tetraquark
in the near-threshold region. We employed an EFT-based formalism using the Lipmann-
Schwinger equation defined in the FV and on a plane wave basis.

Lattice inputs
▶ CLS ensembles: m𝜋 ≈ 280 MeV, a ≈ 0.086 fm.
▶ Spatial volumes: L/a = 24, 32.
▶ Frames used: |P|L/2𝜋 = 0, 1,

√
2, 2.

▶ Channel studied: JP = 0+ : DDs (elastic)

Formalism

Figure: Two Body Scattering

The three-dimensional Lippmann-Schwinger equation in the CM frame can be written as

T(p, p′, E) = V(p, p′, E) −
∫ d3q

(2𝜋)3
V(p, q)G(q, E)T(q, p′, E) (1)

The two-body green function is

G(q, E) = −𝜄
∫ dq0

2𝜋
1

(P − q)2 − m2
1 + 𝜄𝜖

1
q2 − m2

2 + 𝜄𝜖

In the FV, with the quantized momenta, LSE becomes a matrix equation.

T = V − VGT (2)

Where G(qn, E) = J
L3G(qn, E)𝛿n,n′, G is a diagonal matrix and V = V(qn, q′n).

The finite volume energy spectrum can be obtained from the pole of the T ma-
trix.

det
[
G−1 + V

]
= 0 (3)

The above can be written as
det

[
H − E2I

]
= 0

where modified potential as Ṽ = 1
L3

√
NV

√
N and H = H0 + Ṽ and N−1 =

(
2𝜔b

1𝜔
b
2

𝜔b
1+𝜔b

2
𝛿n,n′

)
,

H0 = (𝜔1 +𝜔2)2𝛿n,n′. 𝜔i, 𝜔b
i ’s are the energy of the particles in the CM frame and in the

box frame, respectively.
To get the finite volume spectrum, we must find the eigenvalues of H.(

H0 + Ṽ
)

v = E2v (4)

We can block-diagonalize the Hamiltonian using the projection operator of the finite vol-
ume irreps.

H = diag
{
HΓ1,HΓ2, ....

}
where Γi’s are the finite volume irreps of the point group of the lattice. Now, if we want to
get the finite volume energy levels of a specific irreps, we have to find out the eigenvalues
of the sub-matrix [1]

HΓiv = E2v (5)

Potential parametrization
Our channel of interest for DDs scattering forbids any pion exchange diagram. The lightest
meson is K∗ meson, leading to the lhc branch point further below the threshold of DDs
[2]. We restrict our potential to be only the contact potential up to NLO and neglect the
potential term for light meson exchange [3, 2]

V[S] (p, p′) = 2cs
0 + 2cs

2(p
2 + p′2)

V[P] (p, p′) =
[
2cp

2 + 2cp
4(p

2 + p′2)
]
(p · p′)

(6)

Contact interactions are regularized by e−
pn+p′n
Λn . Here we considered n = 40 and Λ =

1 GeV.

Parameters Extraction
To extract the best fit-parameters or the Low-Energy-Constants (LEC) of the potential
V(p, p′), we define a cost function as[1, 2]

𝜒2({c}) =
∑
i,j

𝛿Ecm(i, {c})C−1(i, j)𝛿Ecm(j, {c}) (7)

Where 𝛿Ecm = ELQCD
cm (i) − EEFT

cm (i, {c}), is the difference between the energy calculated
from the lattice simulations

(
ELQCD

cm
)

and EEFT
cm , the energy obtained from solving LSE in

the FV for a given set of LECs ({c}).

Reconstructed finite-volume spectrum (DDs)
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TThe simulated FV eigenenergies (circles) plotted together with the analytically
reconstructed energy levels (stars, slightly shifted to the left), in the irreps used for the
analysis DDs scattering in S- and P-waves, as a function of the spatial lattice extent
studied, N/L = 24, 32. The eigenenergies are presented in units of the energy of the
elastic threshold EDDs = mD + mDs. The black circles are the lattice energies included in
the amplitude fit.

Extracting phase shift
The LEC constrained using the lattice data can be used to solve the LSE in the infinite
volume and thus extract the partial wave phase shifts.

Tl(p, p′, E) = Vl(p, p′, E) −
∫ d3q

(2𝜋)3
Vl(p, q)G(q, E)Tl(q, p′, E) (8)

Where

G(q, E) = 1
mD + mDs +

q2

2𝜇 − E

[
𝜇 =

mDmDs

mD + mDS
, E = mD + mDs +

p2
0

2𝜇

]
where p0 is the on-shell momentum and

−2𝜋
𝜇

T−1
l = p cot 𝛿l − 𝜄p (9)

Phase shift
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k cot 𝛿/EDDs vs. (k/EDDs)2 plot for the elastic DDs scattering in the S-wave, as estimated
from the solutions of the Lippmann–Schwinger equation. The red and green markers
correspond to the simulated finite-volume eigenenergies, where the k cot 𝛿0 values are
determined following Lüscher’s prescription. The solid orange curve and the associated
band represent the fitted energy dependence of the amplitude determined from the
parametrized contact potential. The cyan and orange curves represent the unitary
parabola ±i

√
−k2/EDDs, whereas the vertical blue dotted line denotes the left-hand cut

(LHC) branch point associated with a K∗-meson exchange in the u-channel process.
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Phase shift for the P− wave extracted from the FV energy levels EFV calculated in lattice
simulation. The red and orange bands represent the result of our pure P-wave (2
parameters) fit using one and two-parameter P-wave fits to EFV, including the 1𝜎
uncertainty. Red and green dots are the phase shifts extracted from EFV using
single-channel Lüscher quantization conditions, and the solid orange line is associated
with the phase shifts extracted in this study. The magenta and orange dotted lines
correspond to 𝜄p = ±|p| from unitarity normalized by the threshold energy of DDs.

Analysis
▶ LSE fits include contact terms.
▶ Fits performed to multiple volumes and moving frames constrain LECs with

correlated uncertainties.
▶ Comparison to Lüscher extractions.

Results
as

0[fm] rs0[fm] ap
0[fm] rp0[fm]

−0.157(+16
−15) −0.08(+7

−8) 0.086(+44
−36) −1.5(+0.4

−1.6)

Table: The scattering length (a0) and effective range (r0) for the elastic DDs scattering
obtained from combined S and P wave fitting using the cost function eq.( 7) and the
parametrization defined in eq.( 6).

▶ The DDs S-wave is mildly repulsive, as can be seen from the reconstructed
spectrum that the interacting energy levels shifted positively from the
non-interacting energy level.

▶ The S−wave scattering length as
0 is negetive confirming the repuslsive interaction.

▶ No bound or resonant pole for ccūs̄ is observed near threshold at m𝜋 ≈ 280 MeV
within statistical and systematic uncertainties.

▶ We might need to add the higher-order terms in the P−wave contact potential for
the shape and range of the amplitude curve, which can be seen from the scattering
amplitude of the two-parameter fit. Incorporating the long-range interaction part
associated with the K∗ meson exchange might mitigate the problem, as argued in
the ref [1].

Conclusions & Outlook
Conclusions
▶ The lattice spectra (two volumes, multiple frames) are well described by an

EFT-LSE analysis with a compact set of LECs.
▶ No near-threshold ccūs̄ state is supported at m𝜋 ≈ 280 MeV.

Outlook
▶ Extend to lighter pion masses and finer lattices to reduce chiral and discretization

systematics.
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