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Quantum statistical approach to nuclear systems
Light elements and nuclear matter equation of state
Quartetting wave function and alphas in nuclei

Open questions
(heavy nuclei, phase transition, transport models)

Problem: single (quasi-) particle approach

to describe the properties of nuclear systems

(mean-field approximation).

Are correlations of relevance? How to calculate?

Pauli principle: antisymmetrization of fermionic wavefunction



1. Quantum statistical approach to
nuclear systems

Nuclear systems: structure of (excited) nuclei, heavy ion collisions, compact
objects in astrophysics

Interaction? No fundamental expression, fitted to data

Many-body system (strong interaction, quantum, Pauli principle), bound
states (nuclei), Bose-Einstein condensation, phase transition

QS approach: Green function method (numerical simulation)
correlation functions, spectral function, self-energy, cluster decomposition

Other fields in physics: plasma physics, semiconductor physics, Ultra-cold
atoms in traps, quark-gluon plasma

Nonequilibrium — (local) thermodynamic equilibrium



Nonequilibrium statistical operator

principle of weakening of initial correlations (Bogoliubov)
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time evolution operator U (¢, tg)
relevant statistical operator pre1(f)  maximum of information entropy

selection of the set of relevant observables {B,}

self-consistency relations  Tr{p.(t)B,} = (Bn>t = <Bn>t
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extended von Neumann equation
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o(t) = lime—0 0c(t) after thermodynamic limit



Many-particle theory

Equation of state 17" (T, sy ) = Q Z / S ol uT)/T n 1ST(17w)

P1,01
Spectral function Sr(1,w; T, tin,y thp) E(1) = h?p?/2m,

1

S(L,w) =2mG(L,w +10) = 2Im — EQ) — 2(1,w + 0)

Green function G,
Self-energy X
2Im¥ (1, w — i0)

Sl ) = (w—E(1) — ReX(1,w))2 + (ImX(1,w — i0))2

Expansion for small damping (Im X)
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Quasiparticle energy E9#5i(1) = B(1) + Re 3(1, 2)| ,— pavssi(1)

Correlations (bound states) in Im X
Cluster decomposition, Bethe-Salpeter equation



Different approximations

|deal Fermi gas:
protons, neutrons,
(electrons, neutrinos,...)



Different approximations

|deal Fermi gas:
protons, neutrons,
(electrons, neutrinos,...)

medium effects

Quasiparticle quantum liquid:
mean-field approximation
Skyrme, Gogny, RMF



Quasiparticle picture: RMF and DBHF
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Different approximations

medium effects

|deal Fermi gas:
protons, neutrons,
(electrons, neutrinos,...)

Quasiparticle quantum liquid:
mean-field approximation
Skyrme, Gogny, RMF
bound state formation
Nuclear statistical equilibrium:
ideal mixture of all bound states
(clusters:) chemical equilibrium

Inclusion of the light clusters (d,t,3He,*He)



|deal mixture of reacting nuclides

1
np(T, up, in) = v Z ZAfA{EA,uK — Zapp — (A —Za)pn}
Av, K
1
nn (T, up, in) = % Y (A=ZN)fa{Eavk — Zapp — (A — Z ) pn}
A, K
/ 1
mass number A, A(z) — A
ex T) — (-1
charge Z,, P(z/T) = (=1)

energy EAMK,
v internal quantum number,
~K center of mass momentum

Chemical equilibrium, mass action law,
Nuclear Statistical Equilibrium (NSE)



Different approximations

medium effects

|deal Fermi gas:
protons, neutrons,
(electrons, neutrinos,...)

Quasiparticle quantum liquid:
mean-field approximation
BHF, Skyrme, Gogny, RMF
bound state formation

Nuclear statistical equilibrium: Chemical equilibrium

ideal mixture of all bound states with quasiparticle clusters:
(ClUSterS:) chemical eqUilibrium Se|f_energy and Pauli b|ocking



Effective wave equation
for the deuteron in matter

In-medium two-particle wave equation in mean-field approximation

2 2
2121 +A + ;% +A, |, - (p.py) + E(l =, = L V(P02 0 Y, (P Ds)
1 2 PP

Add self-energy Pauli-blocking = Ear¥ar(Prop2)

Thouless criterion
Ed (Tnu) = 2“

» BEC-BCS crossover:
f, = [e<p2/2m-u>/kBT N 1] Alm et al., 1993

Fermi distribution function



Pauli blocking — phase space occupation

pzA

cluster wave function (deuteron, alpha,...)
in momentum space

P - center of mass momentum

The Fermi sphere is forbidden,
deformation of the cluster wave function
Px in dependence on the c.o.m. momentum P

Fermi sphere

The deformation is maximal at P = 0.
momentum space It leads to the weakening of the interaction

(disintegration of the bound state).



Shift of the deuteron bound state energy

Dependence on nucleon density, various temperatures,
zero center of mass momentum
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Few-particle Schrodinger equation
iIn a dense medium

4-particle Schrodinger equation with medium effects
(self-energy shifts and Pauli blocking)

([EHF(p1) +E™ (p,)+ EHF(p3) +E™ (p4)])lpn,p (P1>P2sP3sPs)

+ Y (A=, = [, V(Pipsipy 02 )W, 5 (PP P3oDs)
P1’ =P2’

+{ permutations}

= En,Plpn,P (pppz »P3 ap4)



Composition of dense nuclear matter

1
np(T, pp, in) = % Z ZAfA{EA,uK — Zapp — (A — Za)pn}
Av,K
1
nn (T, Hps pn) = v Z (A - ZA)fA{EA,z/K — ZAlp — (A — ZA)Mn}
A, K
mass number A
charge Z, f — 1
energy £, ,« A(2) exp(z/T) — (—1)4

v: internal quantum number

* Medium effects: correct behavior near saturation
self-energy and Pauli blocking shifts of binding energies,
Coulomb corrections due to screening (Wigner-Seitz, Debye)



Shift of Binding Energies of Light Clusters
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Light Cluster Abundances
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Different approximations

|deal Fermi gas:
protons, neutrons,
(electrons, neutrinos,...)

bound state formation

Nuclear statistical equilibrium:
ideal mixture of all bound states
(clusters:) chemical equilibrium

continuum contribution

Second virial coefficient:
account of continuum contribution,

scattering phase shifts, Beth-Uhl.Eq.

chemical & physical picture

Cluster virial approach:
all bound states (clusters)
scattering phase shifts of all pairs

medium effects

Quasiparticle quantum liquid:

mean-field approximation
BHF, Skyrme, Gogny, RMF

Chemical equilibrium

of quasiparticle clusters:
self-energy and Pauli blocking

Generalized Beth-Uhlenbeck formula:
medium modified binding energies,
medium modified scattering phase shifts

Correlated medium:
phase space occupation by all bound states
in-medium correlations, quantum condensates



Deuteron-like scattering phase shifts
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Equation of state: chemical potential

baryon chemical potential u [MeV]
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Chemical potential for symmetric matter. T=1, 5, 10, 15, 20 MeV.
QS calculation compared with RMF (thin) and NSE (dashed).
Insert: QS calculation without continuum correlations (thin lines).



Symmetric matter: free energy per nucleon
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2. Heavy ion collisions



EoS at low densities from HIC
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QS versus NSE: comparison with data
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Generalized RMF
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E [MeV |

Symmetry energy

Heavy-ion collisions, spectra of emitted clusters,

temperature (3 - 10 MeV), free energy

4‘() 1 1 1 1 T 1 [ 1 1 1 1 LI ' 1 1 LI i
E Kowalski 07 E

R ¢ B/U A

N —— DD-F (0 MeV) ]

30 |- ]
20 |- =
B . . ]

N * i

N * ]

10 — *, ]
N * ]

O 1 1 1 1 | | l 1 1 1 1 L1 11l l 1 1 1 Ll ]

0.001 0.01 0.1 |

S. Kowalski et al.,
PRC 75, 014601
(2007)



20

[MeV]

sym

[o—
o

llllll'lllllllllll

free symmetry energy F
h

Symmetry energy,
comparison experiment with theories

I I 1 I 1 l I I 1 l 1
(a)

@® cxperiment

O RMF without clusters
O QS with clusters

e
o J
e

lllllllllllllllllll

[MeV]

sym

intermal symmetry energy E

S O S
LI l L I LI l LI

(9]

(=
=

1 I 1 I I 1 I 1 I I
(b)
@® cxperiment
O RMEF without clusters
O QS with clusters

@0
©
O
©
@0
Q
o
O
Qo

O
@)
@)
O
O

O
0
O
Ke

lllllllllllllllllll

L

1 2 3 4
VSurf [cm/ns]

(o))

J.Natowitz et al., PRL 2010



[MeV]

Symmetry energy: low density limit

correlations (bound states) —> larger values for the symmetry energy
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Intermediate-mass fragment
production
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Landau Fermi liquid

Strongly degenerate Fermi system: excitations near the Fermi energy,

well-defined quasiparticles

Inverse of compressibility, T=0
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Landau-Migdal parameter f, (T=0)

General case, correlations, finite T

K(T,n) = K(T,n)[1+ ¢o(T, n)
fluctuation-dissipation theorem

response function x(q, w)
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G. R., D.N. Voskresensky, |.A. Kryukov, D. Blaschke, Nucl. Phys. A 970, 224 (2018)



Cluster decomposition of the
polarization function
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3. a cluster structures Iin nuclel
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The Hoyle state in 2C

12C: from astrophysics: excited state predicted near the 3 o threshold energy
(F. Hoyle).
a 0* state at 0.39 MeV above the 3 o threshold energy has been found.

not described by shell structure calculations,
3 a cluster interact predominantly in relative S waves,
gas-like structure, THSR state

A. Tohsaki et al., PRL 87, 192501 (2001)

a—particle condensation in low-density nuclear matter,
p below p,/5

na nuclei: 8Be, 12C, %0, 2Ne, ‘Mg, ...
cluster type structures near the n a breakup threshold energy



Decay modes of nuclei
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o. decay of ¢'?Po
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Quartetting wave-function approach

h2
c. 0. m. wave equation —%V%‘P(R) +W(R)®(R) = E®(R)
Effective c. 0. m. potential
W(R) = / d*R &’s; d”s’; o (s,R) [T4[Vs,]6(R — R')d(s; — s}) + Va(R,s;; R, s)] ;I: ((II:,)) wa(s’,R’)

VZL(Ra Sy R,7S;) . V4eXt<R7 Sj3 R/7S;) + ‘/élintr(R7 Sj3 RI? S;)

External contribution together with mean-field contribution to the effective potential

. 11
‘/ZLEXt(R’ S Rl’ S;) - [V’Tr;lf(R_'_ §S = §S12) o V'rr;lf(R‘F §S — 5512)
V(R — s+ Ssa1) + VI (R — 5 — 2sa4) | §(R — R))o(s — )3 /2)(s34 — .
=t T3 ( - §S = 5834) i Ts ( = §S — 5534) ( — ) (S — 8 ) (512 _ 512) (S34 _ S34)

Intrinsic contribution containing Pauli blocking

Virt(ese) = [ dr{ dry (rmalll = oML~ Folens ) G4V i r5)8(0 — ra)8(c — )

+ five permutations

Local approximation for the four nucleon effective c.o.m. potential W(R)



Thomas-Fermi model

Local density theory: 80 F———
Pauli blocking is taken :

from the homogeneous matter result, 60? e -
energy shift of the a — like bound state 402 E
is a function of the baryon density. -

20; % Pauliblocking| 7

— interpolation

At a critical density (n_; = Ng/5 = 0.03 fm™3) — continuum
the a — like bound state disappears.

At higher densities, the quartet consists of
four nucleons in (free) scattering states.
The quartet is added to the nucleon system

at the Fermi energy, kinetic energy = 4 Eq,

Four particle energy shifts [MeV]

A Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il (-
0 001 002 003 004 005 006 0.07
. 3
baryon density ng [fm 7]

WPl () ~ 4515.9MeV fm>ng — 100935 MeV fm®n3 + 1202538 MeV fm’ 3

Thomas-Fermi model for the core nucleus (2%8Pb): For a given mean field V™(r) all states below the Fermi
energy Ec.,.,; are occupied. Inside the core, the chemical potential u = V™ (r)+E,,(r) is not depending on r.
A quartet of 4 unbound nuclei can be added at the cluster chemical potential u, = 4 u.

Thomas-Fermi rule: particles are taken away from the system at the chemical potential w,, us=Eneiing



Double-folding M3Y potential W(R)

Thomas-Fermi approximation for the nucleons in the 2%8Pb core: u,=E

—_ \® (O8] N
- - ) -

energy [MeV], baryon density x 1000 [fm ]
=

E =-283MeV
o0 .

| | | | | | | I | | |
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distance r [fm]

tunneling



Results for o decay of 2'?Po

C. Xu et al., PHYSICAL REVIEW C 93, 011306(R) (2016)

Potential c d E unnel Fermi energy
(MeV fm) (MeV fm) (MeV) s (MeV)
A 13866.30 4090.51 —19.346 —19.346
B 11032.08 3415.56 —19.346 —19.771
Enne — K4 Preform. factor Decay half-life
(MeV) P T1)2 (s)
0 0.367 2.91 x 107*
0.425 0.142 2.99 x 1077

v(s) = cexp(—4s)/(4s) — d exp(—2.55)/(2.5s)



212Po: o on top of “%Pb
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Value of parameter d

Half-life T, (s)
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TABLEI The a-cluster formation probabilities of even-even superheavy nuclei by the quartetting wave function approach. Strong deviations
indicating a possible proton shell closure are highlighted in bold face.

Mass Z N 0. Half-life c d Fermi energy Eunnel — Ma P,
MeV Tip (s) (MeV fm) (MeV fm) s (MeV) MeV) (MeV)

294 118 176 11.810 1.4 x1073 17066.70 4847.61 —16.889 —16.490 0.399 0.110
292 116 176 10.774 2.4 x1072 19237.20 5365.62 —17.772 —17.526 0.246 0.197
290 116 174 10.990 8.0 x1073 19027.50 5315.41 —17.568 —17.310 0.258 0.191
288 114 174 10.072 7.5 %1071 18743.70 5251.07 —18.549 —18.228 0.320 0.156
286 114 172 10.370 3.5x107! 17237.40 4892.79 —18.349 —17.930 0.419 0.104
270 110 160 11.117 2.1 x107* 17079.10 4847.45 —17.547 —17.183 0.364 0.144
268 108 160 9.623 1.4 x10° 15653.10 4516.39 —19.171 —18.677 0.494 0.077
264 108 156 10.591 1.1x1073 17054.60 4843.76 —18.088 —17.709 0.379 0.140

260 106 154 9.901 1.2 x1072 17488.80 4948.93 —18.759 —18.399 0.360 0.152
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A NEUTRON STAR: SURFACE and INTERIOR
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Neutron stars, inner crust: pasta structures




Density of neutron star crust
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Light clusters and pasta phases
In core-collapse supernova matter
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Light Clusters and Pasta Phases in
Warm and Dense Nuclear Matter

i (MeV)
©
N
o

FSU, T=5 MeV
910 | y,=0.41,1=0.7

107 103

930
n

920 FSU, T=10 MeV ."," ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

(2
#

910 |

i (MeV)

& ] S. S. Avancini et al.,
| QS e £ . , _Phys. Rev. C 95,
10 10 102 1010 10 102 10” 045804 (2017)

p (fm®) p (fm®)

FIG. 8. Neutron (left panels) and proton (right panels) chemical potentials with n = 0.7 and Y, = 0.41 as a function of density
at T = 5 MeV (top) and T = 10 MeV (bottom), for homogeneous nuclear matter (HM) (solid), nuclear matter with light
clusters (blue short-dashed), and mean-field pasta calculations with clusters [TF (green, dashed), CLD (pink, dash-dotted),
CP (cyan, dash-dotted)]. QS results (red, dotted) are also shown.



Nuclear matter phase diagram

Baryon density, Iog1 0(p [g/cms])
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Core collapse supernovae

Relevant Parameters:

e density:
1077 < 0/0sat S 10
with nuclear saturation density
T 2 2L o WP el
(Nsat = Osat/Mn = 0.15 fm—3)

e temperature:

0 MeV < kgT < 50 MeV
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e electron fraction:
0<Y.506

T. Fischer, GSI Darmstadt
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Summary

* A quantum statistical approach can be given to describe
correlations and antisymmetrization in nuclear systems

» Many-particle theory: Equation of state
QCD? Effective interactions, Green functions, spectral functions

* Low-density limit: cluster formation
Mass action law, nuclear statistical equilibrium, virial expansion

* Near saturation: medium effects
mean-field and quasiparticles, dissolution of bound states

« Quantum condensates:
transition from BEC to BCS, Hoyle states, pairing and quartetting

» Correlations of nucleons and formation of “pasta” structures
are of importance in the crust of neutron stars.
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Composition of supernova core

10°

10°"

102 Mass fraction X
of light clusters
for a post-bounce

107 supernova core

10

107

10°

K.Sumiyoshi,
7| G. R,
0 PRC 77,

055804 (2008)
r [km]



o, cluster in astrophysics

Crust of neutron

stars

Protons in droplets
(heavy nuclei)

particle number density n [fm_3]
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212Po: o on top of “%Pb

Local effective potential W(R)
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Modification of the mean-field potential
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a-cluster formation and decay

parameterized M3Y-type nucleon—nucleon effective interaction

v(s) = cexp(—4s)/(4s) — d exp(—2.55)/(2.5s)
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Symmetry Energy

I 1 ] I I I 1 ] I I I 1 OS_I 1 I 1 I 1 I ] 1 I_
1 MDIx = 1 1 ®  Exp(col.5,Tab. 1)
S Vsl 1 T O  sc(col.11,Tab.1) -
- RMF,T=0MeV 4 04 QS T=1MeV
== - ——— QS,T=1MeV /3 o= QS,T=4MeV
& i . - —.== QS,T=8MeV -
o
gl'o_ _.".. ...... 0.3_ ;_’;-(’;—.-_._-‘
Q T ] o 0
E/ - - ,.
- /7 .
e L 102 . .-
» - ! / I ./'
64 0.5— . = B ./ ' /', B
— A - ] / .’ ,./ -
* - O.l- / "’_/- ”” .
S50t - Ly 7 =TT
1,7 (a) ?'1_.',":," (b) -
V/l 1 1 1 l 1 1 L 1 I L 1 P’l,l 1 1 I 1 1 L 1 I
00 0.5 1.0 0.0 0.05 0.10
density n/n, density n/n,

Scaled internal symmetry energy as a function of the scaled total density.
MDI: Chen et al., QS: quantum statistical, Exp: experiment at TAMU

J.Natowitz et al. PRL, May 2010



Light clusters and symmetry energy
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