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Motivations and Background

N Bose (nonrelat.) particles in a finite box of volume |A| = L9

v

» Hamiltonian

ZA + - Zgb Xj — Xj)
I<j

where i, j run from 1 to N = p|A|

» Mean field limiting regime: |A| fixed and N sufficiently large
independently of |A|

» Thermodynamic limit: p fixed and |A| — oo
» Other regimes: Gross-Pitaveskii, Thomas-Fermi
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Motivations and Background

> Results on the ground state energy (L-S, E-Y-S, G-S)

» Proof of Bogoliubov conjecture: mean field limit (S,
L-N-S-S), diagonal limit (D-N)

» Proof of Bose-Einstein condensation (L-S-Y, L-N-R)

» Renormalization group approach: (B) in space dimension
d = 3, order by order control of the Schwinger functions in
the limit |A| — oo and with ultraviolet cut-off
Recent progress for d = 2 using Ward identities (C-D-P-S.,
C-G)

> Results towards rigorous functional integral: (B-F-K-T)
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1. Definition of the model: Hamiltonian in second quantization
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Multi-scale analysis in the occupation numbers of particle states
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1. Definition of the model: Hamiltonian in second quantization

2. Particle preserving Bogoliubov Hamiltonian and three-modes
systems

3. A novel application of Feshbach map:
Multi-scale analysis in the occupation numbers of particle states

4. Convergent expansion of the ground state of a three-modes
Bogoliubov Hamiltonian

5. Outlook
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» ( A with periodic boundary conditions)

Hoe / (V") (Va)(x)dxc+

+;p / / 2 (x)a* (y)é(x — y)a(y)a(x)dxdy
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» ( A with periodic boundary conditions)

Hoe / (V") (Va)(x)dxc+

/ / o(x — y)a(y)a(x)dxdy

> a*(x),a(x) operator-valued distributions on
F =T (L?(\,C; dx)) A = L9
CCR: [ (x),a™ (y)] = O, [a(x),a*(y)] = 0(x — y)1r,
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» ( A with periodic boundary conditions)

Hoe / (V") (Va)(x)dxc+

/ / o(x — y)a(y)a(x)dxdy

> a*(x),a(x) operator-valued distributions on
F =T (L?(\,C; dx)) A = L9
CCR: [ (x),a™ (y)] = O, [a(x),a*(y)] = 0(x — y)1r,

ikj-x aF —lij

ax) =3 A, ~y 3

jezd V\|2 jezd
where kj .= j, j = (1. J2, - - -+ Jd)s J1:J2s -+ Jd € Z
. # _
CCR: [aj 7aj/ ] - O? [aj7 aj*’] = 5]7]-/ :

A2



Assumptions on the two-body potential

» The pair potential ¢(x — y) is a bounded, real-valued function
that is periodic, i.e., ¢(w) = ¢(w + jL) for j € Z¢
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that is periodic, i.e., ¢(w) = ¢(w + jL) for j € Z¢

» ¢(w) is an even function, in consequence ¢j = ¢_;

> ¢(w) is of positive type, i.e., ¢; >0

Alessandro Pizzo Bose Particles in a Box



Assumptions on the two-body potential

» The pair potential ¢(x — y) is a bounded, real-valued function
that is periodic, i.e., ¢(w) = ¢(w + jL) for j € Z¢

» ¢(w) is an even function, in consequence ¢j = ¢_;
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» UV cut-off
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Assumptions on the two-body potential

v

The pair potential ¢(x — y) is a bounded, real-valued function
that is periodic, i.e., ¢(w) = ¢(w + jL) for j € Z¢

» ¢(w) is an even function, in consequence ¢j = ¢_;

> ¢(w) is of positive type, i.e., ¢; >0

v

UV cut-off

. . . . . K2
Strong interaction potential regime: The ratio ¢ := ¢% is
]

v

sufficiently small
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Model: Particle Preserving Bogoliubov Hamiltonian

>

e / (Va*)(Va)(x)dx+

+;p / / 2*(x)a* (y)é(x — y)a(y)a(x)dxdy

is restricted to FV = subspace of F with N particles (N even)
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Model: Particle Preserving Bogoliubov Hamiltonian

>

e / (Va*)(Va)(x)dx+

1 . .
+2p//a (x)a*(y)o(x — y)a(y)a(x)dxdy
is restricted to F"N = subspace of F with N particles (N even)

» H=HE + V + Cy

» V = cubic and quartic terms in the nonzero modes

Alessandro Pizzo Bose Particles in a Box



Model: Particle Preserving Bogoliubov Hamiltonian

>
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Model: Particle Preserving Bogoliubov Hamiltonian

>

e / (Va*)(Va)(x)dx+

+1p / / 2*(x)a* (y)é(x — y)a(y)a(x)dxdy

is restricted to FV = subspace of F with N particles (N even)
» H=HBE + V + Cy
> V = cubic and quartic terms in the nonzero modes
B. B
> H jezo\(oy Hi

>

?; .
HE = (k' + Waoao)(a aj+a’;aj)

%
+— {aoaoa a_jt+aa_ agao}
pIA SRR
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Model: Particle Preserving Bogoliubov Hamiltonian

>

He / (Va")(Va)(x)dxt

1 / / 2" (v)9(x — y)aly)a(x)dxdy

is restricted to FV = subspace of F with N particles (N even)
» H=HB +V + Cy

» V = cubic and quartic terms in the nonzero modes
B._1
> H7 =3 2enior

>

P; *
HjB (k2 Naoao)(a aj + a_ja_j)

¢
+N {aoaoaja_J + g _Jaoag}
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Model: Particle Preserving Bogoliubov Hamiltonian

>

H— / (Va*)(Va)(x)dx+

+21p [ [ 003 0)o0x = yyaty)atx)aedy

is restricted to FV = subspace of F with N particles (N even)
» H=HB + V + Cy

» V = cubic and quartic terms in the nonzero modes

> H? =3 Yiewnpoy H
» Three-modes Bogoliubov Hamiltonian
i
I-r’jB = (k-2 N’aoao)(a aj+a;a )

(ﬁ; {aoaoaJ a_j+ a ar aoag}
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Model: Particle Preserving Bogoliubov Hamiltonian

» H is restricted to
FN = subspace of F with exactly N particles (N even)
» H=HE+V
» V = cubic and quartic terms in the nonzero modes
> HE =5 Y ez oy M
» Three-modes Bogoliubov Hamiltonian

©)
H

HEB (k2 ﬂaoao)(a aj+a*;a_j)

i N
+ {% aﬁaﬁaja,j} {qlil a; a,jaoao}
VVJ W
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Ideas

> If 1hgs ground state of H, (3 cza\ 0} 3 3j)u,. Stays bounded
as N — o0
= Conjecture: An effective Hamiltonian in a neighborhood of
Egs is a multiple of the projection

_ 1
Iml =

ag ... a2
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Ideas

> If 1hgs ground state of H, (3 cza\ 0} 3 3j)u,. Stays bounded
as N — o0
= Conjecture: An effective Hamiltonian in a neighborhood of
Egs is a multiple of the projection

]' k *
mnl . n= ﬁao---aoﬂ
» Feshbach map (& = 22, & =P P+ P = 1y)
P(K—-2)2
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Ideas

> If 1hgs ground state of H, (3 cza\ 0} 3 3j)u,. Stays bounded
as N — o0
= Conjecture: An effective Hamiltonian in a neighborhood of
Egs is a multiple of the projection

_ 1
Il n=

» Feshbach map (£ = 92, & zﬁz, P+ P =1y)

ag ... a2

P(K—-2)2

> lIsospectrality: 1) .#(K — z) is bounded invertible on ZH if
and only if z is in the resolvent set of K (on H); 2) zis an
eigenvalue of K if and only if 0 is an eigenvalue of # (K — z)
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» Selection rules of H w.r.t. >
>3 - . - *
= choose &2, &7 associated with eigenspaces of Zj:ij* a; aj

* .
j=+j. 9 9i

Alessandro Pizzo Bose Particles in a Box



» Selection rules of H w.r.t. >
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Ideas

» Selection ruIeso;‘H Wt Y
= choose &2, &7 associated with eigenspaces of Zj:ij* a; aj

* .
aj aj

» The Rayleigh-Schrodinger expansion of v, is not under
control for strong interaction potentials (thermodynamic limit)
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Ideas

» Selection rules of H w.r.t. >
>3 - . - *
= choose &2, &7 associated with eigenspaces of Zj:ij* a; aj

*a.
j=+j. 9 9i

» The Rayleigh-Schrodinger expansion of v, is not under
control for strong interaction potentials (thermodynamic limit)

» Can 2 help to avoiding small denominator problems?
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Three-modes system

» Pick a couple of interacting modes (—js; jx«)
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Three-modes system

» Pick a couple of interacting modes (—js; jx«)

» Study the Hamiltonian A8 = ij
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Three-modes system

» Pick a couple of interacting modes (—js; jx«)
» Study the Hamiltonian A8 = ij

» For the purpose of this talk the Hilbert space FV contains
only the degrees of freedom (0; —j.; j«)
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Feshbach Projections for HB

» QU:*1) .= the projection (in FN) onto the subspace spanned
by the vectors with N — i or N — i — 1 particles in the modes
j« and —j, —  the operator a}‘*aj* + aij*a,j* has
eigenvalues N — i and N — i — 1 when restricted to QU i+1) FN

Alessandro Pizzo Bose Particles in a Box



Feshbach Projections for HB

» QU:*1) .= the projection (in FN) onto the subspace spanned
by the vectors with N — i or N — i — 1 particles in the modes
j« and —j, —  the operator a}‘*aj* + aij*a,j* has
eigenvalues N — i and N — i — 1 when restricted to QU i+1) FN

FN — QOO EN o Q@I FN g ... gy QIN-2N-1) N (Cn}
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Feshbach Projections for HB

» QU:*1) .= the projection (in FN) onto the subspace spanned
by the vectors with N — i or N — i — 1 particles in the modes

j« and —j, —  the operator a}‘*aj* + aij*a,j* has

eigenvalues N — i and N — i — 1 when restricted to QU i+1) FN

FN — QOO EN o Q@I FN g ... gy QIN-2N-1) N (Cn}

» Q1) := the projection onto the orthogonal complement of
Q(O,l)]:N in ]:N N Q(>1) + Q(O,l) _ 1_7:N

> lteratively, for i even, 2 < j < N — 2, define
Q>*1)  the projection such that QD Q(H+1) = Q(>1-1)

QMY = ) (n|
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Flow of Feshbach Hamiltonians for M8

» Define 2() .= Qi+ (i) .= QUii+1)
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Flow of Feshbach Hamiltonians for M8

» Define 2() .= Qi+ (i) .= QUii+1)

» Starting from K5,(z) := A8 — z

KiB(Z)
= POKE,(2)2()
i —(i 1 —(i i
_@()Kiliz(z)«@( )—(i) 7(1')‘93( )KiB_z(Z)gz()
4 K,-B_Z(z)ﬁ

Alessandro Pizzo Bose Particles in a Box



Flow of Feshbach Hamiltonians for M8

» Define 2() .= Qi+ (i) .= QUii+1)

» Fori=0
Ko (2)
Q(>1)(F/B . Z)Q(>1)
QG jEQOD 1 QO 4B QG

Q(o,l)(,t,B — 2)Q(0.1)
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Model: Particle Preserving Bogoliubov Hamiltonian

» H is restricted to
FN = subspace of F with exactly N particles

s H=HE 4V
1
> H? =3 Yiewnpoy H

» Three-modes Bogoliubov Hamiltonian

H©)

A

A o b
HE .= (kf* + I<I agao)(aj. @, +a*j.a-j.)
¢J k%

¢-* * %k
+ { I<I aoaoaj*a_j*} + {N aj, a_j*aoao}

~~ ~~

1% w*
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Flow of Feshbach Hamiltonians for M8

» Define 2() .= Qi+ (i) .= QUii+1)

» Fori=0
Ky (2)
Q(>1)(F/B . Z)Q(>1)
_ QYWD ! QO+ QG

Qo.1) (/C,B — 2)Q(0.1)
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Flow of Feshbach Hamiltonians for M8

» Define 2() .= Q(>i+1) (i) .— QUi i+1)
» Fori=2
KE(z) =
QEI(AHB—2)Q>3)
—QIW Q¥ x

1

X ~
QEA(HE — WY s —igon

Q(O 1) W — Z)Q(z 3)

« Q(2,3) w* Q(>3)
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Flow of Feshbach Hamiltonians for M8

» Define 2() .= Qi+ (i) .= QUii+1)
> Fori=2

Q(>3)(l’jIB _ Z)Q(>3)

_ Q(>3) W Q(273) X
1
1

Q(Ovl)(i‘\IB - Z) Q(O’l)

X

QR3(HB — w QD QUL W — £)Q23)

R(fo(z)
X Q(273) W>‘< Q(>3)
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Flow of Feshbach Hamiltonians for M8

» Define 2() .= Qi+ (i) .= QUii+1)
> Fori=2

KE(2) =
= QBI(HB — 7)Y
[eS) i
Q3w 23) Z R£2(z) [W RoB,o(Z) wr R2B:2(z)}
h=0

> 0(2,3) wW* Q(>3)
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General Term

» For i (even)

K _ Q(>I+1 ( )Q(>/+1)

_Q(>i+1)WRB i[ RB } w*Q(>i+1)
li=

r1+2 l+2( ) =

— QUt2i+3) Rﬁ(z)i [rff( ( )} QUiH2:i+3)

/,':0

M52(2) == Q®3IW RG(2)W* Q¥
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Range of the spectral parameter z

» Spectrum of Hj’f as N — oo (Seiringer):
» the ground state energy tends to

B = [k by — /()2 + 20,

EE — 701* as €, — 0

» the first excited eigenvalue tends to

B
. + /(K ) + 205k
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Range of the spectral parameter z

» Spectrum of Hj’f as N — oo (Seiringer):
» the ground state energy tends to

B = [k by — /()2 + 20,

EE — 701* as €, — 0

» the first excited eigenvalue tends to
B
B+ /() + 201 K
» Question:

Can we control the flow for z < Ejf + (kj2* )2+ 2¢J'*kj2* ?
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General Term

» Recursive relation

B .
Mo,ive(2) ==

= Q(i+2,i+3)W(R5(z))%Z [(RE( )z rB( )(R! ( ))%
=0
X (Rf,-(z))% W QUi+2.i+3)

» |nitial term

5,(z) == Q®IW RE (2)W* QY
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Key estimates to control the Feshbach flow

» The flow is well defined if for each i < N — 2 and even

S [(RE)TE)(RE(2))]

I=0

/

is well defined
» Main Theorem:

I 1! 1
u Z |(RE(2))TE(2)(RE(2)}] 1 < 5
1
where Xp = 1 and
1 1
Xitz :=1— 3 o X
41+ ag, — v — o)
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Key estimates to control the Feshbach flow
> 2z <EP 4+ (06— 1)¢jey /2 +26,, 6 <2
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Key estimates to control the Feshbach flow
> 2z <EP 4+ (06— 1)¢jey /2 +26,, 6 <2

2

%
P v l L‘l
> €, =g small but 6. >N for some v > 5

Jx
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Key estimates to control the Feshbach flow
> 2z <EP 4+ (06— 1)¢jey /2 +26,, 6 <2

k2
P v l L‘l
> 6, = o small but 6. >N for some v > 5

ek

> key estimate

N =

I[REG)]" W [RE,; o(2)] 111 [RE s 2(2)] W [RE()]

1
2be. 1—ce.
— Jx Jx )
N—i+1 (N—i+l)2

<
41+ a,

where a., = O(g,), b, == O(,/5.), ¢, = O(¢j,)
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Key estimates to control the Feshbach flow

> Artificial ¢;, —dependent Gap

Rfi(2)

_ QUii+1) 1 (iri+1)
Q(i,i+1)(HB _ Z)Q(i,i-i-l)
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Key estimates to control the Feshbach flow

> Artificial ¢;, —dependent Gap

RP(z)
1
QUL (HO) + W + W+ — 2)QUii+1)

_ QUiitD) QUii+1)

Alessandro Pizzo Bose Particles in a Box



Key estimates to control the Feshbach flow

» Artificial ¢;, —dependent Gap

R(2)
1

_ Q(i,i—l—l)
QU (HO) — 2)QU-i+1)

Q(i’i+1)

H® >0 and z~ — ;.
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Key estimates to control the Feshbach flow

» Control of the sequence

1 1

be.* ].—Ce.* Y
A1+ aq, — y=im — )

X,‘+2 =1-

Xo=1land, 0<i< N —2and even
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Key estimates to control the Feshbach flow

» Fore, =0

1

X,'+2 =1

4(1— 0 s ) X

(N— /+

from Xg =1 up to Xy_»
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Key estimates to control the Feshbach flow

» Fore, =0
1

X,'+2 =1
4(1 (N— /+1 2)X

from Xg =1 up to Xy_»
» Exact Solution

1.)

N — i

1
X, - 5(1—

but for Xo = (1 — %)

Alessandro Pizzo Bose Particles in a Box



Key estimates to control the Feshbach flow

» Fore, =0

1
X,'+2 =1-
4(1 (N— /+1 2)X
from Xg =1 up to Xy_»
» Exact Solution 1 1
X — —(1—
==y
but for Xo = (1 — %)
» By induction (for ¢, > 0)
1 1
Xi>=(1——— 1
> (1 ) + o)

ford <146, <= z<EP+ /G.\/(K)?+2¢.k
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Final Feshbach Hamiltonian, Fixed Point, and GS Energy

K/’\iz(z) =
— Q(>N—1)(I’:IB_Z)Q(>N—1)
_Q(>N71)W X

o

I
XRII\SI’—Z,N 2(z Z[ —on—2(2) RN 2n—2(2 )}
1=0

<« W* Q(>N_1)
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Final Feshbach Hamiltonian, Fixed Point, and GS Energy

» QN1 = p, = |n)(n| , hence
Kﬁ—z(z) =

= P,(HB - 2)P,

o
I
Py RI€72,N72(Z)Z [rﬁlszfz(Z)Rﬁfz,Nfz(Z) we Py
=0
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Final Feshbach Hamiltonian, Fixed Point, and GS Energy

o0
—Py,W Ry _an-a(z Z[FN an-2(2)RR_an_o(2) W Py
=0
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Final Feshbach Hamiltonian, Fixed Point, and GS Energy

Alessandro Pizzo Bose Particles in a Box



Final Feshbach Hamiltonian, Fixed Point, and GS Energy

—(n, WR5—2,N o\Z Z[FN 2,N— 2(z RN 2,N— 2(2)} W*n)
=0

» f(z) is decreasing and there is (only) one point z, in the
interval

(—o0, EE + Vi (ka*)z + 2¢j, ka*)
such that f(z,) =0
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Final Feshbach Hamiltonian, Fixed Point, and GS Energy

—(n, WR5—2,N o\Z Z[FN 2,N— 2(z RN 2,N— 2(2)} W*n)
=0

» f(z) is decreasing and there is (only) one point z, in the
interval

(—o0, EE + Vi (ka*)z + 2¢j, ka*)
such that f(z,) =0
» f(z.) =0 =z is the ground state energy of AB
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» Feshbach theory: If ¢ eigenvector of .# (K — z,) with
eigenvalue 0

1 _
S Ty A

is eigenvector of K with eigenvalue z,
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» Convergent expansion (up to any desired precision)

1 N—2,N—1) 7+
_ QIN-2N-1)KB_ (z,)QN-2.N-1) Q( YW

1 *
_ Z H [_ Q(N_r’N_r+1)Kﬁ_r_2(z*)Q(N—r,N—r+1) WN—r,N—r+2] X

1
Q(N—Q,N—l) K,\‘?_‘l(z*) Q(N—z,N—l)

Q(N_2’N_1) W*n

* . N—r,N—r+1 * N—r+2,N—r+3
where W5 5= Q! )W Q( )
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Regimes and dimensions

. K2 .
» The flow is well defined if ¢j, := 2= is sufficiently small and

oy
forsome1/>1§1
2
1 ; 1. s
& >- == s (D)u
TN ;. W
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Regimes and dimensions

2

» The flow is well defined if ¢j, := o is sufficiently small and
Ix

for some v > %

">1 == j2*>(1)%
G =N &~ N

» When is this condition fulfilled?

Alessandro Pizzo Bose Particles in a Box



Regimes and dimensions

2

» The flow is well defined if ¢j, := o is sufficiently small and
Ix

for some v > %

2
. b
TN .

1.8
> (N)“

» When is this condition fulfilled?
» mean field limiting regime
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Regimes and dimensions

2

» The flow is well defined if ¢j, := o is sufficiently small and
Ix

for some v > %

2
. b
TN .

1.8
> (N)“

» When is this condition fulfilled?
» mean field limiting regime

> at fixed p only if

{(270'*)2}” 1
L2¢;, pL?
= d >3 and L large enough

Y
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Regimes and dimensions

» Existence of the fixed point if
L5
p= po(f)3 I
0

with po sufficiently large (Lo = 1)
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Regimes and dimensions

» Existence of the fixed point if

L o
PZPO(T)3 d
0

with po sufficiently large (Lo = 1)
» If d > 3, p sufficiently large but L-independent is enough

= L < 0o can be taken arbitrarily large at fixed p
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Regimes and dimensions

» Existence of the fixed point if

L o
PZPO(T)3 d
0

with po sufficiently large (Lo = 1)
» If d > 3, p sufficiently large but L-independent is enough

= L < 0o can be taken arbitrarily large at fixed p

» In the mean field limiting regime, z, — Ejfog as N — oo
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Regimes and dimensions

» Existence of the fixed point if

L o
PZPO(T)3 d
0

with po sufficiently large (Lo = 1)
» If d > 3, p sufficiently large but L-independent is enough

= L < 0o can be taken arbitrarily large at fixed p

» In the mean field limiting regime, z, — Ejfog as N — oo

> Ford:3andpro(L—LO)Swiths>0, Z*—>Ejf°g as L — o0
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Outlook / Thomas-Fermi + Gross Pitaveskii limit

» N Bose (nonrelat.) particles in a finite box of volume |A| =1

H== A" +gN2> " ¢(N(x - x))

i<j

with N, g — 400
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Outlook / Thomas-Fermi + Gross Pitaveskii limit

» N Bose (nonrelat.) particles in a finite box of volume |A| =1
H= - ZAX)+gN2Z¢(N i = %))
i<j

with N, g — 400
» Rescaling: y = Nx = N particles in a box of volume |A| = N3

H= /\/2ZA”+gN2Z¢

i<j
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Outlook / Thomas-Fermi + Gross Pitaveskii limit

» N Bose (nonrelat.) particles in a finite box of volume |A| =1
H= - ZAX)+gN2Z¢(N i = %))
i<j

with N, g — 400
» Rescaling: y = Nx = N particles in a box of volume |A| = N3

H= /\/2ZA”+gN2Z¢
i<j

» Three-modes Hamiltonian

¢'* * * ¢-* * ok * %
Hj? = Z(N2k12—}—g /<I aoao)aj aj—}—gﬁ {aoaoaja_j—l—aj*a_j* 3030}
+j

where kj? > N2
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Outlook / Thomas-Fermi + Gross Pitaveskii limit

» N Bose (nonrelat.) particles in a finite box of volume |A| =1
H= - ZAX)+gN22¢(N X))
i<j
with N, g — +0o0
» Rescaling: y = Nx = N particles in a box of volume |A| = N3
H= N2ZAy)+gN2Z¢>
i<j
» Three-modes Hamiltonian
N2k2 1 1
ij = g9j, [Z( ¢J aoao)a a’+N {a}",aﬁaja_j—kaj"*a*_j*aoao}]

k 8
where k2 > N2 = M S NTT o for g <N
iE3
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THANK YOU
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