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= Light-by-light scattering sum rules

general principles: unitarity, causality, etc.

# Zero-range force:
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using the sum rules as consistency (causality) criterion
phi®4 theory

> (Relativistic) Wigner’s inequality

positive effective range parameters
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Motivation

Meson and 1-Baryon
Sectors:

Few baryons, “Kaplan-
Savage-Wise (KSW)”
counting

Few baryons,
“Weinberg counting”

perturbative | nonpe.rturbatlve perturbative
. Zero-range +Pion-exchange at LO |  Zero-range NN force at LO only
unclear
Symmetries : potential is cut off and 5
Field-theor. straightforward - Plugged o Sehoedinger straightforward
aspects - equation... unlike in atoms
- (QED), no systematic way to
- account for relativistic effects
: : |
Converges ; ; No!
2 - Maybe Yes! . Another conceptual problem:
! i . 3N force goes from NLO to LO
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~ Light by light scattering

M>\1 A2A3Ay — 5;'[:4 <§4) 5;53 ( _)3) 5';2 ((1)2) 5';1 (il) MN1M2M3M4

HELICITY AMPL. FEYNMAN AMPL.

IN THE FORWARD DIRECTION ( t =0, s=4w? wu=—s.):
MM1M2M3M4 — A(S) g,LL4,u29,LL3,LL1 T B(S) g,u4,u1 gM3M2 T C(S) g,u4,u3.g,u2,u1 ’
My 14(s) = A(s) +C(s),

Mi_4—(s) = A(s) + B(s),
My —(s) = B(s) + C(s).

Vladimir Pascalutsa “Zero range interactions” @ Chiral Dynamics Workshop Pisa June 29, 2015



~ Light by light scattering

( 3) 5';3 ((1)2) 5';1 (Jl) MN1M2/L3M4

HELICITY AMPL. FEYNMAN AMPL.

IN THE FORWARD DIRECTION ( t =0, s=4w? wu=—s.):
MM1M2N3M4 — A(S) g,LL4,Lb2.g,LL3,LL1 T B(S) g,u4,u1 gM3M2 T C(S) g,u4,u3.g,u2,u1 ’

Myt 4(s) = A(s) + C(s),
My (s) = A(s) + B(s),
My —(s) = B(s) + C(s).

1) CROSSING SYMMETRY (1 <> 3, 2 <->4):

My (s) =Myiyq(=s), Mys——(s)=Mpqp——(—s)
AMPLITUDES WITH DEFINITE PARITY UNDER CROSSING:

FEN(s) = Myyqq(s) £ My (s)

g(s) = My - (s)
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LbL sum rules

2) CAUSALITY => ANALYTICITY => DISPERSION RELATIONS:

o0

PR E= L P T

— 00
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LbL sum rules

2) CAUSALITY => ANALYTICITY => DISPERSION RELATIONS:

o0

PR E= L P T

— 00

3) OPTICAL THEOREM (UNITARITY):
Im f)(s) = — < [o0(s) £ 02(s).
S i
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LbL sum rules

2) CAUSALITY => ANALYTICITY => DISPERSION RELATIONS:

o0

PR E= L P T

— 00

3) OPTICAL THEOREM (UNITARITY):
Im f)(s) = — < [o0(s) £ 02(s).
S i
Img(s) = —2 [0 (s) — 01 (s)].
( ) ARE CIRCULARLY (LINEARLY) POLARIZED PHOTON-PHOTON FUSION CROSS-
0,219, L) secTIONS

o

1 /
Ref(+)(8):—% dS/SIQ 8,2(5?92 : 0‘:(00—|—02)/2:(0'||—|—0'J_)/2
0
_ s [ s' Ao(s')
Re f( )():_E ds’ 77 g2 Ao = o9 — 09
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Light-by-light scattering sum rules

4) “LOW-ENERGY THEOREM”: Lry = c1(Fo F*)2 + co(Fl FH)2,

FH(s) = =2(c1 + ¢2)s% + O(sh)

LOW-ENERGY EXPANSION F(s) = O(s°)

g(s) = —2(c1 — c2)s* + O(s*)
O(s1) : 0 — ds {a (s) — o (3)} GERASIMOV & MOULIN, NPB (1976)
' A 0 BRODSKY & SCHMIDT, PLB (1995)

0
1 OOds
2
O(s”) 61_8_7T/s_za||(8)’
0

V. P. & VANDERHAEGHEN, PRL (2010)
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Zero-range force in light of the LbL sum rule

PAUK, V.P. & VANDERHAEGHEN, PLB 2014

Bubble-chain sum:

T=V+VGT 1
T —
V= ) = =T =G0

, d/ 1 :
6(6) =~ | oays [ g7 = @ =) with p* = s
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Zero-range force in light of the LbL sum rule

PAUK, V.P. & VANDERHAEGHEN, PLB 2014

Bubble-chain sum:

T=V+VGT 1
T(s) =
V= ) = =T a0

> X

. 2 o
~m?) with p* = s.

A > 0 : no poles

A < 0 : one pole and one K-matrix pole
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Light-by-light sum rule as causality criterion

(e ]

Ao (s) 1
[as=22 =0 L= (D"0) Dyb — m0"6 + J(6°6) — {F*" Fy,
S0
A VAVANV o G NN\
A + A
NNN—— VA VAN
0.1_' I I
I Bl I
1)1 S
—~ —0.1} |
T _oof |
Sl _03F Sz | bound stat
= - imsabily O\ gl chyon
5 -04f 3
E _os} |
~0.6}
Y4 T S
10 -5 0 5 10
~—1
ht
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Light-by-light sum rule as causality criterion

(e ]

Ao (s) 1
[as222 —0 L= (D"6) Dub — m*6°6 + 5(6°0)" — 1" Fl,
S0
VAN e NN\
A + A
NN\ —<— B VAN
01 N I I . .
00l il I I To cancel the integral one need to introduce
0.1 § the bound state as the asymptotic state
% IR o i.e., new channel:
% “ _ . . 4 I
< 7O imubiiy | g f m g
T 04 ik L
E _ost i
~0.6}
Y4 T S
~10 -5 0 5 10
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Light-by-light sum rule as causality criterion

(e ]

Ao (s) 1
[as222 —0 L= (D#0)' Dy — m*6"6 + 5(6"0)° — TF*E,
S0
A VAVANV o G NN\
A + A
NNN—— VA VAN
0.1_' I I . .
00l 111 1L I To cancel the integral one need to introduce
0'1 § the bound state as the asymptotic state
% IR o i.e., new channel:
3 -0.2 o
G703 iy \ D[ b
T 04 ik L
E _osf |
~0.6}
S S S .
-10 -3 0 5 10 but not the K-matrix pole...
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Phase shifts

Levinson’s theorem:
0(0) = mNpound states

150

50

O - 2 r. 1 2 2 2 2 2 2 2 2 2 2 2 2
0 10 20 30 40
2

s/m

Figure 7: Phase shift for different values of A.

The 90 degree crossing, i.e. the K-matrix pole does not
correspond to any S-matrix pole in this case
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Wigner’s causality bound

r < () WIGNER, PHYS REV (1955)
effective PHILLIPS & COHEN, PLB (1997);
range HAMMER & D. LEE, ANN PHYS (2010); ...
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Wigner’s causality bound

r < () WIGNER, PHYS REV (1955)
effective PHILLIPS & COHEN, PLB (1997);
range HAMMER & D. LEE, ANN PHYS (2010); ...
1 1¢
k|cotd(s) = —= + =Y (=1)"Tlr, |Kk|*"
a 2
n=1
01 N I I
: 111 BN I
0.0f———es----- -1 -- .
o1l | In the the tachyon (acausal) regime at least
% N ‘F one of the effective range parameters is negative.
4 _0.2' I 8 I
wn [ T L
Sl= _o3F 0 | no bound state . ep s . .
— - instability 2 ho tachyon Therefore our causality criterion yields:
& —04¢ 2]
g | |
= \ | n 2 0
—-0.6f ! !
Y4 T S
~10 -5 0 5 10
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Non-relativistic limit

= + +
1
1'(s) =
&)= T m B
B(s) )
Im,,,,//
In non-rel. limi, K-matrix pole disappears and 1 7

r=20 j
‘ 2
in agreement with Wigner’s bound -1 s/m

Zero eff. range of 2-body force eventually leads to
the problems with the 3-body force

nonrel.

[BEDAQUE, HAMMER, VAN KOLCK (1999)]
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