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• Motivation and Introduction

• η-η’ mixing in Large-Nc ChPT 

• strategy and preliminary results

• Conclusions and Prospects

Outline



The η-η’ system



• Ideal for studying:

- Symmetries

- Symmetry breaking in QCD

Quark masses

Chiral invariant EFT

The Chiral Anomaly

E.M. Form Factors

⌘, ⌘0 ! 3⇡

⌘, ⌘0 ! 2� or⇡⇡�

⌘0 ! ⇡⇡⌘

⌘, ⌘0 ! �e+e�

⌘, ⌘0 ! 3⇡

η-η’ and the mixing
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η-η’ and the mixing
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Figure M1.3: The magnitudes of the �⇤� ! ⌘ (left) and �⇤� ! ⌘0 (right) transition form factors mea-
sured at spacelike virtualities by CLEO [7] (triangles) and BABAR [17] (circles), and at timelike virtuality
by BABAR [16] (black squares).

access these observables at high-luminosity colliders.
Even in absence of a direct measurement of the above polarized cross sections, there exist
non-trivial constraints on the polarized cross sections through sum rules. The existence of a
sum rule involving �� has been foreseen by Brodsky and Schmidt [22] based upon applying
the Gerasimov-Drell-Hearn (GDH) sum rule to the �� process, which yields :

0 =

1
Z

0

ds
��(s)

s
, (M1.11)

Two other sum rules, established in [23], express integrals over the linearly-polarized cross-
section of photon fusion in terms of the low-energy constants of the Euler-Heisenberg La-
grangian [18]. The latter describes the low-energy photon-photon interaction, respecting gauge
invariance and discrete symmetries constraints, as :

LEH = c1(Fµ⌫F
µ⌫)2 + c2(Fµ⌫F̃

µ⌫)2, (M1.12)

where Fµ⌫ = @µA⌫ � @⌫Aµ, F̃µ⌫ = "µ⌫↵�@↵A�. The sum rules expressing c1, and c2 in terms of
polarized cross sections :

c1 ± c2 =
1
8⇡

1
Z

0

ds
�||(s)± �?(s)

s2
. (M1.13)

The sum rules of Eqs. (M1.11) and (M1.13) have been shown to hold in perturbative cal-
culations (e.g. in QED or QCD in the perturbative regime). However as their derivation is
general, their realization in QCD, in its non-perturbative regime, allows to gain insight in the
�� ! hadrons cross-sections, as shown recently in [23].
As the high energy behavior of �� is expected from Regge theory to drop as 1/s2 or faster, the
sum rule of Eq. (M1.11) for real photons is largely dominated by the resonance region, with the

Institut für Kernphysik, Johannes Gutenberg-Universität Mainz July 25, 2011

•η-η’ mixing probes
• strange quark content of light pseudoscalar 

• gluon dynamics of QCD

• Experimentally related to

• η, η’ decays

• γ*γ→η,η’ Transition Form Factors
 

[P. del Amo Sanchez et. al. (BaBar Coll) ’11]
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η-η’ and the mixing

•η-η’ mixing probes
• strange quark content of light pseudoscalar 

• gluon dynamics of QCD

• Experimentally related to

• η, η’ decays

• γ*γ→η,η’ Transition Form Factors
 

[A2 Coll. PRC89 2014] 
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FIG. 7: Results of this work (solid squares) for the η TFF, |Fη(mll)|
2, compared to other recent measurements and theoretical

predictions: former data of the A2 Collaboration [6] (open circles in (a)) and the NA60 in peripheral In–In data [7] (open
squares in (b)), calculations of Refs. [24] (dash-dotted line in (a)), Refs. [27] (dashed line with an error band in (a)), and
Ref. [31] (dotted line with an error band in (b)). The solid line is the fit from Fig. 6(b) rescaled so that p0 = 1.

is

Λ−2 = (1.95± 0.15stat ± 0.10syst) GeV−2, (3)

which is in very good agreement within the errors with all
recent results reported in Refs. [6–8]. As seen in Fig. 7,
the |Fη(mll)|2 results of this work are in similar good
agreement within the error bars with the data points from
Refs. [6, 7].
The uncertainty reached for the Λ−2 value in the

present work is smaller than those of all previous mea-
surements based on the η → e+e−γ decay, is of a simi-
lar magnitude as the NA60 value from peripheral In–In
data [7], and still yields to the latest, preliminary result
of the NA60 from p–A collisions [8].
In Fig. 7, the results of this work for |Fη(mll)|2 are also

compared to three different theoretical predictions. Since
all models assume that |Fη(mll = 0)|2 = 1, for a better
comparison, the fit to the data points from Fig. 6(b) is
rescaled by setting its normalization parameter to p0 = 1
and leaving its second parameter p1, reflecting the slope
parameter Λ−2, unchanged. The calculation by Ter-
schlüsen and Leupold (TL) combines the vector-meson
Lagrangian proposed in Ref. [22] and recently extended
in Ref. [23], with the Wess-Zumino-Witten contact inter-
action [24] (see also Ref. [25] for the corresponding case
of the π0 TFF). Their calculation agrees very well with
the standard VMD form factor. As seen, the TL cal-
culation (shown in Fig. 7(a) by a dash-dotted line) goes
slightly lower than the pole-approximation (Eq. (2)) fit
to the present data, whereas it fully describes the data
points within the error bars.

The second calculation is based on a model-
independent method using Padé approximants that was
developed for the π0 TFF in Ref. [26]. Using space-
like data (CELLO [28], CLEO [29], BABAR [30]), this
method provides a parametrization that is also suited
to describe data in the range mll = (0.−

√
0.4) GeV/c2,

and thus provides a model-independent prediction for the
timelike TFF [27]. Over the full mll range, this calcula-
tion (shown in Fig. 7(a) by a dashed line with an error
band) practically overlaps with the pole-approximation
fit to the present data points.
In another recent calculation [31] by the Jülich group,

the connection between the radiative decay η → π+π−γ
and the isovector contributions of the η → γγ∗ TFF is
exploited in a model-independent way, using dispersion
theory (DT). This calculation (shown in Fig. 7(b) by a
dotted line with an error band) goes slightly above the
fit to the present data.

V. SUMMARY AND CONCLUSIONS

A new determination of the electromagnetic transi-
tion form factor from the η → e+e−γ Dalitz decay
was presented in this paper. The statistical accuracy
achieved in this work surpasses all previous measure-
ments of η → e+e−γ and matches the NA60 result based
on η → µ+µ−γ decays from peripheral In-In collisions.
Compared to the former determination of the η TFF by
the A2 Collaboration, an increase by more than one or-
der of magnitude in statistic has been achieved. This was
accomplished by an analysis of three times more data

⌘ ! e+e��
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η-η’ and the mixing

• Intense experimental program on η’ physics:

• At BESIII (remember the talk by S. Fang):

• 

• At MAMI 

• Goal 1.5x104 h-1 η’: 
 

• From EFTs point of view, the mixing is always there: we need a 
consistent approach to the mixing as well (intermediate result in a broader 
context of our Collaborative Research Center CRC 1044 in Mainz)

• In this talk: only small portion (interesting by itself) related to the mixing

7Pere Masjuan CD2015, Pisa, June 30th 
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η-η’ and the mixing
• A consistent description of the mixing:

• How?

•Use the Effective Field Theory of QCD at low energies (Chiral 

Perturbation Theory)                   [Weinberg ’79, Gasser and Leutwyler ’84,’85]

•adding consistently the η’

• Construct the most general Lagrangian compatible with all symmetries 

and establish a power counting to organize the infinite number of terms

•If Nc →∞, U(1)-anomaly is suppressed and the singlet axial current 

is conserved: a ninth Goldstone boson appears if muds=0 as well (η’)

•Explicit symmetry breaking (muds≠0): massive GB + η-η’ mixing

8Pere Masjuan CD2015, Pisa, June 30th 



η-η’ and the mixing

•Power counting in Large-Nc ChPT: expansion parameter δ

9Pere Masjuan CD2015, Pisa, June 30th 

p = O(
p
�), m = O(�), 1/Nc = O(�)

•Decay constant 

•Flavor trace

•k-meson vertex

•GB propagator

•GB loop ⇠ M2

F 2
⇠ O(�2)

⇠ O(1/�)

⇠ O(�(k�2)/2)

⇠ O(�)

F ⇠ O(1/
p
�)

loops are at NNLO

Ready for constructing the Lagrangians
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Relevant Lagrangians
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�(x) =
8X

a=0

�a�a(x) =

0

B@
⇡

0 + 1p
3
⌘8 +

F
3  

p
2⇡+

p
2K+

p
2⇡� �⇡0 + 1p

3
⌘8 +

F
3  

p
2K0

p
2K� p

2K̄0 � 2p
3
⌘8 +

F
3  

1

CA

DµU = @µU � irµU + iUlµ

Building blocks:

� = 2BM M = diag(m̂, m̂,ms) m̂ = mu = md

rµ = vµ + aµ
lµ = vµ � aµ

U = exp

✓
i�

F

◆
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Leff = L(0) + L(1) + L(2) + . . .

L(0) =
F 2

4
hDµU(DµU)†i+ F 2

4
h�U† + U�†i � 1

2
⌧( + ✓)2

L(1) = L5hDµU
†DµU(�†U + U†�)i+ L8h�†U�†U + U †�U†�i

+
F 2

12
⇤1Dµ D

µ + i
F 2

12
⇤2 ̄h�†U � U†�i · · ·

 ̄ =  + ✓, Dµ = @µ � 2haµi

Expansion in the parameter δ:

At LO: O(δ(0)) [Gasser, Leutwyler ’85]

At NLO: O(δ(1)) [Kaiser, Leutwyler ’00]

Relevant Lagrangians
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Leff = L(0) + L(1) + L(2) + . . .

Expansion in the parameter δ:

At NNLO: O(δ(2))
[Herrera-Siklody et al ’96]

[Kaiser, Leutwyler ’00]
[Jiang, Ge, Wang ’14]

[Guo et al ’15]O(1/Ncp
2) O(p4) O(Ncp

6)

L(2,N�1
c p2) = �F 2

4
v(2)2  ̄2h�U† + U�†i

L(2,p4) = L4hDµU
†DµUih�†U + U†�i+ L6h�†U + U†�i2 + L7h�†U � U†�i2

+ iL18Dµ hDµU†��DµU�†i+ iL25 ̄hU †�U†�� �†U�†Ui+ . . .

Relevant Lagrangians
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Leff = L(0) + L(1) + L(2) + . . .

Expansion in the parameter δ:

At NNLO: O(δ(2))

O(1/Ncp
2) O(p4) O(Ncp

6)

L(2,Ncp
6) = C12h�+hµ⌫h

µ⌫i+ C14huµu
µ�2

+i+ C17h�+uµ�+u
µi

+ C19h�3
+i+ C31h�2

��+i+ . . .

hµ⌫ = rµu⌫ +r⌫uµ,

uµ = i
�
u†(@µ � irµ)u� u(@µ � ilµ)u

† ,
�± = u†�u† ± u�†u.

rµX = @µX + [�µ, X],

�µ =
1

2

�
u†(@µ � irµ)u+ u(@µ � ilµ)u

† .

Relevant Lagrangians

[Herrera-Siklody et al ’96]
[Kaiser, Leutwyler ’00]
[Jiang, Ge, Wang ’14]

[Guo et al ’15]
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η-η’ mixing
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L =
1

2
@µ⌘

T
BK@µ⌘B � 1

2
⌘TBM2⌘B

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

⌘TB = (⌘8, ⌘1)

(now, relate bare fields to physical η, η’) 

Parametrize first the mixing: 
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η-η’ mixing
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L =
1

2
@µ⌘

T
BK@µ⌘B � 1

2
⌘TBM2⌘B

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

K =

 
1 + �(1)8 + �(2)8 �(1)81 + �(2)81

�(1)81 + �(2)81 1 + �(1)1 + �(2)1

!

M2 =

✓
M2

8 M2
81

M2
81 M2

1

◆

Mixing Lagrangian:

in terms of

and

Then, diagonalize K:

⌘-⌘0 mixing

Quadratic term

L =
1

2
@µ⌘

T

B

K@µ⌘
B

� 1

2
⌘T
B

M2⌘
B

, ⌘T
B

⌘ (⌘8, ⌘0)

K =

 
1 + �(1)8 + �(2)8 �(1)80 + �(2)80

�(1)80 + �(2)80 1 + �(1)0 + �(2)0

!
, M2 =

✓
M

2
8 M

2
80

M

2
80 M

2
0

◆

�(i)
j

are corrections of order O(�i )

1 Diagonalize K

⌘
B

= Z

1/2T · ⌘̂, Z

1/2 · K · Z 1/2T = I2

Patricia Bickert ⌘-⌘0
Mixing and Anomalous Decays in Large-N

c

ChPT

M̂2 = Z1/2 · M2 · Z1/2T =

✓
M̂2

8 M̂2
81

M̂2
81 M̂2

1

◆



16

η-η’ mixing
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L =
1

2
@µ⌘

T
BK@µ⌘B � 1

2
⌘TBM2⌘B

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

K =

 
1 + �(1)8 + �(2)8 �(1)81 + �(2)81

�(1)81 + �(2)81 1 + �(1)1 + �(2)1

!

M2 =

✓
M2

8 M2
81

M2
81 M2

1

◆

Mixing Lagrangian:

in terms of

and

Then, diagonalize M̂2

R ⌘
✓

cos✓(2) �sin✓(2)

sin✓(2) cos✓(2)

◆
M̂2 = RT · M2

D ·R

M2
D =

✓
M2

⌘ 0
0 M2

⌘0

◆
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η-η’ mixing
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L =
1

2
@µ⌘

T
BK@µ⌘B � 1

2
⌘TBM2⌘B

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

Mixing Lagrangian:

From M2
D =

✓
M2

⌘ 0
0 M2

⌘0

◆

1)

ˆM2
8 = M2

⌘ cos

2 ✓(2) +M2
⌘0 sin

2 ✓(2)

2)

ˆM2
1 = M2

⌘ sin

2 ✓(2) +M2
⌘0 cos

2 ✓(2)

3)

ˆM2
81 = (M2

⌘ �M2
⌘0) sin ✓(2) cos ✓(2)

M̂2 = RT · M2
D ·R with

sin2✓(2) =
2M̂2

81

M2
⌘0 �M2

⌘
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η-η’ mixing
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L =
1

2
@µ⌘

T
BK@µ⌘B � 1

2
⌘TBM2⌘B

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

δ1δ0 δ2

δ0

i j i ij j

ji

Mixing Lagrangian:

Using the Lagrangians, calculate the self-energy diagrams

⌃88(p
2) = �(�(1)8 + �(2)8 )p2 +M2

8 ,

⌃81(p
2) = ⌃18(p

2) = �(�(1)81 + �(2)81 )p2 +M2
81,

⌃11(p
2) = �(�(1)1 + �(2)1 )p2 +M2

1 .

sin 2✓(0) = �4
p
2

3

�
M2

K �
�

M2
⇡

M2
⌘0 �M2

⌘

=
�4

p
2(

�
M2

K �
�

M2
⇡)r

(2
�

M2
K �2

�
M2

⇡ �M2
0 )

2 + 32(
�

M2
K �

�
M2

⇡)
2

(at LO)



Numerical analysis
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A word on convergence

FK/F⇡ ' 1 + 0.15 + 0.03 , where 0.03 ' 0.05|{z}
loop

� 0.01|{z}
Ci

� 0.02|{z}
LiLj

0.05|{z}
loop

= 0.01|{z}
⌘0

+ 0.04|{z}
⇡,K,⌘

LO NLO NNLO NNLO

•Large-Nc ChPT (using input from Bijnens and Ecker ’14):

•SU(3) ChPT (from Bijnens and Ecker ’14):

FK/F⇡ ' 1 + 0.18 + 0.02
LO NLO NNLO
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A word on convergence

LO NLO NNLO NNLO

•Large-Nc ChPT (using input from Bijnens and Ecker ’14):

•SU(3) ChPT from Bijnens and Ecker ’14:

LO NLO NNLO

M2
K/M2

Kphys ' 1.06� 0.04 + 0.25 where + 0.25 ' 0.15|{z}
loops

+0.14|{z}
C0

is

� 0.03|{z}
L4,L6

� 0.01|{z}
LiLj

0.15|{z}
loop

= 0.10|{z}
⌘0

+ 0.05|{z}
⇡,K,⌘

M2
K/M2

K phys ' 1.11� 0.07� 0.04
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A word on convergence

LO NLO NNLO NNLO

•Large-Nc ChPT (using input from Bijnens and Ecker ’14):

•SU(3) ChPT from Bijnens and Ecker ’14:

M2
K/M2

Kphys ' 1.06� 0.04 + 0.25 where + 0.25 ' 0.15|{z}
loops

+0.14|{z}
C0

is

� 0.03|{z}
L4,L6

� 0.01|{z}
LiLj

0.14|{z}
C0

is

= +0.29| {z }
C19

�0.15| {z }
C12,14,17,31

LO NLO NNLO

M2
K/M2

K phys ' 1.11� 0.07� 0.04
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Results: the mixing angle
General result at NNLO:

1)
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Results: the mixing angle
General result at NNLO:
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Results: the mixing angle
At LO:

sin 2✓(0) = �4
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Results: the mixing angle
At LO:
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Results: the mixing angle

At NLO:

•We need Low-energy constants from O(p4) L5,8 and OZI Λ1,2 

• Two strategies:

• NLO I: Constrained analysis: calculate

• NLO II: Use SU(3) values from Bijnens and Ecker ’14 +

  (after matching to U(3) and at μ=0.77 GeV)

M⇡,MK ,M⌘,M0, FK , F⇡

M⌘,M0
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Results: the mixing angle

At NLO + loops:

•No new LECs (L5,8 and Λ1,2)

• Two strategies:

• NLO I + loops: calculate

• NLO II: Use SU(3) values from Bijnens and Ecker ’14 +

  (after matching to U(3) and at μ=0.77 GeV)

M⇡,MK ,M⌘,M0, FK , F⇡

M⌘,M0
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Results: the mixing angle

At NNLO:
• NLO + loops + LECs O(p4) L4,6,7,18,25 + LECs O(p6) 

C12,14,17,19,31 and OZI Λ1,2

• Many strategies. Here only one:

• NNLO II: Use LECs Li and Ci at O(p6) from Bijnens 

and Ecker ’14 +

• (lattice fits)                                                 [Guo et al, ’15]    

M⌘,M0
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Results: the mixing angle
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Results: mixing in the octet-singlet basis
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comparison with phenomenological determinations

L: Leutwyler ’97
FKS: Feldmann, Kroll, Stech ’98
BDO: Benayoun, Del Buono, O’Connell, ’00
EF: Escribano, Frere ’05
EMSP: Escribano, PM, Sanchez-Puertas, ’15

‡
‡

‡
‡

‡
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Ú
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Study of anomalous decays including mixing

⌘(0) ! �(⇤)�(⇤)

⌘(0) ! �(⇤)⇡⇡

Anomalous decays

Study of anomalous decays including ⌘-⌘0 mixing

⌘/⌘0 ! �(⇤)�(⇤)

⌘(
0)

⌘/⌘0 ! ⇡+⇡��(⇤)

⌘(
0)

⇡+

⇡�

Patricia Bickert ⌘-⌘0
Mixing and Anomalous Decays in Large-N

c

ChPT

⌘(0)

Anomalous decays

Study of anomalous decays including ⌘-⌘0 mixing

⌘/⌘0 ! �(⇤)�(⇤)

⌘(
0)

⌘/⌘0 ! ⇡+⇡��(⇤)

⌘(
0)
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Patricia Bickert ⌘-⌘0
Mixing and Anomalous Decays in Large-N

c

ChPT
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Study of anomalous decays including mixing

⌘(0) ! �(⇤)�(⇤)

Anomalous decays

Feynman diagrams for ⇡0/⌘/⌘0 ! �(⇤)�(⇤)

� �2 �3

Patricia Bickert ⌘-⌘0
Mixing and Anomalous Decays in Large-N

c

ChPT
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Study of anomalous decays including mixing

⌘(0) ! �(⇤)⇡⇡

Anomalous decays

Feynman diagrams for ⌘/⌘0 ! ⇡+⇡ � �(⇤)

� �2 �3

Numerical analysis in progress

Patricia Bickert ⌘-⌘0
Mixing and Anomalous Decays in Large-N

c

ChPT
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•The η-η’ systems allows to study symmetries and symmetry breaking 

in QCD, and is a test of EFTs as well

•Today we explored the η-η’ mixing at NNLO in the Large-Nc ChPT 

framework:

•we discussed about the relevant Lagrangians

•we explore the convergence, the role of loops and LECs

•we provided with preliminary numerical results

•while including loops is OK, the proliferation of LECs enlarges 

the numerical results

•With this tool at hand, we are now exploring anomalous η(’) decays



Acknowledgments

Pere Masjuan 37CD2015, Pisa, June 30th 

•Thanks to my collaborators: 

•P. Bickert and S. Scherer for enjoyable collaboration on the 

calculation of the mixing at NNLO

•R. Escribano and P. Sanchez-Puertas for enjoyable collaboration on 

its phenomenological study

•Special thanks to the Organizers for the encouragement and support

Thanks!



●Notation for the mixing angle:

mixing of mass eigenstates

octet-singlet basis quark-flavour basis

with and

1 mixing angle

Assumptions: ● no energy dependence
● 
● no mixing with other pseudoscalars (π0, ηc, glueballs)
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mixing of decay constants

octet-singlet basis

quark-flavour basis
2 decay constants

2 mixing angles

with

and

with

●Notation for the mixing angles of the decay constants
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η’-TFF
Fit to Space-like data: CELLO’91, CLEO’98, L3’98, BABAR’11+�⌘0!��

PN
1 (Q2)

PN
N (Q2)

up to N=5

up to N=1 lim
Q2!1

Q2F⌘0�⇤�(Q
2, 0) = 0.254(4)GeV

[R.Escribano, P.M., P. Sanchez-Puertas, ’13]

fitted poles range ffiffiffiffiffisp
p ¼ ð0.71–0.77Þ GeV and ffiffiffiffiffisp

p ¼
ð0.83–0.86Þ GeV, as can be seen in Fig. 4. For comparison,
we also show as orange and blue bands what would
correspond to the effective VMD meson resonance
meff [39], using mρ ¼ 0.775 GeV, Γρ ¼ 0.148 GeV,
mω ¼ 0.783 GeV, Γω ¼ 0.008 GeV, mϕ ¼ 1.019 GeV,
and Γϕ ¼ 0.004 GeV. The bands represent the range of
such mass values due to the half-width rule [40–42], i.e.,
meff $ Γeff=2. We obtain meff ¼ 0.732ð71Þ GeV for the η
case and meff ¼ 0.822ð58Þ GeV for the η0, with errors due
to the half-width rule. Notice that raising the poles lowers
the LEPs (slope and curvature) and vice versa. As shown,
fitting spacelike data does not produce an accurate deter-
mination of the resonance poles as already indicated in

Refs. [25,26,43,44]. Thus, we do not recommend to apply
this method for such determinations. That includes the use
of VMD fits to determine the resonance parameters. An
alternative model-independent procedure of extracting
these parameters using PAs can be found in Ref. [45].
To reproduce the asymptotic behavior of the TFFs, we

have also considered the PN
NðQ2Þ sequence (second row in

Tables I and II). The results obtained are in nice agreement
with our previous determinations. The best fits are shown
as black solid lines in Fig. 1. We reach N ¼ 2 for the η case
and N ¼ 1 for the η0. Since these approximants contain
the correct high-energy behavior built in, they can be
extrapolated up to infinity (black dashed lines in Fig. 1) and
then predict the leading 1=Q2 coefficient:
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FIG. 1 (color online). η (left panel) and η0 (right panel) TFF best fits. Blue dashed lines show our best PL
1 ðQ2Þ when the measured two-

photon partial decay widths are not included in the fits, green dot-dashed lines show our best PL
1 ðQ2Þ when the two-photon widths are

included, and black solid lines show our best PN
NðQ2Þ in the latter case. Black dashed lines display the extrapolation of the PN

NðQ2Þ at
Q2 ¼ 0 and Q2 → ∞. Experimental data points are from CELLO (red circles) [32], CLEO (purple triangles) [33], L3 (blue diamonds)
[34], and BABAR (orange squares) [35] Collaborations.

TABLE I. Low-energy parameters for the η and η0 TFFs obtained from the PA fits to experimental data without including the measured
two-photon partial decay widths. The first column indicates the type of sequence used for the fit and N is the highest order reached with
that sequence. The last row shows the weighted average result for each LEP. We also present the quality of the fits in terms of χ2=DOF
(degrees of freedom). Errors are only statistical and symmetrized.

η TFF η0 TFF
N bη cη Fηγγð0Þ GeV−1 χ2=DOF N bη0 cη0 Fη0γγð0Þ GeV−1 χ2=DOF

PN
1 ðQ2Þ 2 0.45(13) 0.20(12) 0.235(53) 0.79 5 1.25(16) 1.57(42) 0.339(17) 0.70

PN
NðQ2Þ 1 0.36(6) 0.13(4) 0.201(28) 0.78 1 1.19(6) 1.42(15) 0.332(15) 0.68

Final 0.45(13) 0.20(12) 0.235(53) 1.25(16) 1.57(42) 0.339(17)

TABLE II. Low-energy parameters for the η and η0 TFFs obtained from the PA fits to experimental data including the measured two-
photon partial decay widths. The first column indicates the type of sequence used for the fit and N is the highest order reached with that
sequence. The last row shows the weighted average result for each LEP. We also present the quality of the fits in terms of χ2=DOF. Errors
are only statistical and symmetrized.

η TFF η0 TFF
N bη cη χ2=DOF N bη0 cη0 χ2=DOF

PN
1 ðQ2Þ 5 0.58(6) 0.34(8) 0.80 6 1.30(15) 1.72(47) 0.70

PN
NðQ2Þ 2 0.66(10) 0.47(15) 0.77 1 1.23(3) 1.52(7) 0.67

Final 0.60(6) 0.37(10) 1.30(15) 1.72(47)
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lim
Q2→∞

Q2Fηγ!γðQ2Þ ¼ 0.160ð24Þ GeV;

lim
Q2→∞

Q2Fη0γ!γðQ2Þ ¼ 0.255ð4Þ GeV: (4)

We emphasize once more the importance of including the
measured two-photon partial widths in the fits, that for the
case of the η TFF allows us to reach N ¼ 2 and then reduce
the uncertainty drastically. Otherwise, we would have
remained at N ¼ 1 with errors 5 times larger.
Finally, our combined weighted average results from

Table II, taking into account both types of sequences,
give

bη ¼ 0.60ð6Þstatð3Þsys; cη ¼ 0.37ð10Þstatð7Þsys;

bη0 ¼ 1.30ð15Þstatð7Þsys; cη0 ¼ 1.72ð47Þstatð34Þsys; (5)

where the second error is systematic (of the order of 5% and
20% for bP and cP, respectively). When the spread of
central values considered for the weighted averaged result
is larger than the error after averaging, we enlarge this error

to cover that spread5 [36]. Equation (5) represents the main
results of this work. For the case of the η0, with the PN

NðQ2Þ
sequence we could only reach N ¼ 1, which turns out to be
the first element on the PL

1 ðQ2Þ sequence. The first element
of each sequence is the worst and should not be taken for
final averaged results.
For the η, the slope of the TFF obtained in Eq. (5) can be

compared with bη ¼ 0.428ð89Þ from CELLO [32] and
bη ¼ 0.501ð38Þ from CLEO [33]. The TFF was also
measured in the timelike region with the results bη ¼
0.57ð12Þ from Lepton-G [46], bη ¼ 0.585ð51Þ from NA60
[47], bη ¼ 0.58ð11Þ from A2 [48], and bη ¼ 0.68ð26Þ
from WASA [49]. Recently, the A2 Collaboration reported
bη ¼ 0.59ð5Þ [50], the most precise experimental extraction
up to date. For the η0, the slope in Eq. (5) can be compared
with bη0 ¼ 1.46ð23Þ from CELLO [32], bη0 ¼ 1.24ð8Þ from
CLEO [33], and bη0 ¼ 1.6ð4Þ from the timelike analysis by
the Lepton-G Collaboration (cited in Ref. [39]). One should
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FIG. 2 (color online). Slope predictions for the η (left panel) and η0 (right panel) TFFs using the PL
1 ðQ2Þ up to L ¼ 5 for the η and

L ¼ 6 for the η0, respectively (blue circles). The internal bands correspond to the statistical error of the different fits and the external ones
are the combination of statistical and systematic errors determined as explained in the main text. The CELLO determination is also
shown for comparison (empty red squares).
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FIG. 3 (color online). Curvature predictions for the η (left panel) and η0 (right panel) TFFs using the PL
1 ðQ2Þ up to L ¼ 5 for the η and

L ¼ 6 for the η0, respectively (blue circles). The internal bands correspond to the statistical error of the different fits and the external ones
are the combination of statistical and systematic errors determined as explained in the main text. The CELLO determination is also
shown for comparison (empty red squares).

5We thank C. F. Redmer for discussions on the average
procedure.
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lim
Q2→∞

Q2Fηγ!γðQ2Þ ¼ 0.160ð24Þ GeV;

lim
Q2→∞

Q2Fη0γ!γðQ2Þ ¼ 0.255ð4Þ GeV: (4)

We emphasize once more the importance of including the
measured two-photon partial widths in the fits, that for the
case of the η TFF allows us to reach N ¼ 2 and then reduce
the uncertainty drastically. Otherwise, we would have
remained at N ¼ 1 with errors 5 times larger.
Finally, our combined weighted average results from

Table II, taking into account both types of sequences,
give

bη ¼ 0.60ð6Þstatð3Þsys; cη ¼ 0.37ð10Þstatð7Þsys;

bη0 ¼ 1.30ð15Þstatð7Þsys; cη0 ¼ 1.72ð47Þstatð34Þsys; (5)

where the second error is systematic (of the order of 5% and
20% for bP and cP, respectively). When the spread of
central values considered for the weighted averaged result
is larger than the error after averaging, we enlarge this error

to cover that spread5 [36]. Equation (5) represents the main
results of this work. For the case of the η0, with the PN

NðQ2Þ
sequence we could only reach N ¼ 1, which turns out to be
the first element on the PL

1 ðQ2Þ sequence. The first element
of each sequence is the worst and should not be taken for
final averaged results.
For the η, the slope of the TFF obtained in Eq. (5) can be

compared with bη ¼ 0.428ð89Þ from CELLO [32] and
bη ¼ 0.501ð38Þ from CLEO [33]. The TFF was also
measured in the timelike region with the results bη ¼
0.57ð12Þ from Lepton-G [46], bη ¼ 0.585ð51Þ from NA60
[47], bη ¼ 0.58ð11Þ from A2 [48], and bη ¼ 0.68ð26Þ
from WASA [49]. Recently, the A2 Collaboration reported
bη ¼ 0.59ð5Þ [50], the most precise experimental extraction
up to date. For the η0, the slope in Eq. (5) can be compared
with bη0 ¼ 1.46ð23Þ from CELLO [32], bη0 ¼ 1.24ð8Þ from
CLEO [33], and bη0 ¼ 1.6ð4Þ from the timelike analysis by
the Lepton-G Collaboration (cited in Ref. [39]). One should
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FIG. 2 (color online). Slope predictions for the η (left panel) and η0 (right panel) TFFs using the PL
1 ðQ2Þ up to L ¼ 5 for the η and

L ¼ 6 for the η0, respectively (blue circles). The internal bands correspond to the statistical error of the different fits and the external ones
are the combination of statistical and systematic errors determined as explained in the main text. The CELLO determination is also
shown for comparison (empty red squares).
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FIG. 3 (color online). Curvature predictions for the η (left panel) and η0 (right panel) TFFs using the PL
1 ðQ2Þ up to L ¼ 5 for the η and

L ¼ 6 for the η0, respectively (blue circles). The internal bands correspond to the statistical error of the different fits and the external ones
are the combination of statistical and systematic errors determined as explained in the main text. The CELLO determination is also
shown for comparison (empty red squares).

5We thank C. F. Redmer for discussions on the average
procedure.
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CELLO

CLEO

BABAR
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η-TFF
�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+

+ Time-like data [NA60’09, A2’11,  A2’13]

PN
1 (Q2)

PN
N (Q2)

up to N=7

up to N=2

[R.Escribano, P.M., P. Sanchez-Puertas, ’15]
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η-TFF
�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+

+ Time-like data [NA60’09, A2’11,  A2’13]

[R.Escribano, P.M., P. Sanchez-Puertas, ’15]
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η-TFF
�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+

+ Time-like data [NA60’09, A2’11,  A2’13]
[R.Escribano, P.M., P. Sanchez-Puertas, ’15]
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 η-η’ mixing in the flavor basis
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TABLE I. Low-energy constants for the ⌘- and ⌘

0-Transition Form Factor obtained from the PA fits to experimental data. The
first column indicates the kind of sequence used for the fit and N is the highest order reached with that sequence. The final
raw gives the weighted averaged result for each LEC. We also give the quality of the fits represented by the �

2
/dof (degree of

freedom).

⌘TFF ⌘

0
TFF

N a⌘ b⌘ �

2
/dof N a⌘0

b⌘0
�

2
/dof

P [N, 1] 5 0.569(60) 0.328(77) 0.92 5 1.29(10) 1.66(30) 0.81

P [N, 2] 1 0.545(24) 0.298(27) 0.85 0 1.24(3) 1.53(6) 0.84

P [N,N + 1] 1 0.545(24) 0.298(27) 0.85 0 1.23(2) 1.52(6) 0.83

P

0[N,N + 1] 1 0.582(76) 0.346(108) 0.91 1 1.25(3) 1.56(9) 0.83

PT [N, 1] 6 0.545(30) 0.300(40) 0.95 6 1.29(5) 1.66(16) 0.83

Final 0.547(18) 0.304(25) 1.24(1) 1.54(4)

For the ⌘-TFF we found limQ2!1 Q

2
F⌘��⇤(Q2) =

0.18+0.15
�0.03 GeV, agreeing with the phenomenologi-

cal/theoretical range (0.13�0.19) GeV. This window can
be further constrain, however, by imposing that the qual-
ity of the fit should be �

2
/dof < 1.3 after imposing the

asymptotic limit in our P 0N
N+1(Q

2). Doing this, the win-
dow reduces to (0.154� 0.19) GeV.

These two asymptotic-limit constrains together with
the experimental values for the decay widths �⌘!�� =
520(20)(13) eV [18], and �⌘0!�� = 4.34(14) keV [41],
allow us to fix the four parameters of the mixing, shown
in Table II. In all our numerical computations we use
f⇡ = 0.0924 GeV.

limQ2!1 Q

2
F⌘��⇤(Q2) ✓8 ✓0 f8 f0

0.190 GeV �33.8� �4.3� 1.84 0.86

0.170 GeV �36.3� �3.6� 1.72 0.86

0.154 GeV �35.6� �7.2� 1.29 0.79

TABLE II. ⌘�⌘

0 mixing parameters in the singlet-octet basis.
f0,8 ⌘ f0,8 · f⇡.

The ⌘�⌘

0 mixing can also be studied in the flavor base
instead of the singlet-octet one. In this base,
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where fq,s are the light-quark (strange) decay constants
for the corresponding light- and strange-quark content of
the ⌘ and ⌘
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Using Eq. (12) and the two equations for the decay
width in such base:
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we constrain the system and find the results shown in
Table III.

limQ2!1 Q

2
F⌘��⇤(Q2) �q �s fq fs

0.190 GeV 15.7� 36.9� 1.10 2.43

0.170 GeV 21.7� 37.9� 0.98 2.08

0.154 GeV 21.0� 34.7� 0.91 2.16

TABLE III. ⌘ � ⌘

0 mixing parameters in the flavor basis.
fq,s ⌘ fq,s · f⇡.

Under the assumption that the light-quark and ⇡

0 dis-
tribution amplitudes are similar to each other, the only
di↵erence between the corresponding TFF is a factor 3/5
that arises from the quark charges. A straightforward
application of the results shown in Table III is to con-
struct such light-quark form factor from ⌘- and ⌘

0-TFF.
In Fig. 3 this light-quark form factor for the set of val-
ues corresponding to the ⌘ asymptotic limit 0.170 GeV
(second row of Table III) and multiplied by 3Q2

/5 is com-
pared to the ⇡0-TFF one obtained in Ref. [6] (orange data
points as well as the corresponding fit with a P

02
3 (Q2) as

 η-η’ mixing

From the TFFs we can determine fq, fs,�

44Pere Masjuan CD2015, Pisa, June 30th 



 η-η’ mixing in the flavor basis

�⌘!�� =

9↵2

32⇡3
M3

⌘

✓
Cq cos[�]

fq
� Cs sin[�]

fs

◆2

�⌘0!�� =

9↵2

32⇡3
M3

⌘0

✓
Cq sin[�]

fq
+

Cs cos[�]

fs

◆2

✓
fq
⌘ fs

⌘

fq
⌘0 fs

⌘0

◆
=

✓
fq cos[�] �fs sin[�]
fq sin[�] fs cos[�]

◆

5

TABLE I. Low-energy constants for the ⌘- and ⌘

0-Transition Form Factor obtained from the PA fits to experimental data. The
first column indicates the kind of sequence used for the fit and N is the highest order reached with that sequence. The final
raw gives the weighted averaged result for each LEC. We also give the quality of the fits represented by the �

2
/dof (degree of

freedom).

⌘TFF ⌘

0
TFF

N a⌘ b⌘ �

2
/dof N a⌘0

b⌘0
�

2
/dof

P [N, 1] 5 0.569(60) 0.328(77) 0.92 5 1.29(10) 1.66(30) 0.81

P [N, 2] 1 0.545(24) 0.298(27) 0.85 0 1.24(3) 1.53(6) 0.84

P [N,N + 1] 1 0.545(24) 0.298(27) 0.85 0 1.23(2) 1.52(6) 0.83

P

0[N,N + 1] 1 0.582(76) 0.346(108) 0.91 1 1.25(3) 1.56(9) 0.83

PT [N, 1] 6 0.545(30) 0.300(40) 0.95 6 1.29(5) 1.66(16) 0.83

Final 0.547(18) 0.304(25) 1.24(1) 1.54(4)

For the ⌘-TFF we found limQ2!1 Q

2
F⌘��⇤(Q2) =

0.18+0.15
�0.03 GeV, agreeing with the phenomenologi-

cal/theoretical range (0.13�0.19) GeV. This window can
be further constrain, however, by imposing that the qual-
ity of the fit should be �

2
/dof < 1.3 after imposing the

asymptotic limit in our P 0N
N+1(Q

2). Doing this, the win-
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Under the assumption that the light-quark and ⇡

0 dis-
tribution amplitudes are similar to each other, the only
di↵erence between the corresponding TFF is a factor 3/5
that arises from the quark charges. A straightforward
application of the results shown in Table III is to con-
struct such light-quark form factor from ⌘- and ⌘

0-TFF.
In Fig. 3 this light-quark form factor for the set of val-
ues corresponding to the ⌘ asymptotic limit 0.170 GeV
(second row of Table III) and multiplied by 3Q2

/5 is com-
pared to the ⇡0-TFF one obtained in Ref. [6] (orange data
points as well as the corresponding fit with a P

02
3 (Q2) as

 η-η’ mixing

From the TFFs we can determine fq, fs,�

Update of Frere-Escribano ’05 with PDG12 using 9 inputs

fq = 1.07(1)f⇡, fs = 1.63(2)f⇡, � = 40.4(0.3)�

[R.Escribano, P.M., P. Sanchez-Puertas, ’14]

fq = 1.07(1)f⇡, fs = 1.39(14)f⇡, � = 39.3(1.3)�

[R.Escribano, P.M., P. Sanchez-Puertas, ’15]
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 η-η’ mixing in the flavor basis

 η-η’ mixing
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FKS: Feldmann, Kroll, Stech, PLB 449, 339, (1999) 
EF: Escribano, Frere, JHEP 0506, 029 (2005) updated in Escribano, P.M, Sanchez-Puertas, 2013.
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 η-η’ mixing in the flavor basis

 η-η’ mixing

From the TFFs we can determine 
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TFF at q2=112GeV2

• Is 112GeV2 not asymptotic yet?
• Could BELLE crosscheck? 

[R.Escribano, P.M., P. Sanchez-Puertas, ’15]
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 η-η’ mixing
From the TFFs we can determine Fq, Fs,�

and the VPγ and J/Ψ decays used in FKS and EF as inputs

( using F⇡0 = 131.5± 1.4 MeV instead of F⇡� = 92.21± 0.14 MeV )

Our predictions Experimental determinations

g⇢⌘� 1.55(4) 1.58(5)
g⇢⌘0� 1.19(5) 1.32(3)
g!⌘� 0.56(2) 0.45(2)
g!⌘0� 0.54(2) 0.43(2)
g�⌘� �0.83(11) �0.69(1)
g�⌘0� 0.98(14) 0.72(1)

J/ !⌘0�
J/ !⌘� 4.74(60) 4.67(20)

1

[R.Escribano, P.M., P. Sanchez-Puertas, ’15]
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