
Worldline calculation of the three-gluon-vertex

Naser Ahmadiniaz

and

Christian Schubert

(N. Ahmadiniaz and C. Schubert, arXiv:1206.1843 [hep-ph] )

Instituto de Fisica y Matematicas, Universidad Michoacana, Mexico

June 20, Lecce, Italy



1 History

2 Worldline Green’s function

3 Scalar loop calculation

4 Spinor and gluon loop calculation

5 Comparison with the effective action

6 Comparison with the Ball-Chiu vertex

7 Conclusions



History

Three gluon-vertex is a basic object of interest in non-abelian gauge theory
It is an input for the Schwinger-Dyson equation

The general (off-shell) three-gluon vertex, proposed by Ball and Chiu (1980)

Γµ1µ2µ3(p1, p2, p3) = A(p2
1 , p

2
2 ; p2

3)gµ1µ2(p1 − p2)µ3 + B(p2
1 , p

2
2 ; p2

3)gµ1µ2(p1 + p2)µ3

− C(p2
1 , p

2
2 ; p2

3)[(p1p2)gµ1µ2 − p1µ2p2µ1 ](p1 − p2)µ3

+
1

3
S(p2

1 , p
2
2 , p

2
3)(p1µ3p2µ1p3µ2 + p1µ2p2µ3p3µ1) + F (p2

1 , p
2
2 ; p2

3)

× [(p1p2)gµ1µ2 − p1µ2p2µ1 ][p1µ3(p2p3)− p2µ3(p1p3)]

+ H(p2
1 , p

2
2 , p

2
3)
(
−gµ1µ2 [p1µ3(p2p3)− p2µ3(p1p3)]

+
1

3
(p1µ3p2µ1p3µ2 − p1µ2p2µ3p3µ1)

)
+ [cyclic permutations of (p1, µ1), (p2, µ2), (p3, µ3)] (1)



where

A, C, F −→ symmetric functions in the first two arguments

B −→ antisymmetric function in the first two arguments

H −→ totally symmetric function with respect to interchange of any pair
of arguments

S −→ totally antisymmetric function with respect to interchange of any
pair of arguments
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Worldline Green’s function

Z. Bern and D. A. Kosower (Phys. Rev. Lett. 66, 1669, 1991),
M. J. Strassler (Nucl. Phys. B 385, 145, 1992)
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∫
dτε · ẋeik·x ⇒ gluon/photon vertex operator

T = total proper time of the loop particle

τ = proper time which parametrizes the loop

m = mass of the loop particle

T a = generator of the gauge group∫
D(x) is over closed trajectory in Minkovski space-time with

periodicity T , x(T ) = x(0)

ε =gluon polarization

k =gluon momentum



This path integral is Gaussian so we just need the Green’s function which is
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Scalar loop calculation

After integration by part and removing all G̈B(τi , τj) we have
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so the final result for the the scalar loop calculation is :
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Rewriting the integrals in term of the standard Feynman/Schwinger parameter
α1,2,3:
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where
α1 + α2 + α3 = 1



Spinor and gluon loop calculation

Off-shell generalization of the Bern-Koswer replacement rules:
to get the spinor and gluon results from the scalar one:

γ0 → γ1/2 ID3,2,bt,B → ID3,2,bt,B − ID3,2,bt,F

γ0 → γ1 ID3,2,bt,B → ID3,2,bt,B − 4ID3,2,bt,F (10)
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Now from worldline SUSY, not space-time SUSY, again get Binger-Brodsky
relation

3Γ0 + 2Γ1/2 + Γ1 = 0 (12)



Comparison with the effective action

Compare with the QCD effective action
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∫ ∞
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This expansion is known to order O(T 6), here for our comparison we need O2

and O3 which are:
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where

Fµν = fµν + ig [Aµ,Aν ]

fµν = ∂µAν − ∂νAµ
Dµ = ∂µ + igAµ (15)
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3 ↔ (f + ig [A,A])(f︸ ︷︷ ︸+ig [A,A]) (16)



Comparison with the Ball-Chiu vertex

How does this relate to the Ball-Chiu decomposition?

For the Scalar loop case:
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Replacement rules → spinor and gluon loop cases similar



Just for comparison with previous calculations let me show you “H” function:
from Davydychev, Osland and Saks JHEP 08 (2001) 050

H = −c g 2η
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×
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where

η =
Γ2(D/2− 1)

Γ(D − 3)
Γ(3− D/2)

Q =
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2
(k2
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2 + k2
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J3(1, 1, 1) = iπD/2ηϕ3

J3(0, 1, 1) = iπD/2ηκ2,1

J3(1, 0, 1) = iπD/2ηκ2,2

J3(1, 1, 0) = iπD/2ηκ2,3

J3(0, 0, 1) = iπD/2ηm2κ̃ (20)

where three-point integrals with equal masses define as

J3(ν1, ν2, ν3) =

∫
dnq

[(k2 − q)2 −m2]ν1 [(k1 + q)2 −m2]ν2 [q2 −m2]ν3
(21)



Conclusions

Significantly more efficient calculation than previous ones.

More compact representation of the vertex.

The comparison with the effective action shows that S
remains zero also beyond one loop.

Now: on to the four-gluon vertex!
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