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Crossover for the physical mass
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Off-central AA collisions generate huge magnetic field(15mπ*)
Does it affect phase structure?
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Model(1/3) : PNJL (Nf=2)
4

no need to introduce two independent condensates in this
special case. Even when we consider more general four-
fermion interaction, the isospin breaking effect is only
negligibly small.
The vacuum part of the thermodynamic potential,

Ω(T = 0), is ultraviolet divergent. This divergence is
transmitted to the gap equations. Thus we must spec-
ify a scheme to regularize this divergence. The choice
of the regularization scheme is a part of the model def-
inition and, nevertheless, the physically meaningful re-
sults should not depend on the regulator eventually. In
the case with a strong magnetic field the sharp momen-
tum cutoff suffers from cutoff artifact since the contin-
uum momentum is replaced by the discrete Landau quan-
tized one. To avoid cutoff artifact, in this work, we
use a smooth regularization procedure by introducing a
form factor fΛ(p) in the diverging zero-point energy. Our
choice of fΛ(p) is as follows;

fΛ(p) =

√

Λ2N

Λ2N + |p|2N , (12)

where we specifically chooseN = 10. In theN → ∞ limit
the above fΛ(p) is reduced to the sharp cutoff function
θ(Λ − |p|). Since the thermal part of Ω is not divergent,
we do not need to introduce a regularization function.

III. PHASE STRUCTURE WITH CHIRAL
CHEMICAL POTENTIAL

In this section we firstly focus on the system at µ5 = 0
and discuss the role of the magnetic field as a catalyzer of
the dynamical chiral symmetry breaking. We also ana-
lyze the interplay between chiral symmetry restoration
and deconfinement crossover as the strength of B in-
creases.

A. Results at µ5 = 0 – chiral symmetry breaking
and deconfinement

We analyze, within the PNJL model, the response of
quark matter to B at µ5 = 0. In particular we are inter-
ested in the interplay between chiral symmetry restora-
tion and deconfinement crossover in the presence of a
magnetic field which leads to the so-called chiral mag-
netic catalysis [14]. Our model parameter set is

Λ = 620 MeV , GΛ2 = 2.2 . (13)

These parameters correspond to fπ = 92.4 MeV and the
vacuum chiral condensate ⟨ūu⟩1/3 = −245.7 MeV, and
the constituent quark mass M = 339 MeV. The critical
temperature for chiral restoration in the NJL part atB =
0 is Tc ≈ 190 MeV. We set the deconfinement scale
T0 in the Polyakov loop potential (see Eq. (6)) as T0 =
270 MeV, which is the value of the known deconfinement
temperature in the pure SU(3) gauge theory.
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FIG. 1. Absolute value of the chiral condensate |⟨ūu⟩1/3| (up-
per panel) and expectation value of the Polyakov loop (lower
panel) as a function of T computed at several values of eB
(in unit of m2

π). In this model Tc = 228 MeV at µ5 = B = 0.

In Fig. 1 we plot the absolute value of the chiral con-
densate ⟨ūu⟩1/3 (upper panel) and expectation value of
the Polyakov loop (lower panel) as a function of T com-
puted at several values of eB (expressed in unit of m2

π).
The chiral condensate ⟨ūu⟩ and the Polyakov loop Φ are
the solution of the gap equations ∂Ω/∂σ = ∂Ω/∂Φ = 0
in the model at hand.
Figure 1 is interesting for several reasons. First of all,

the role of B as a catalyzer of chiral symmetry breaking
is evident. Indeed, the chiral condensate and thus con-
stituent quark mass increase in the whole T region as eB
is raised (for graphical reasons, we have plotted our re-
sults starting from T = 100 MeV. There is nevertheless
no significant numerical difference between the T = 0
and T = 100 MeV results). This behavior is in the cor-
rect direction consistent with the well-known magnetic
catalysis revealed in Ref. [14] and also discussed recently
in Ref. [41] in a slightly different context of the PNJL-
model study on the response of quark matter to external
chromomagnetic fields.
Secondly, we observe that the deconfinement crossover
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the role of B as a catalyzer of chiral symmetry breaking
is evident. Indeed, the chiral condensate and thus con-
stituent quark mass increase in the whole T region as eB
is raised (for graphical reasons, we have plotted our re-
sults starting from T = 100 MeV. There is nevertheless
no significant numerical difference between the T = 0
and T = 100 MeV results). This behavior is in the cor-
rect direction consistent with the well-known magnetic
catalysis revealed in Ref. [14] and also discussed recently
in Ref. [41] in a slightly different context of the PNJL-
model study on the response of quark matter to external
chromomagnetic fields.
Secondly, we observe that the deconfinement crossover

Kenji Fukushima, Marco Ruggieri, Raoul Gatto 2010 (arXiv: 1003.0047)

- Tc goes up along with mag. field.
- Order does not depend on eB? (not discussed)

physical mass
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Figure 1: Quark-hadron phase transition temperature vs external magnetic field. Critical
point, T∗ = 104 MeV,

√
eH∗ = 600 MeV, where latent heat turns to zero, is marked

with the dot. Solid line corresponds to the first order phase transition, and dashed line
corresponds to the crossover.

The dependence of ∆ε(H) is plotted in Fig. 2. The value of the magnetic field√
eH∗ = 600 MeV where latent heat turns to zero corresponds to the critical point, at

which first order phase transition changes to the crossover.

5 Conclusion

We have studied the quark-hadron phase transition in QCD in the presence of external
magnetic field, and have shown, that the temperature of the phase transition decreases in
comparison to the case of zero magnetic field. Equation (28) was solved numerically, the
phase diagram in the plane temperature–magnetic field and critical point were found.

As was shown above, there are two phases in the presence of magnetic field: diamag-
netic phase below Tc and paramagnetic above Tc. Correspondingly magnetic susceptibility,
χ = −∂2P/∂H2, changes it’s sign at the critical temperature. Thus, magnetic suscep-
tibility may be considered as the order parameter of the model of thermal QCD in the
presence of magnetic field.

It is known from lattice calculations that there is a crossover for finite temperature
QCD with physical quark masses. In the presence of magnetic field there are additional
magnetic terms in the pressure, which give different contribution to the energy density in
two phases. Thus we expect that a crossover is replaced by a first order phase transition.
Analogous phenomenon was found in [24], where it was shown that chiral transition
changes from crossover to the weak first order transition in the linear sigma model in a
magnetic field.

8

Model(2/3) : ChPT (Nf=2) + gluon

1st

Crossover

N. O. Agasian and S. M. Fedorov 2008 (arXiv: 0803.3156)

T* = 104 MeV
eH* = 600^2 MeV^2

- Tc goes down along with mag. field.
- Order depends on eB(1st to crossover)

physical mass
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Model(3/3) : QCD + 4-fermi intr. + Renormalization Group
Jens Braun, Walid Ahmed Mian, Stefan Rechenberger  2014 (arXiv: 1412.6025)

- Tc goes down and up along with mag. field.
- Order is not discussed

Massless 2f
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Figure 3. Chiral critical temperature Tc as a function of eB.

split into a purely gluonic contribution ⌘A and a contribu-
tion ⌘q containing all contributions from diagrams with
internal quark lines. For example, at the one-loop level,
⌘q ⇠ g

2 is structurally identical to the vacuum polarisa-
tion tensor in Quantum Electrodynamics (QED). In the
limit of large (dimensionless) magnetic fields, ⌘q is pri-
marily determined by the dynamics of the magnetic zero
mode of the quarks, resulting in ⌘q ⇠ b at zero tempera-
ture as in QED [32]. Thus, the quark contribution ⌘q to
the running coupling is magnetically enhanced compared
to the gluon contribution ⌘A. This results in a decrease
of the coupling in the infrared limit, g2 ! 0 for k ! 0.
Loosely speaking, the magnetic field acts as an increase
of quark flavors towards the infrared limit, such that the
gauge coupling is attracted by the Gaußian fixed point.
In contrast to the finite-temperature case at B = 0, the
behavior of the gauge coupling in the infrared can now
not be straightforwardly related to the dynamics of a
dimensionally reduced gauge theory: Whereas the quark
fields experience a dimensional reduction from four to two
dimensions for strong magnetic fields, the gluon fields are
not directly a↵ected and therefore are not dimensionally
reduced in the infrared limit.

In the presence of a magnetic field at finite tempera-
ture, the running of the gauge coupling in the (deep) in-
frared is still governed by the underlying 3d Yang-Mills
theory since the quarks decouple eventually from the flow
due to their thermal Matsubara masses. In any case, for
our numerical computation of the chiral critical tempera-
ture Tc as a function of the magnetic field B, we employed
the results for the running gauge coupling from Ref. [23]
and used only the B-field dependent one-loop expression
for ⌘q in the LLL approximation to suitably amend the
quark contribution ⌘q to ⌘g2 in the large-b limit; details
will be presented elsewhere [33].

Magnetic phase diagram.– Using our numerical results
for the scale-dependence of the chiral critical coupling g

2
cr

and the running gauge coupling g

2, we can now compute
the dependence of the chiral phase transition temper-
ature Tc on the magnetic field B. To be specific, we
estimate Tc as the lowest temperature for which no in-
tersection point between g

2 and g

2
cr as a function of k

occurs for a given value of the magnetic field B. In
Fig. 3, we show Tc as a function of eB. For B = 0,
we find Tc ⇡ 220MeV. The di↵erence to the accepted
value for the critical temperature from lattice QCD sim-
ulations [34] can be traced back to the fact that we did
not consider a Fierz-complete set of four-quark interac-
tions [23]. In any case, increasing the magnetic field B,
we find that the critical temperature Tc decreases as also
observed in lattice MC simulations [7]. We note that
this decrease of Tc persists, even if we consider a B-
independent running coupling. Thus, this decrease in
the phase transition temperature can be traced back to
the dynamics in the matter sector as discussed above in
terms of our fixed-point analysis. The e↵ective decrease
of the gauge coupling at finite magnetic field only inten-
sifies the inverse-catalysis e↵ect in our analysis.
Increasing the magnetic field further, we observe

that Tc(eB) assumes a minimum at eB ⇡ 0.2GeV2 and
then increases for larger values of eB. Indications for
such an increase at strong magnetic fields are also seen
in a DSE study [35]. The catalysis e↵ect for large eB

can be traced back to the fact that the RG running of
the four-quark interaction is mainly driven by the quark
loop at strong magnetic fields. This results in a decrease
of the critical coupling g

2
cr and, in turn, in an increase

of the critical temperature. Thus, the well-established
magnetic catalysis e↵ect in fermionic theories, which is
simply driven by the fermion loop in Fig. 1 (a), sets in
“delayed” due to the non-trivial quark-gluon dynamics
in the matter sector.
Conclusions. – We have computed the phase diagram

of QCD in the plane of temperature and magnetic field.
Our results confirm the existence of the inverse-catalysis
e↵ect. Compared to lattice MC results for 2 + 1 (mas-
sive) quark flavors [7], our RG analysis predicts a smaller
regime in which inverse catalysis occurs. Clearly, our sim-
ple study based on a single four-quark channel cannot be
expected to be quantitative. Still, it appears worthwhile
to study the scaling of the size of the inverse-catalysis
regime when the number of quark flavors is increased.
In any case, for large magnetic fields, we observe mag-
netic catalysis. Our fixed-point analysis reveals a simple
mechanism for inverse magnetic catalysis at weak mag-
netic fields and, at the same time, explains the dynam-
ics underlying the observed magnetic catalysis at strong
magnetic fields. In this respect, the observed “delayed”
magnetic catalysis can be viewed as a testable predic-
tion for future lattice MC studies. Moreover, our simple
analysis represents a promising starting point for phe-
nomenological applications, such as the microscopically
guided improvement of well-established QCD models.
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Lattice(1/2): Nf=2, standard KS
Massimo D’Elia, Swagato Mukherjee and Francesco Sanfilippo (arXiv: 1005.5365)

- Tc goes up along with mag. field.
- Order depends on eB (Crossover to strong 1st)
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FIG. 1: Chiral condensate and Polyakov loop for am = 0.075
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FIG. 2: Same as in Fig. 1 for am = 0.025
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FIG. 3: Same as in Fig. 1 for am = 0.01335

point of observables, by means of polynomial fits, obtain-
ing compatible results within errors. Data obtained for βc
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FIG. 4: Disconnected ⟨ψ̄ψ⟩ susceptibility for am = 0.01335
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FIG. 5: Polyakov loop susceptibility for am = 0.01335

confirm that no appreciable separation of chiral restora-
tion and deconfinement is induced by the the background
field, at least for the explored field strengths.
From the values of βc we obtain the ratio Tc(B)/Tc(0)

as a function of the dimensionless ratio eB/T 2, as re-
ported in Fig. 6; the 2-loop β-function has been used for
the conversion. A direct determination of the physical
scale on T = 0 lattices is preferable but would require
very precise measurements to appreciate T variations of
the order of percent. On the other hand, given the small
scale range explored, the approximation is reasonable and
no qualitative change is expected.
Fig. 6 shows that the change in Tc is small and of

the order of a few percent at the highest explored fields.
Moreover, there seems to be a saturation as the chi-
ral limit is approached: results for am = 0.01335 and
am = 0.025 stay onto each other. Notice that this is true
if we plot results as a function of |e|B/T 2: had we used
|e|B/m2

π results at different masses would have been dif-
ferent: the highest B is about 20 m2

π for am = 0.01335

mπ ≈ 275 MeV

4

amq b βc (Pol. loop) βc (ψ̄ψ)
0.01335 0 5.2714(4) 5.2716(3)
0.01335 8 5.2739(4) 5.2741(4)
0.01335 16 5.2783(3) 5.2785(3)
0.01335 24 5.2836(2) 5.2838(2)
0.025 0 5.2893(2) 5.2898(3)
0.025 8 5.2925(3) 5.2925(3)
0.025 16 5.2961(3) 5.2966(3)
0.025 24 5.3014(4) 5.3018(4)
0.075 0 5.351(1) 5.351(2)
0.075 8 5.353(1) 5.353(2)
0.075 16 5.355(1) 5.357(2)
0.075 24 5.358(1) 5.360(1)

TABLE I: Pseudocritical couplings obtained by fitting the
peak of the chiral condensate or Polyakov loop susceptibilities.

0 5 10 15 20 25 30
eB / T2

1

1.005

1.01

1.015

1.02

T c(B
) /

 T
c(0

)

am=0.01335
am=0.025
am=0.075

FIG. 6: Tc(B) for different quark masses. The solid curve is
a power law fit to the lightest quark data (see text).
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FIG. 7: Reweighted plaquette distribution at βc as a function
of the external field at am = 0.01335 on a 163 × 4 lattice.

and 10 m2
π for am = 0.025. This suggests that, at least

for the strong fields and for the pion masses explored, the
relevant scale governing the effect of the magnetic field
on the shift of the transition is T itself and not mπ.

0 5000 10000 15000 20000 25000 30000 35000
0.48

0.49

0.5

0.51

0.52

0.53

β = 5.2825
β = 5.28375
β = 5.2850

FIG. 8: Monte-Carlo histories of the plaquette at 3 different
β values around the transition for b = 24 and am = 0.01335.

Trying to understand the dependence of Tc on B, we
have fitted our data for am = 0.01335 according to

Tc(B)

Tc(0)
= 1 +A

(

|e|B

T 2

)α

(7)

finding that α = 1.45(20) and A ∼ 1.3 10−4.
Finally we discuss about the nature of the transition.

At B = 0 it is still unclear if a weak first order transition
is present in the chiral limit [32, 33], however no clear
signal for a finite latent heat has been found on avail-
able lattice sizes, hence the first order transition, even if
present, is so weak to be of poor phenomenological rele-
vance. On the other hand our results show that the intro-
duction of a magnetic field makes the transition sharper.
The question is if large fields can turn the transition into
a first order strong enough to be clearly detectable.
To that aim we have analyzed the reweighted plaque-

tte distribution at the critical couplings and for different
values of B: results are shown in Fig. 8. The single peak
distribution, which is present at zero or small magnetic
field, turns into a double peak distribution, typical of a
first order transition, for the largest B explored; also the
Monte-Carlo histories of the plaquette, Fig. 8, present
signals of a metastable behavior. We can consider that
as an indication but not as a final answer: numerical sim-
ulations on larger lattice sizes are necessary to clarify if
the double peak structure survives the thermodynamical
limit and for a proper finite size scaling analysis.

IV. CONCLUSIONS

We have presented results from an investigation of
the Nf = 2 QCD phase diagram in presence of a mag-
netic background field. We have explored different quark
masses, corresponding to mπ ranging from 200 MeV to
480 MeV, and different magnetic fields, with

√

|e|B up
to about 850 MeV (|e|B ∼ 20 m2

π for the lightest mass).

Plaquette at βcr

XQCD2017 27/Jun/2017



Background & Motivation
Previous studies: Model & Lattice 5/5
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Lattice(2/2) + model: Nf =3, stout KS, physical mass

Figure 10. The deconfinement transition temperature against the background magnetic field. The results
of our full lattice QCD simulations (white background) are complemented by the prediction (gray background)
based on the results corresponding to the B ! 1 limit and on the extrapolation of the light quark susceptibility
peak to high magnetic fields (see the text).

the case, note that by varying the anisotropy parameter , one can continuously deform the anisotropic
theory to usual pure gauge theory, as was demonstrated in Fig. 6. Furthermore, the isotropic pure
gauge theory can be thought of as QCD with infinitely heavy quarks and thus can be continuously
transformed into full QCD by increasing the inverse quark masses from zero to their physical values.
Thus, the transition we identified at B ! 1 is indeed the same deconfinement transition that occurs
at low magnetic fields.

Let us highlight that according to this discussion, having a decreasing deconfinement transition
temperature is actually natural to QCD. Furthermore, since the B ! 1 limit is independent of the
quark masses5, a similar reduction of T

c

by the magnetic field should also take place in QCD with
heavier-than-physical quarks. However, in the latter case this reduction most probably follows an
initial increase in the transition temperature, cf. Refs. [5, 35]. Indeed, recent lattice results employing
overlap fermions and pion masses of about 500 MeV indicate inverse catalysis to occur around the
transition temperature at the magnetic field eB ⇡ 1.3 GeV2 [8].

Finally, we note that magnetic fields well above the strength (5.1) are predicted to be generated
during the electroweak phase transition in the early universe [36]. If these fields remain strong enough
until the QCD epoch, the emerging first-order phase transition might have several exciting consequences.
Via supercooling, bubbles of the confined phase can be formed as the temperature drops below T

c

,
leading to large inhomogeneities, important for nucleosynthesis [37]. Collisions between the bubbles
can also lead to the emission of gravitational waves and, thus, leave an imprint on the primordial
gravitational spectrum [38]. An absence of such signals, in turn, would imply an upper limit for the
strength of the primordial magnetic fields.
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5As long as the quark masses are finite – note that the m ! 1 and B ! 1 limits cannot be interchanged.
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Gergely Endrődi 2015 (arXiv: 1504.08280)

Model

- Tc goes down along with mag. field.
- Order depends on eB (crossover to 1st by a model)

LQCD

Physical mass
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Background & Motivation
Tc and order 
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Author(s) Ref. Method Tc w/ eB Order w/ eB

Kenji Fukushima et al arXiv: 1003.0047 PNJL(2f) at 
mphys 

Increase No change?

N. O. Agasian et al arXiv: 0803.3156 ChPT(2f) at 
mphys 

Decrease 1st to crossover

Jens Braun et al arXiv: 1412.6025 RG, massless 
2f

Decrease
 and increase ?

Massimo D’Elia et al arXiv: 1005.5365 KS(2f) Increase Crossover
to strong 1st

Gergely Endrődi arXiv: 1504.08280  Stout KS (3f) at 
mphys + model Decrease Crossover to 1st 

(model)
Ref. 1208.0917, 1209.0374, 1411.7176 and there in 

QCD phase transition with external U(1) magnetic field has 
been investigated for long years, from J. Schwinger(1951)

We examine dependence of the order of phase 
transition on quark mass and external magnetic field

XQCD2017 27/Jun/2017



What we have done
Dependence of order of transition on ma and eB
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1st

1st

Nf=3

Cross over

ms

mud

eB

ma = 0.024(1st order), 0.028(~critical pt), 0.2, 0.4, 0.8
Check the order of phase transition on eB

Mass degenerated 3 flavor QCD with magnetic field
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Setup
3Flavor Standard staggered + Wilson plaq. action

21                              A. Tomiya CCNU

m_q a Size βrange Nb
(Magnetic flux) #Conf.

0.024(1st order 
for Nb=0*)

243x4
(163x4) 5.128-5.160 0-56 O(2000)

0.028(Critical for 
Nb = 0*) 163x4 5.130-5.170 0-56 O(1500)

0.2 163x4 5.10-5.65 0-56 O(500)

0.4 163x4 5.35-5.65 0-56 O(500)

0.8 163x4 5.35-5.85 0-56 O(700)

Setup: 3 Flavor degenerated mass staggered fermion (same as *)

Resource: Fermi-lab GPU cluster

* Dominik Smith  et al 2010 (arXiv: 1109.6729)

Light

Heavy

qBa2 =
2⇡N

b

N
x

N
y

4th rooted RHMC, Observables: chiral condensates, Polyakov loop

Nb: Number of magnetic flux
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Mass vs magnetic field
Magnetic field changes eigenvalues

                             A. Tomiya CCNU

L = ψ
(
iγµDµ −m

)
ψ (6)

In the Minkowski space time. If we move to Euclidean spacetime,

L = ψ
(
γµDµ +m

)
ψ (7)

where γµ are all hermitian.

L = ψ
(
γµ(∂µ − iqaµ) +m

)
ψ (8)

= ψ
(
γµ∂µ − iqγµaµ +m

)
ψ (9)

= ψ
(
γµ∂µ − iqγyay +m

)
ψ (10)

= ψ
(
γµ∂µ − iqγyxB +m

)
ψ (11)

= ψ
(
γµ∂µ − iγyx

2πNb

LxLy
+m

)
ψ (12)

Then, system affected by

a2
2πNb

LxLy
, am (13)

where a is the lattice spacing (UV cutoff).

II. THE CRITICAL MASS REGIME

First, let us estimate, threshold of Nb for the critical mass amcr for Nf = 3 QCD, which

corresponds to left bottom side in the Colombia plot.

amcr
!
= a

√
qB =

√
2πN compare

b

NxNy
. (14)

Inserting amcr = 0.028 and Nx = Ny = 16,

(amcr)
2 = 0.000784 =

2πN compare
b

16× 16
(15)

0.200704 = 2πN compare
b (16)

N compare
b = 0.03194303369832 (17)

It is naively expected that if Nb is larger than 0.0319 · · · , the magnetic field dominates

compare to the quark mass. However that, we confirm crossover likely to be first order for

large Nb. It is interesting that, first order like signals appear Nb ≥ 12 even in this regime

and below that it looks remain crossover.

3

U(1) gauge field affects as “mass” to the system
then we can estimate a “comparable mass” as,

q=2/3 Nx=Ny=16 case,

We choose ma=0.2, 0.4, 0.8 to see effect of
quark mass and the magnetic field

For each Nb is consider to be compatible with the quark mass

IV. Q:WHAT DO WE WANT TO SEE?

In principle, we can take amNb=56, in this case quark is very heavy.

If quark mass is taken to large, it is difficult to see first order (or impossible) because,

first order regime might be beyond the Nb = 64 limit for Nσ = 16.

Actually, what is expected and what do we want to see?

Why not amNb=2??

V. AA

mNb
for eB not qB

Nb 1 4 17 24 32 56 64

amNb 0.19 0.38 0.79 0.9 1.1 1.4 1.5

Table II: Threshold mass for magnetic field domination. By setting amNb , and if taking Nb larger

than that value, system is dominated by the magnetic field rather than the quark mass.

5

XQCD2017 27/Jun/2017

a
p
eB =

s
2⇡N

b

N
x

N
y

|q| = am
Nb

22
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Preliminary Results
For 5 quark mass points:
ma = 0.024 (1st order),
ma = 0.028 (just above the critical pt, crossover regime),
ma = 0.2     (comparable with magnetic field Nb=1)
ma = 0.4     (comparable with magnetic field Nb=5)
ma = 0.8     (comparable with magnetic field Nb=24)
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Preliminary Result (1/5)
am = 0.024(1st for Nb=0): 1st becomes stronger?
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L=24^3x4

Up quark cond. Tc increases
Nb -> Large
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Preliminary Result (1/5)
am = 0.024(1st for Nb=0): 1st becomes stronger?
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L=24^3x4

0.3 0.5

Up quark cond. Tc increases
Nb -> Large

Start from broken phase

Start from sym. phase
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Hysteresis (=1st order) and the gap of them becomes larger

History
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Preliminary Result (1/5)
am = 0.024(1st for Nb=0): 1st becomes stronger?
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L=24^3x4

Up quark cond.
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Nb -> Large
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The situation is different for cumulants constructed from linear combinations of
ψ̄ψ and SG,

B4(x) =
⟨
(

δM(x)
)4
⟩

⟨
(

δM(x)
)2
⟩2

, M(x) = ψ̄ψ + x SG . (8)

From Eq. 4 it follows that for arbitrary values of x the cumulants are renormalization
group invariants which in the infinite volume limit take on a universal value at the
critical point (τ, ξ) ≡ (0, 0). For all values of x different from 1/r the cumulants
behave asymptotically like the Binder cumulant for the order parameter; cumulants
calculated on different size lattices for different quark masses will intersect at some
value of the quark mass. In the infinite volume limit these intersection points will
converge to a universal value which is characteristic for the universality class of the
underlying effective Hamiltonian and, in fact, is quite different for the classes of
three dimensional Z(2) and O(N) symmetric spin models; e.g. B4 = 1.604 for Z(2)
[12], 1.242(2) for O(2) [13] and 1.092(3) for O(4) [14]. The cumulants B4(x) thus
seem to be appropriate observables to locate the chiral critical point as well as to
determine its universality class without knowing in detail the correct scaling fields.

3 Locating the chiral critical point

The determination of the chiral critical point proceeds in two steps. First of all,
we determine for fixed values of the quark mass pseudo-critical couplings, βpc(m),
on finite lattices. These are defined as the position of maxima in susceptibilities of
ψ̄ψ, the gauge action SG and the Polyakov loop L [15]. We then make use of the
finite size scaling properties of Binder cumulants B4(x) evaluated at βpc(m). When
analyzed as function of the bare quark masses the cumulants calculated on lattices
with spatial extent L1 and L2 will intersect at a mass mL1,L2

. For (L1, L2) → (∞,∞)
these intersection points will converge to the chiral critical point.

From previous studies with standard Wilson gauge and staggered fermion actions
one knows that the endpoint in 3-flavour QCD is located close to m = 0.035 [11].
As the universal properties of the endpoint are not expected to be influenced by
lattice cut-off effects we took advantage of this knowledge and performed our detailed
scaling analysis with unimproved actions. We have performed calculations on lattices
of size N3

σ × 4, with Nσ = 8, 12 and 16. We have used four values of the quark
mass in the interval m ∈ [0.03, 0.04] and for each of these masses we calculated
thermodynamic observables for 3 to 4 different values of the gauge coupling β. In
general we collected for each pair of couplings (1− 3) · 104 configurations generated

6

The Binder ratio(cumulant)
B4 = 1: 1st. B4 ~ 1.6: 2nd(Z2). B4 = 3: Crossover

XQCD2017 27/Jun/2017

B4

8
><

>:

= 1 First order

⇠ 1.6 Second with Z2

⇠ 3 Crossover

The Binder cumulant is defined as ratio of 4th order cumulant with
square of 2nd oder cumulant,

This quantity can distinguish the order of phase transition

M: order parameter

25                              A. Tomiya CCNU

But higher statistics are demanded



Preliminary Result (1/5)
am = 0.024(1st for Nb=0): 1st becomes stronger?
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L=24^3x4

Up quark cond.

XQCD2017 27/Jun/2017
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(For Nb-0, 1st order is already confirmed in
Dominik Smith & Christian Schmidt 2010)
Statistics is not enough



Preliminary Result (2/5)
am = 0.028(crossover for Nb=0): crossover to 1st

29

L=16^3x4

Up quark cond.

Tc increases
Nb -> Large

                             A. Tomiya CCNU
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Preliminary Result (2/5)
am = 0.028(crossover for Nb=0): crossover to 1st

30

L=16^3x4

Up quark cond.

Tc increases
Nb -> Large

                             A. Tomiya CCNU

History
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Preliminary Result (2/5)
am = 0.028(crossover for Nb=0): crossover to 1st

31

L=16^3x4

Up quark cond. susceptibility

Tc increases
Nb -> Large
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Preliminary Result (2/5)
am = 0.028(crossover for Nb=0): crossover to 1st

32

L=16^3x4

Up quark cond. susceptibility

Nb -> Large,
B -> 1? Statistics is not enough

                             A. Tomiya CCNU
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Preliminary Result (3/5)
am = 0.2: Tc goes up
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L=16^3x4

- Chiral condensate does not show phase transition for Nb = 0-56
- Behavior of the Polyakov loop is similar to that in PNJL results
- Tc for deconf/conf trans. goes up for increasing Nb (not clear)

Polyakov loopUp quark condensate
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as Nb large
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Preliminary Result (4/5)
am = 0.4: No clear signal yet but Tc goes up
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L=16^3x4

- Chiral condensate does not show phase transition  (trivially scaled)
- Behavior of the Polyakov loop is similar to that in PNJL results
- Tc for deconf/conf trans. goes up for increasing Nb (not clear)
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Preliminary Result (5/5)
am = 0.8: No clear signal (1st order like for conf.)
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L=16^3x4

- Chiral condensate does not show phase transition (trivially scaled)
- Conf/deconf. transition is not changed for Nb=0 to 56 (expected)
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Summary of preliminary results
Tc goes up

36                              A. Tomiya CCNU

amq
Tc(chiral) 
dep. on Nb

Order(Chiral) dep. 
on Nb

Tc(Confinement) 
dep. on Nb

Order(Confinement) 
dep. on Nb

0.024
(1st order for Nb=0) Increase 1st to strong 1st? Increase 1st to strong 1st?

0.028
(Crossover for Nb = 0) Increase crossover to1st Increase crossover to 1st

0.2 no critical
behavior - Increase crossover like

0.4 no critical
behavior - Increase crossover like

0.8 no critical
behavior - Increase? 1st ?

XQCD2017 27/Jun/2017



Summary
QCD phase transition depends on Magnetic field

37                              A. Tomiya CCNU

1. We investigate 3 flavor QCD with U(1) external magnetic field for various mass
    using standard staggered fermion with Nσ=16(24), Nt=4
2. We observed strengthening of order of phase transition in light mass regime
3. Except for ma=0.8, Tc goes up. ma = 0.8, no clear response to Nb.

Tasks:

Summary:

1. Increasing statistics
2. Improve resolution of beta
3. Scaling analysis to determine the order
5. Determination of the order of phase transition from the Binder ratio
6. Scale setting
7. Other cutoff scheme to check the cutoff effect on Tc vs Nb
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Backup
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Tc for 
ma = 0.024(1st for Nb=0)
ma = 0.028(crossover for Nb=0)
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ma = 0.024(1st for Nb=0) Up quark condensates

Consistent with
1st order
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ma = 0.024(1st for Nb=0) Polyakov loop

Consistent with
1st order
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ma = 0.028(crossover for Nb=0) Up quark condensates

Nb=14 is “critical” eB*
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XQCD2017 27/Jun/2017



43

��

��

��

��

��

��

��

��	�� ��	�� ��	�� ��	�� ��	�
 ��	��

�

�
�
�
��
��
�

�
��
�
��
�
�
��
�
�
�
�
��
�
�
�

�

������	����� �����!���

 "���
 "���
 "���
 "���
 "���
 "���
 "���
 "���

�#�������
$%�&����������

'��##����

��

�������

������

�������

������

�������

����� ������ ����� ������ ����� ������ ����	 ����	�



�
�


�
�
��
�
���

��
��
�
��

�
�
��

�
�
�
�
��
�
�
�

�

���������� �!��� �"��	

!����
!����
!����
!����
!���	
!����
!����
!���	

�����

�����

�����

����

�����

�����

�����

�����

����

�	��
 �	��
	 �	��� �	���	 �	��	 �	��		 �	��� �	���	

�
�

�
�
�
�
�
�

�
�
�

�

���������������
������

�����
�����
�����
�����
�����
�����
���
�
���	�

ma = 0.028(crossover for Nb=0) Polyakov loop

Nb=14 is critical eB*

                             A. Tomiya CCNU
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ma = 0.2(crossover for Nb=0) Up quark condensate

No criticality
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ma = 0.2(crossover for Nb=0) Polyakov loop
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ma = 0.4(crossover for Nb=0) Up quark condensate

No criticality
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ma = 0.4(crossover for Nb=0) Polyakov loop
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ma = 0.8 Up quark condensate

No criticality
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ma = 0.8 Polyakov loop

                             A. Tomiya CCNU

XQCD2017 27/Jun/2017


