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S-matrix theory

ANALYTICITY CROSSING 
SYMMETRY

UNITARITY 

S-matrix theory
Build models: general principles
● Analyticity
● Crossing symmetry
● Unitarity
● Lorentz symmetries
● Global symmetries of QCD



[J.N. et al., PRD95 (2017) 034014][V. Mathieu et al., PRD92 (2015) 074013]

Neutral meson production

Need information on t-dependence



Analytic constraints

Connect low- and high-energy dynamics.

Baryon 
resonances

Meson 
exchanges



Finite-Energy Sum Rules 

INPUT

OUTPUT

High energies: Regge theory (meson exchanges)

Low energies: partial-wave analyses (baryon resonances)
● SAID, MAID, Bonn-Gatchina, Julich-Bonn,...

Λ

(v ≈ s)



High-energy model

• Contribution from photon and baryon vertex
• Suppresses amplitudes in forward direction (t=0)
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Choice of amplitudes

• No kinematic singularities
• No kinematic zeros
• Discontinuities: 

• Unitarity cut
• Nucleon pole



Finite-Energy Sum Rules 



Finite-Energy Sum Rules 



Finite-Energy Sum Rules 

Combine energy regimes
● Low-energy model
● Predict high-energy observables

[V. Mathieu, J.N. et al. (JPAC) 1708.07779 (2017)]

Two applications
● Understand high-energy dynamics
● Constraining low-energy models



Photoproduction of neutral mesons

   

π0 and η photoproduction
● Same exchanges 

○ isovector more important for η
● Very different cross section

○ π0 : dip (ω)
○ η  : featureless (ρ)



   

Low-energy models (η)

A1 A2 A4

Ambiguities in the low-energy model (η-MAID)
→  Mismatch with high-energy data 

Possibilities
● Low-energy model inconsistent
● Cut-off not high enough

○ High mass resonances!

[J.N. et al., PRD95 (2017) 034014]



Predictions for GlueX & CLAS

 

Fill up the dip with natural contribution: ρ

Prediction for GlueX

[Al Ghoul et al. (GlueX) PRC (2017)]

Preliminary (transition region)
[Courtesy of Zulkaida Akbar (CLAS)]



η’ photoproduction

V.Mathieu, J.N. et al. (JPAC) [PLB774 (2017) 362]
Based on the FESR for η:
predict beam asymmetry for η’
● Same exchanges
● Natural exchanges (⍴,⍵) dominant

○ Couplings from radiative decays
○ Mixing angle cancels in ratio

● Unknown behavior of
○ ϕ exchange
○ unnatural exchanges (b,h)

Prediction: ≈ same beam asymmetry



π∆ photoproduction

 [J.N. et al., PLB779 (2018)]

Data available at 16 GeV
● π-exchange is featureless and entirely fixed
● Strong interference pattern in natural exchange 

sector
● Negligible role of b exchange

Fix t-dependence and extrapolate to JLab energies (9 GeV)

(x3)



π∆ photoproduction

J.Zarling (GlueX): preliminary

π

⍴, a2

Comparison to GlueX data
● Confirmation of interference pattern
● High -t: natural, low -t: unnatural
● Mismatch: oddly behaved π exchange

○ Ongoing analysis
○ Experimental or theoretical?

Łukasz Bibrzycki (Cracow)

π



Neutral vector mesons

● Pomeron dominates at high energies
● Isoscalar exchanges dominantly helicity non-flip (λ=λ’)
● Unnatural exchanges: only helicity flip (|λ-λ’|=1)

[V.Mathieu, J.N. et al., (2018) arXiv:1802.09403]



Neutral vector mesons

[V.Mathieu, J.N. et al., (2018) arXiv:1802.09403]



Summary

Theory support for GlueX and CLAS with JPAC 
● Various photoproduction reactions analyzed 

○ πN, π∆, ηN, η’N  + many more
○ Comparison to first GlueX data

■ Unnatural exchanges negligible
■ Natural exchanges dominate

○ Importance of analytic constraints (FESR)
○ Connection between baryon spectroscopy and 

high-energy data
○ SDME predictions for neutral meson prediction 

(Pomeron dominated)



http://www.indiana.edu/~jpac/



Backup



High-energy model

Regge pole model

Dominant: vector exchanges

23

J(m2)



π∆ photoproduction

From residue factorization:
          for each helicity flip
Not seen in data → contact term

Δ

J.N et al.  (JPAC) [arXiv:1710.09394]



π∆ photoproduction

Data available at 16 GeV
● π-exchange is featureless and entirely fixed
● Strong interference pattern in natural exchange 

sector
● Negligible role of b exchange

Fix t-dependence and extrapolate to JLab energies (9 GeV)

J.N. et al.  (JPAC) [arXiv:1710.09394]



Using the right degrees of freedom



KT approach

●





Spectroscopy (experiment)





Using the right degrees of freedom



Using the right degrees of freedom



Using the right degrees of freedom



Partial-wave expansion in any channel



Truncated partial-wave expansion



s-channel: truncated partial-wave analysis

• Various models available for extracting baryon 
resonances (W < 2 GeV)
• SAID
• MAID
• Bonn-Gatchina
• Julich-Bonn
• ...



s-channel: truncated partial-wave analysis

• Analyticity, Unitarity, Crossing symmetry
• Look for poles on the second Riemann sheet
• Cutoff L increases as s increases



t-channel: no truncation possible

Convergent here

Not convergent here



t-channel: no truncation possible

but z=J



t-channel: no truncation possible

Using

so

Solution















Overview

• Intro
• Dispersion relations
• Low-energy amplitudes (PWA)
• High-energy amplitudes
• Applications to ᶢ,ᶙ photoproduction: 

Finite-Energy Sum Rules



Dispersion relations - FESR

Analyticity results in Finite-Energy Sum Rules.

Nucleon pole Low-energy model Regge pole

 
 

 



High energies

Regge pole model

Dominant: vector exchanges

 

 



Sensitivity to k



Matching: natural exchanges

Nucleon pole Low-energy model Regge pole

  

 

 

Factorization

 





Low energies

Low energy models
• BnGa, Julich-Bonn, ANL-Osaka, SAID, MAID,...



Formalism

• No kinematic singularities
• No kinematic zeros
• Discontinuities: 

• Unitarity cut
• Nucleon pole



High energies

Regge pole model

Dominant: vector exchanges

 

 




