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QCD in a Magnetic Background
Why it matters?

There are situations where |eB| is comparable with the energy

scales of QCD:

Heavy Ion Collisions (B ∼ 1015T ) (e.g. [1103.4239])

EW cosmological phase transition (B ∼ 1016T ) (e.g. [Grasso,
Rubinstein 2001])

Magnetars (a type of neutron stars)(B ∼ 1010T )[Duncan,
Thompson 92]

Note: |eB| = 0.06GeV 2 → B = 1015T
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Gauge invariant FS correlator
Why it matters?

Uses of the correlators

High energy phenomenology (hadron scattering)

Stochastic models of QCD (heavy quarkonium systems)

Non Perturbative quantities can be extracted from it, e.g.

the gluon condensate G2 [D'Elia, Di Giacomo, Meggiolaro 97]

the correlation length(s).

estimates of the string tension (through stochastic vacuum model)

E�ects of the B �eld can propagate to the gluon sector thanks to the
quark �elds.
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QCD in a Magnetic Background
The Magnetic Field on the lattice

How it is introduced:

Uµ(n)⇒ Uµ(n)e iaA
EM
µ (n)

B quantization on a torus (due to the
topology):

qB =
2π

a2
b

LxLy

Due to the ultraviolet cuto�, we will
have physically signi�cant results only
when

qB <<
2π

a2

[53,54]: however, that would not be completely satisfac-
tory and would also be difficult because of different scale
settings and renormalization effects. What we will do
instead is to try separating the two different effects, by
inserting alternatively the magnetic field only in the com-
putation of the quark propagator (sampling in this case
configurations without the presence of the magnetic field),
or only in the sampling measure, i.e. in the fermion deter-
minant, without affecting the quark propagator computa-
tion. We will call the first contribution ‘‘valence’’ catalysis
and the second ‘‘dynamical’’ catalysis: both of them will
be compared with the full increase of the chiral condensate,
obtained when the magnetic field is inserted directly both
in the fermion determinant and in the computation of the
quark propagator. As we will show, the purely dynamical
contribution corresponds to a considerable part of the total
increase in the quark condensate.

The paper is organized as follows. In Sec. II we give
some details about our lattice discretization of QCD in
presence of a magnetic field and about our numerical setup.
In Sec. III we present our numerical results and finally, in
Sec. IV, we give our conclusions.

II. NUMERICAL SETUP

The discretization of Nf ¼ 2 QCD in presence of a
magnetic background field adopted in the present work is
similar to that reported in Ref. [42]. In particular, partition
function of the (rooted) staggered fermion discretized ver-
sion of the theory in presence of a nontrivial electromag-
netic background field and with different electric charges
for the two flavors, qu ¼ 2jej=3 and qd ¼ "jej=3 (jej
being the elementary charge), is written as

ZðT; BÞ %
Z

DUe"SG detM1=4½B; qu' detM1=4½B; qd'

(1)

Mi;j½B; q' ¼ am!i;j þ
1

2

X4

"¼1

#i;"ðuðB; qÞi;"Ui;"!i;j""̂

" u)ðB; qÞi""̂;"U
y
i""̂;"!i;jþ"̂Þ: (2)

DU is the functional integration over the non-Abelian
gauge link variables Un;$, SG is the discretized pure gauge
action (we consider a standard Wilson action); uðB; qÞi;"
are instead the Abelian gauge links corresponding to the
background e.m. field. The subscripts i and j refer to lattice
sites, "̂ is a unit vector on the lattice and #i;" are the
staggered phases. Periodic (antiperiodic) boundary condi-
tions (b.c.) must be taken, in the finite temperature theory,
for gauge (fermion) fields along the Euclidean time direc-
tion, while spatial periodic b.c. are chosen for all fields.

We shall consider a constant and uniform magnetic field
~B ¼ Bẑ. The presence of periodic b.c. in the x and y
directions imposes a constraint on the admissible values

of B, which get quantized, as illustrated in the following
subsection. Symmetry under charge conjugation imposes
that ZðT; BÞ as well as other charge even observables,
including the chiral condensate, be even functions of B.

A. Magnetic field on a torus

In presence of periodic b.c., the magnetic field in the
z direction goes through the surface of a torus in the x" y
directions, whose total extent is lxly. The circulation of A$

along any closed path, lying in the x" y plane and enclos-
ing an arbitrary region of area A (see e.g. Fig. 1), is
proportional, by Stokes’ theorem, to the flux of B through
the enclosed surface

I
A$dx$ ¼ AB (3)

On the other hand, since we are on a torus, it is ambiguous
to state which is the enclosed surface: the complementary
region of area lxly " A can be chosen as well, therefore one
can equally state

I
A$dx$ ¼ ðA" lxlyÞB: (4)

At the level of the gauge field the ambiguity is resolved by
admitting discontinuities in A$ somewhere on the torus, or
alternatively by covering the torus with various patches
where different gauge choices are taken. In any case, one
has to guarantee that the ambiguity is not visible by
charged particles moving on the torus, and this is true
only if the phase factor taken by the charged particle
moving along the closed path is defined unambiguously

expðiqBAÞ ¼ expðiqBðA" lxlyÞÞ; (5)

i.e. if

qB ¼ 2%b=lxly (6)

FIG. 1 (color online). Surface with periodic b.c. orthogonal to
the direction of the magnetic field. The phase factor taken by a
particle moving around the plotted contour must be defined
unambiguously and this leads to magnetic flux quantization.

MASSIMO D’ELIA AND FRANCESCO NEGRO PHYSICAL REVIEW D 83, 114028 (2011)
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The Gauge-invariant FS correlator
Description and Fundamental Properties

∆µ1ν1,µ2ν2(z1 − z2) =
1

Nc

〈Tr Fµ1ν1(z1)Φ(z1, z2)Fµ2ν2(z2)Φ(z2, z1)〉

Φ(z1, z2) parallel transport operator along a straight path from z1 to z2.

Translationally invariant

Gauge invariant

It is a tensor

Inherits index symmetries from Fµν = i [Dµ,Dν ]
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On the lattice:

∆̂µ1ν1,µ2ν2 = Re〈Tr
[
Ωµ1ν1(n + ρ̂d)S(n + ρ̂d , n)Ωµ2ν2(n)S†(n + ρ̂d , n)

]
〉

where Ωµν(n) is the traceless antihermitean part of the parallel transport
around the plaquette n.

µ

ν

ρ S†

S

Figure : Depiction of a perpendicular correlator on the lattice
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The Gauge-invariant FS correlator
B = 0 parametrization

Symmetries of ∆ entail this is the most general form:

∆µ1ν1,µ2ν2(z) = (δµ1µ2δν1ν2 − δµ1ν2δµ2ν1)D(z) +

1

2

(
∂

∂zµ1
(zµ2δν1ν2 − zν2δν1µ2) +

∂

∂zν1
(zν2δµ1µ2 − zµ2δµ1ν2)

)
D1(z)

Scalar function parametrization on the lattice, suitable for �medium
range�:

D(z) =
a0

z4
+ A0 exp

(
− z

λA

)
D1(z) =

a1

z4
+ A1 exp

(
− z

λA

)
D and D1 have a perturbative and nonperturbative part.
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The Gauge Invariant FS correlator
Zero B parametrization

On the lattice we are interested only in ∆µν,µν .
Thus we have 24 nonzero correlation functions, which can be grouped
into 2 equivalence classes:

D‖(z); if ρ = µ or ρ = ν;

D⊥(z); if ρ 6= µ and ρ 6= ν;
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The Gauge Invariant FS correlator
Bz 6= 0 Parametrization

F em
µν 6= 0⇒ a lot of possible new terms!

Euclidean SO(4) symmetry is explicitly broken to SO(2)⊗ SO(2).
On the lattice, we have the equivalences x ∼ y , z ∼ t

New equivalence classes of interest:
Class Elements (µν, ρ) �Parent� Link dir ρ
Axy (d) (12,1) , (12,2) ‖ (12)
Azt(d) (12,3) , (12,4) ⊥ (34)
Bxy (d) (13,1) , (14,1) , (23,2) , (24,2) ‖ (12)
Bzt(d) (13,3) , (14,4) , (23,3) , (24,4) ‖ (34)
Cxy (d) (13,2) , (14,2) , (23,1) , (24,1) ⊥ (12)
Czt(d) (13,4) , (14,3) , (23,4) , (24,3) ⊥ (34)
Dxy (d) (34,1) , (34,2) ⊥ (12)
Dzt(d) (34,3) , (34,4) ‖ (34)
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The Gauge Invariant FS correlator
B 6= 0 Parametrization

We choose to parametrize each class independently, in a form similar to
the traditional one. One possible choice is

D(class)(z) =
a

(class)
0

z4
+ A

(class)
0

exp

(
− z

λ
(class)
A

)

Note: There are some constraints on the parameters
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G2

The Gluon Condensate is used in the SVZ sum rules
[Shifman,Vainshtein,Zakharov 1979]

G2 =
1

4π2
〈F a
µνF

a µν〉

On the lattice, it is linked to the correlator through an OPE:

1

2π2

∑
µ<ν

∆µν,µν(z) ∼
z→0

C1(z)〈1〉+Cg (z)G2 +

Nf∑
f =1

Cf (z)mf 〈: q̄f qf :〉+ . . .

Its empiric value is 0.024± 0.011GeV 4[Narison, 96]
For small quark masses

dG2

dmf

= −24

b
〈q̄f qf 〉

〈q̄
f
q
f
〉 ' −0.01GeV 3 , b = 11− 2

3
N
f
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Cooling

Cooling was used as the noise reduction technique.

A step of the cooling algorithm consists in substituting each gauge
link with one that reduces the local action contribution.

For SU(2)

U ′
µ(n) =

1

D

∑
ν 6=µ

U†
ν(n + µ̂)Uµ(n + ν̂)Uν(n)

is the one that locally minimizes the action.
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Cooling
E�ect of cooling on the correlators

We can't measure very short dis-
tance correlators reliably

cmax ∝ d2

We take the real value of the cor-
relation function at the maximum

Systematic error (in addition the
the statistical one)

δsys = D(cmax)− 1

2
(D(cmax + 1) + D(cmax − 1))

M.Mesiti Gluon FS correlators in a Magnetic Background



Simulation Details

Lattice 244, lattice spacing a = 0.125fm, mπ = 480MeV

Nf = 2 rooted staggered

Values of eB ranging from 0 to 1.5GeV 2

Jobs ran on the GPU farm of the INFN - Sezione di Genova
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Correlators, Parallel classes
eB = 1.47GeV 2
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Correlators, Perpendicular classes
eB = 1.47GeV 2
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Fit strategy

We tried a number of di�erent parametrizations

We decreased the number of independent parameters

Based on evidence, we assumed the perturbative part was
independent of B and independent on the class
We let all correlation lengths free
We let the NP parameters free
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G2
Increment of the Gluon Condensate: gluon catalysis.
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Contributions to G2 from di�erent plaquettes
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λs
E�ects on the correlation lengths

0 .0 0 .5 1 .0 1 .5 2 .0

eB[GeV2 ]

0 .6 0

0 .6 5

0 .7 0

0 .7 5

0 .8 0

0 .8 5

µ
[G
eV

]

µA
xy

µA
zt

µBC
xy

µBC
zt

µD
xy

µD
zt

M.Mesiti Gluon FS correlators in a Magnetic Background



Conclusions

We evidenced e�ects of B on the gluon �elds

Signi�cant increase in the gluon condensate

Diverse e�ects on the correlation length(s)

Possible developments

Measurement at the physical point

Study of the B 6= 0 and T 6= 0 case
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Conclusions

Thanks for your attention!
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Dependence on B of the perturbative parameters
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