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Outline

m Asymptotically AdS black holes with scalar hair play a central role in applications
of the AdS/CFT correspondence, especially to condensed matter physics.

m There has been a number of papers in the last year or two claiming that in order to
satisfy the first law for certain hairy black holes one needs to introduce ‘scalar
charges’ in the first law.

m Using the AdS/CFT dictionary as a guiding principle to formulate the variational
problem for asymptotically AdS black holes with mixed boundary conditions on the
scalars we demonstrate that this is not correct and the first law holds in its
standard form once the conserved charges are properly defined.

m Although AdS/CFT language is used to study the problem, it is crucial to
emphasize that there is no inherent assumption or requirement for a holographic
duality — it is simply a matter of formulating a well posed variational problem in
asymptotically locally AdS spacetimes.
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Multi-trace deformations in the large-V limit
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Multi-trace deformations in the large-N limit
m Consider a local, gauge-invariant, scalar single-trace operator O(x), transforming
in some representation of the relevant rank N (gauge/global symmetry) group.

m Let us deform the theory by a generic multi-trace operator built out of O(xz):
S — S+/dda:f((9)

where
f(O) = 202 4+ -+ + ¢, OF
is a polynomial in O.
m If we insist that this is a relevant or marginal deformation of the theory, then
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Normalization

m Let us normalize O such that (0) = O(N?) as N — oo and assume for
concreteness that O transforms in the adjoint representation so that S ~ N2

m Generating function:

W] /‘[dd)]efsmf]vzfddzJ(z)mz) — o—NZuwlJ]

with

_ _owlJ]
o(x) =(0)y = o O(NO)

m Effective action:

Tl /[dJ]e—N2w[J]+N2fdd;cJ(ac)a(ac) — o—N2T[o]

with -
G

oo O(N?)

J(z) =
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= | now want to ask how do w[.J] and T'[¢] transform under the multi-trace
deformation

S[¢] — Syle] = S[¢] + N2 / dzf(O)

m The answer in general depends on the details of the theory and the deformation,
but large-N factorization leads to a universal result in the large-N limit...

|. Papadimitriou AdS black hole thermodynamics with scalar hair 6/33



o~ N2wplig] /[d¢]e—3[¢1—w2 [ dde(I;0+£(0))
_ /[d¢]e—5[¢1—N2 [ d8e(JO+£(0)~f'(5)0)

N2 —N2w[J] ,~N? [d%a(f(0)~af (o))

J = Jf +f/(0')
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e—sz‘f[a] ) /[de]e—Nzwf[Jf]+N2fdd:chU
NZee /[dJ]e—Nmee—W Jd%a(f(e)=af'(0)) N? [ dla(T—f(o))o

e—sz[a]sz [dlaf(o)

[dJs] = [dJ]
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undeformed deformed

J Jp=J— (o)

- o=
wl) | wilIg) = wld) + [ d% (£(0) = o f ()], _ s
Flo] I'slo) = Tlo] + [ d%f (o)
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Stress tensor

m Let us now put the theory on a general background metric g(q); so that

wildf) = wl) + [ dlay[~g) (1(0) = af'(@))
= w[Jyf] +/d x\/=9(0)f(0)

m |t follows that the stress tensor
2 ow

V' =9(0) 99(0)ij

(1) = -

transforms as

(T[T, g0y] = (T9) ¢ 15,9000 = (T9) 5, 9(0)] = £(0)g(0)
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The AdS Dirichlet problem & holographic renormalization
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The Dirichlet problem for AdS gravity

m Consider first the Dirichlet boundary value problem for asymptotically locally AdS
solutions of the action

1 1 1
5= L /dd“x\ﬁ—g R— 22(0)Fu P — 2(0p)% - V(<p))
2k2 4 2
dd—1) 1 5 4
V(@):—T‘Fim@ +ee

m Adding the Gibbons-Hawking term and the boundary counterterms, a generic
variation of the total action takes the form

3(S+ Sgu + Set) = / Atz (coms)bip

+ /dd%/—gm) (R Y0900y + R (@' 0A0yi + Fiay)d0- )

where T(q)"/, T (a)’, T(a ) are the renormalized radial momenta.
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m Note that the counterterms are essential for the variational problem on the
conformal boundary to be well posed [I.P, Skenderis '05]

= On a conformal boundary the bulk fields only induce a conformal class of
boundary fields,
[900), A0y, -]

with

(=) —(d—AJr)ff(l)@_)

(9(0)5 A0y, ) ~ (€2 P g0y, Aoy €

and so the Dirichlet problem only makes sense in terms of conformal classes —
not representatives! This is a sharp difference with the Dirichlet problem on a finite
cut-off for which the Gibbons-Hawking term suffices.

m In the absence of a conformal anomaly

/ddz\/ 90 (R 769(0)is + F(a A 0yi + T (a0 )

is a class function. Rendering this boundary term a class function is the most
fundamental property of the boundary counterterms. Finiteness of the on-shell
action follows as a consequence.
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A comment on scheme dependence

m The local boundary counterterms are unambiguous except for the possibility of
adding finite local boundary terms, which is interpreted as the renormalization
scheme dependence in the dual theory.

m However, defining the counterterms through the variational problem imposes a
severe constraint on the admissible finite local boundary terms that is not visible
through the mere requirement of canceling the UV divergences:

Any finite local counterterms must be class functions, i.e. conformal invariants.

= Might have implications for supersymmetric scheme on curved boundaries [Assel,
Cassani, Di Pietro, Komargodski, Lorenzen, Martelli *15]
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Ward identities

m The AdS/CFT dictionary identifies the renormalized radial canonical momenta
Ty T(a)'s %(A+) with the one-point functions of the dual operators, namely

(T9) =27y (T =-F@)' (Oa,)=-Fa,)

m Using the transformation of the sources under Penrose-Brown-Henneaux bulk
diffeomorphisms one finds that these one-point functions satisfy the Ward
identities

2D ()i ()5 + F(@) Fo)is = Fa)dip- =0
DoyiF@)' =0
27 (ayi — (d— AT (a ) p— = Alg(0)s A(0), -]

where A[g(oy, Aoy, ¢-] is the trace anomaly.
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Conserved charges

m These Ward identities imply that the quantities

Ql¢] = / (2R + 7 ()" Aw0)s) & = / (T} = (T Ay4) &
AMNC AMNC
are independent of the boundary Cauchy surface C' iff [I.P., Skedneris '05]:

&' is a boundary conformal Killing vector, i.e.

2 d—Ay )
Legeoyij = E(D(O)kfk)g(o)ij Lep = — p] (D(o)kﬁk)so—7 LeAyi =0

and the trace anomaly is numerically zero, or
¢% is a boundary Killing vector, i.e.
Legoyis =0 Lep— =0, LegAw)i =0
and the trace anomaly is numerically non-zero.

m These charges agree with the Wald Hamiltonians and the Ashtekar-Magnon-Das
mass, in a particular choice of scheme [I.P,, Skenderis '05].
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Smarr formula and the first law

m These conserved charges satisfy the Smarr formula
I=8G(T,Q;,®)=B(M—TS —Q;J; — Q)
and the first law
OM =T6S 4+ Q;0J; + P6Q

for any asymptotically locally AdS black hole with Dirichlet boundary conditions on
all fields [I.P., Skenderis '05].

m The only scheme-dependent observables are the free energy I and the mass M,
but the scheme dependence cancels in the Smarr formula. The scheme
dependence does not affect the first law since the local finite counterterms are
class functions.

m In the presence of a conformal anomaly
0ol = B M = /ddx —9(0)Ado

and so the variations in the first law must ensure that the conformal representative
is held fixed (important e.g. for the Kerr-AdS;5 black hole)
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Neumann or mixed scalar boundary conditions
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Neumann and mixed boundary conditions

m Let us parameterize the general asymptotic form of scalar field ¢ in asymptotically
locally AdS,., as (except when BF bound is saturated)

=@ (x)e 2"+t op()e M+
where
A4+ AL =d, m*P=-A_AL

m For scalars with mass squared in the window

d\? ) d\?
— | = <m < —|= +1
( 2 ) - - ( 2 )
both modes ¢_ and ¢ are normalizable [Breitenlohner, Freedman '82;

Balasubramanian, Kraus, Lawrence '98; Klebanov, Witten '99] and so any desirable
combination of these modes can be held fixed in the variational problem.

m Note that these bounds on the mass squared are equivalent to

g—1<A_<
5 S =

N |

i.e. A_ must satisfy the unitarity bound.
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Additional boundary terms

= In order to modify the boundary conditions we start with the renormalized action
corresponding to Dirichlet boundary conditions

S+ ScH + Sct
and we add an extra finite boundary term

Syle—,7ay)
such that

8§(S+Sgu + Set +Sy) ~ /ddm —9(0)Ble—,T(a,))0J]

where
Jp—,T(aL))

is any function of the scalar modes that we decide to keep fixed in the variational
problem.
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m For Dirichlet, Neumann and Mixed boundary conditions the additional boundary
term S ; respectively takes the form:

Jp—7(a,)) Syle—7(a ]
Jy = Sy =0
J- =Ry S- == [d'z/=g0)p-F(ay)

Jp =Ry~ Ieo) | S =5~ [di2 /g0, (f(e-) — - '(p-))

= Note that it is the renormalized canonical momentum
Tan) ~ (Ap = Aoy +c(p-)

that enters these boundary terms — not ¢ .
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Holographic dictionary

Dirichlet Neumann Mixed
J Jy = J- ="y I =7y — =)
o —T(ay) o -
Wi[J] —SplJ+] —Sn[J-] —SmlJs_]
Dlo] | =SNn[Fap)] —Splp-] —Sple-1+ [dz\/=g(0)f(¢-)
(1%7) 27 () 2y —p-J-g@)" | 2F@)" — (f(@—) + w—Jf,) 90"
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m Comparing these quantities with the large-N transformation of the generating
functional, effective action and stress tensor under a multi-trace transformation
one concludes that:

Imposing Mixed boundary conditions corresponds to deforming the
theory with Neumann boundary conditions with the multi-trace
deformation f(p—) [Witten '01].

m Recall that the condition for such a deformation to be relevant or marginal is

é—1<A<é
2 - T2

which is only possible in the A_ quantization. Moreover, this condition on A _
coincides with the restriction on the scalar mass in order for the A_ quantization
to be admissible.
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Ward identities in the deformed theory

m Using the Ward identities of the Dirichlet problem and the above transformations
leads to the following Ward identities for the deformed theory:

D 0)i(T}) = (T")F (0yij + (Oa_)05Js_ =0
Dyi{T*) =0
. A ,
(T8 + (@~ A-)(Oa )y = Alogoy Awyro-] = @ (£e-) = o= (o))

m The first two Ward identities are identical in form to the Dirichlet ones, except that
the sources and one-point functions have been transformed.

m Moreover, writing

Flo) =D Juet
k
the trace Ward identity becomes

(TH 4+ (d—A)Jp_(Oa_)+ > (d— Ap)Jk(OK ) = Alg(o)» Aoy -]
%

where A, = kA_.
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Trace anomaly

m The trace anomaly A[g o), 4(0), »—] is the same trace anomaly that appears in
the Dirichlet problem. However, while in the Dirichlet problem ¢ _ is the source, in
the Neumann and mixed problem it is the one-point function! So if the anomaly
depends on ¢_, then there is an apparent problem.

m However, the fact that the scaling dimension A_ must satisfy the unitarity bound
for Neumann or mixed boundary conditions to be admissible, together with the fact
that the anomaly is a conformal invariant implies that the only way that ¢ can
enter in the anomaly is

d

MR[Q@)]&) + B2

Ascatar = @ (8i90—8i50— + 4(d—1)

where aw = O unless A_ = (d —2)/2 and 8 = 0 unless d/A_ is a positive integer.

m The correct prescription to obtain the generating functional and correlation
functions of the operator O _ is to use dimensional regularization, compute the
final result, and only in the end set the dimension to one of the critical dimensions
for which such anomalies can potentially occur [Klebanov, Witten '99]. Since there
can only be scalar contributions to the anomaly at discrete values of the dimension
it follows that the conformal anomaly does not contain scalar contributions.
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Conserved charges

m The Ward identities of the deformed theory suggest that conserved charges are
now given by

A= [ (T TV €
aMNC
in terms of the stress tensor in the deformed theory.
m Indeed, these charges are conserved provided:

¢' is a boundary conformal Killing vector of the deformed sources, i.e.

d—A_ .
——(Dyk€" ), LeA@yi =0

2 .
Legoyij = E(Dw)k&k)g(om‘ Ledp =——0

d/A_

the trace anomaly is numerically zero, and f(¢—) = ¢ ,or

¢% is a boundary Killing vector of the deformed sources, i.e.
L{g(o)q‘,j =0 ﬁng_ = 07 ﬁgA(o)i =0

and either the trace anomaly is numerically non-zero or f(¢_) is not marginal, or both.

|. Papadimitriou AdS black hole thermodynamics with scalar hair 26/33



Smarr formula and the first law

m These conserved charges again satisfy the Smarr formula
I=8G(T,Q;,®)=B(M—TS —Q;J; — Q)

and the first law
OM =T6S + Q;0J; + POQ

for any asymptotically locally AdS black hole with Dirichlet/Neumann/Mixed
boundary conditions [I.P., Skenderis '15].

m All charges must be computed with the stress tensor of the deformed theory.

m The variations in the first law must keep fixed the multi-trace couplings in f(¢—),
in addition to the single trace sources.

m AMD mass does not give the correct result for mixed boundary conditions!

m Wald Hamiltonians give the correct result provided the variations respect the
boundary conditions.
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An example
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An example

m A black hole that was recently presented as an example for the necessity of scalar
charges can be found in 3 dimensions (d = 2) for the scalar potential [Wen ’15]

V(p) = g*(cosh )™ (utanh® ¢ — 2) = —g? (2 + g«ﬂ + 313s04 + 0(505))

where g = 1/, ¢y = ¢/(24/2p), and
—1<m??=-3/4<0, A_=1/2, A =23/2

m The black hole solution takes the form

1
©(r) = 2v/2pArctanh <m> ,

dr?

e 2d92
P21+ g/

ds? = —g%r2dt? +

where ¢ is the only parameter of the solution.
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m The boundary counterterms are

e

m This leads to the renormalized metric momentum

_ 1
T(2)ij = Py 6#(3H )‘12771'1'

m Moreover, in Fefferman-Graham coordinates

—gr/2 | Bp—1)

8(2#q)3/2e—3g7/2 + 0(6—5977/2)
481

¢ =2/2pqe

and so

~ g 9 Bp-1)
T(ay) = ﬁ(AJr —A )t = f(p-) = ﬁwsﬁﬂi =

g Bu-1) 4 g 1
[ A e Y VP |
Flo-) =55 o2 ¥= 2.2 3u(u )
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m The stress tensor vanishes identically:

(TY) = 27y — gn™ f(p-)

Ly 20 91 2 is
=2x —Zu(Bu—1)g*n7 — = ZuBu—1)¢?n7 =0
QKQGM(# ) 2KQ?’M(/A Ja n

and so
M =0

m This agrees with the Wald mass and is consistent with the first law
oM =T6S

since the entropy vanishes identically too.
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Concluding remarks
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Concluding remarks

m The AdS/CFT dictionary provides a clear prescription for formulating the
variational problem for asymptotically AdS black holes with scalar fields satisfying
mixed boundary conditions.

m This leads to conserved charges that are compatible with the first law in its
standard form.

= No scalar charges!
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