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Phenomenological Motivation

QCD is a strongly interacting theory.
In the IR regime the coupling constant is large, hence it displays many
non-perturbative properties (confinement, chiral simmetry breaking, . . . ).

ElectroWeak corrections are often small if compared to the Strong int.
But: what happens if we consider the presence of an external magnetic
field, eB, large enough to be comparable with the scale ΛQCD?

Astrophysics - in a class of neutron stars, called magnetars: eB ∼ 1010 T
[Duncan and Thompson, ’92]

Cosmology - during the ElectroWeak phase transition: eB ∼ 1016 T
[Vachaspati, ’91]

Heavy ion collisions - at LHC in
non-central HIC: eB ∼ 1015 T ∼ 15m2

π

[Skokov, Illarionov and Toneev, ’09]

1 GeV2 ∼ 5 · 1015 T
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The static QQ-Potential
VQQ is a non-perturbative

feature of QCD.
A property of gauge fields only.

Coulomb term + linear term
→ Cornell Potential

VQQ(~r) = C + σ|~r |+ α
|~r |

σ ≡ String Tension
α ≡ Coulomb Parameter

- It gives a description of the phenomenon of confinement
- Spectrum for heavy mesons: e.g. charmonia and bottomonia

→ NR bound states of heavy quarks (cc ,bb)

POSSIBLE DEPENDENCE ON eB?
PRESENCE OF ANISOTROPIES?
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The Lattice QCD approach

NP properties of QCD? =⇒ Lattice QCD

Lattice QCD in 3 steps:

1− Feynman path integral
formulation of the Euclidean theory

2− We regularize the integral by
introducing a finite lattice:
UV cut-off → a IR cut-off → V

3− We get a well defined
multidimensional integral
→ Monte Carlo approach

(n’)
U (n)µ

n n+µ ψ

〈Ô〉 =
∫
DUO[U]e−SE [U]∫

DUe−SE [U] , where Uµ(x) = exp(igsaAµ(x)).

Integration variables −→ the links (elementary parallel transporters);
3× 3 matrices belonging to the Gauge Group SU(3).
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Lattice QCD & Magnetic fields

The degrees of freedom for QED are abelian phases uµ(n).
They enter the fermionic action:

SE = SSU(3)
YM + SFerm, where

SFerm =
∑

n

[
amχ(n)χ(n) +

1
2

∑
µ

ηµ(n) (χ(n)Uµ(n)uµ(n)χ(n + µ̂)+

−χ(n)U†
µ(n − µ̂)u†

µ(n − µ̂)χ(n − µ̂)
)]
.

We fix them in order to produce the desired magnetic field.
We will consider uniform magnetic field along the Z direction.

The magnetic field can influence the gluon field through quark loops.

HOW MUCH?
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Chiral Condensate at non-zero (eB)

Deviation: dependence of the chiral condensate 〈ψψ〉 on the field (eB).
[D’Elia and N, ’11]

[〈ψ
ψ
〉(

eB
)
−
〈ψ
ψ
〉(
0)

]/
〈ψ
ψ
〉(
0)

We disentangled the contribution due to the modification
of the gluon fields: 40% of the total signal.
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The QQ potential from Lattice QCD
It is possible to extract the static inter-
quark potential by computing the Wilson
Loop observables

W(~R,T)

They are rectangular R × T loops built up
of link variables Uµ(n).

aVQQ(a~n) = lim
nt→∞

log
(

W(a~n,ant)
W(a~n,a(nt+1))

)
They correspond to the following process:
- creation of a quark-antiquark pair at distance ~R
- imaginary time propagation for an interval of time T
- annihilation of the pair.

〈W(~R,T)〉 ' C exp
(
−TVQQ(~R)

)
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The QQ potential at eB 6= 0

Rotation simmetry is broken by the magnetic field e~B = eBẐ .
We cannot average over Wilson Loops with different spatial orientations!
We get different results for parallel Z and perpendicular X −Y directions.

Simulation Details:

QCD with
Nf = 2 + 1

Physical Quark
masses

State of art
discretizations

For this plot:
a = 0.1249 fm

Volume → 404

eB = 0.7 GeV2
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String Tension and Coulomb Parameter
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Possible Phenomenology

Modification of the heavy meson spectrum [Alford and Strickland, ’13]

NR treatment of the heavy quark-antiquark pair in the presence of eB.
Hamiltonian with the eB ≡ 0 Cornell Potential & spin-spin interaction

At eB ' 0.3 GeV2:
ηc , J/Ψ ∆m/m ∼ 10%
ηb, Υ ∆m/m ∼ 1%

Mixings of the singlet and
triplet states.

Computed with an isotropic potential −→ Further effect due to the
anisotropy at eB 6= 0.

Work in progress with A. Rucci

Possible effect in Heavy Ion Collisions
An influence on cross-sections and decay rates has been pointed out.

[Strickland, Nohorona et al. ’13]

In Heavy Ion Collisions the dynamic which determines the final particle
multiplicity is very complicated.
Even small corrections may have large effects on the final multiplicities.
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Conclusions and Perspectives

Conclusions:

Determiantion of VQQ at non-zero eB.

Gauge fields gets modified by eB −→ anisotropy

Determination of σ and α

Possible phenomenological relevance

Open questions:

Complete angular dependence of VQQ : still missing.

Vanishing string tension along Z for large enough eB?

What happens at finite temperature T? Influence on HIC?

Need for a direct lattice computation of the spectrum!

Francesco Negro Anisotropy in the QQ-potential in a magnetic field



Thank you!
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Backup - XYZ average

We cannot average over Wilson Loops with different spatial orientations!
But: what happens if we try to do it?

The dependence on eB apparently disappears!
That is why previous studies on this subject didn’t reported any
significant dependence of the potential on the magnetic field.
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Backup - Timescales in HIC

- Formation time of the plasma → τf ∼ 0.2 fm

- Temperature [Zhao and Rapp, ’11]
Assumption for the deconfinement temperature: Tc ' 170 MeV

5

T RHIC at 200 GeV LHC at 2.76 TeV

T > 2Tc - τf < τ < 1 fm/c
Tc < T < 2Tc τf < τ < 3 fm/c 1 fm/c < τ < 6 fm/c

T = Tc 3 fm/c < τ < 5 fm/c 6 fm/c < τ < 9 fm/c

Table 1.1: Evolution of the estimated temperature in typical heavy ion collisions at RHIC
and at LHC from [8]. Here, the transition temperature was assumed to be Tc ∼ 170 MeV.1.3 Structure and overview

Figure 1.3: A possible depiction of the phase diagram of QCD in the space of the state parameters:

the temperature T and the baryon density (which equals three times the quark density). Phases are

separated by a crossover transition at zero chemical potential. At larger values of ρ a first-order phase

transition may take place, which is indicated by the yellow band. The crossover and first-order lines

must then be separated by a critical endpoint. Regions at large densities and small temperatures are

thought to describe the interior of dense neutron stars. At even higher densities exotic phases like a

color superconductor are expected. Figure taken from [7].

phase and the QGP and thus also plays a very important role in high energy particle physics.

Moreover, recent results from RHIC imply that the high temperature quark-gluon plasma

exhibits collective flow phenomena. It is also conjectured that the description of hot matter

under these extreme circumstances can be given by relativistic hydrodynamic models. In turn,

these models depend rather strongly on the relationship between thermodynamic observables,

summarized by the equation of state. The EoS can be calculated using perturbative methods,

but unfortunately, such expansions usually converge only at temperatures much higher than

the transition temperature. Therefore the lattice approach (as a non-perturbative method) is

a suitable candidate to study the EoS in the transition region T ∼ Tc.

1.3 Structure and overview

In this thesis I concentrate on the low µ, high T region of the phase diagram, which – according

to the above remarks – is interesting for both the context of the evolution of the early Universe

and heavy ion collisions.

The thesis is structured as follows. First I present a brief introduction to the theoretical

study of the QGP. This includes the definition of the underlying theory, QCD, and the method

5

Figure 1.1: Possible phase diagram in the temperature and baryon number density plane
from [9]. The confined (white) and deconfined (orange) phases are separated at zero
baryon number density (i.e. at zero baryon chemical potential) by a smooth crossover
transition. At larger values of density a first order phase transition may take place, which
is indicated by the yellow band. The crossover and first-order lines must then be separated
by a second order critical endpoint. The region at large density and small temperature
should correspond to the typical conditions of the interior of dense neutron stars. At even
higher density exotic phases may take place, like a color superconductor phase.

quark densities we expect from asymptotic freedom that the coupling between the quarks
should decrease. This means that the pseudo critical temperature that separates the con-
fined and the QGP phases should decrease as a function of µB. Moreover the crossover that
is expected by Lattice QCD simulations at µB = 0 may become a true phase transition at
µB �= 0. Unfortunately it is not possible to study numerically the whole phase diagram,
but only to obtain informations about the small chemical potential region. Indeed at finite
µB the so called sign problem arises, which makes the action complex valued, hindering
the numerical simulations. These numerical studies are trying to go in the direction of
determining the transition line curvature and the behaviour of the transition for small µB,
by exploiting different approaches such as analytic continuation from imaginary chemical
potential or Taylor expansion. The expected phase diagram is shown in Fig. 1.1.

Recently, it was observed that during non-central collisions, in the region of space where

- Magnetic Field

Estimate of eB time evolution @
RHIC for Au − Au collisions for two
values of

√
sNN .

As the collision energy increases the
magnetic field increases, but it gets
more shrinked in time.

[Skokov, Illarionov and Toneev, ’09]

December 16, 2009 17:1 WSPC/139-IJMPA 04757

5928 V. V. Skokov, A. Yu. Illarionov & V. D. Toneev

0 2 4 6 8 10
t, fm/c

0

0.05

0.1

0.15

0.2

eB
y
/m

2

1 ev.
100 ev.

E
lab

 = 60A GeV
b = 4 fm

0 0.1 0.2 0.3 0.4 0.5
t, fm/c

0

0.5

1

1.5

2

2.5

3

eB
y
/m

2

1 ev.
100 ev.

s
NN

1/2
 = 200 GeV

b = 4 fm

Fig. 2. The time evolution of the magnetic field strength eBy at the central point O (see Fig. 1)
in Au–Au collisions with impact parameter b = 4 fm in the UrQMD model, in one event (“1 ev”)
and averaged over 100 events (“100 ev”). The symbols are plotted every ∆t = 0.2 fm/c for
Elab = 60A GeV and ∆t = 0.01 fm/c for

√
sNN = 200 GeV.
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Fig. 3. The time evolution of the magnetic field strength eBy at the central point O (see Fig. 1) in
Au–Au collisions with impact parameter, b = 4 fm, in the UrQMD model, for different bombarding
energies. The symbols are plotted every ∆t = 0.2 fm/c for Elab = 60A GeV and ∆t = 0.01 fm/c for√

sNN = 200 GeV. The magnetic field obtained by modeling the gold ions as two Lorenz contracted
noninteracting uniformly charged spheres with radius R = 7 fm are shown by dashed lines.

velocity. On the other hand, for very high ultrarelativistic energies of a collision

the contribution to the magnetic field is feasible only for particles close to the

transverse plane (Rn − Rnvn) ∼ 0. The contribution from particles away from the

transverse plane is suppressed by the factor (1 − v2). From the expression (1) it

also follows that the characteristic magnetic field dependence on nuclei charge is

given by eB ∼ Z/R2, where R is the characteristic length scale proportional to the

nuclei radius. For stable nuclei we have R ∼ A1/3 ∼ Z1/3 and thus eB ∼ Z1/3,

demonstrating a weak field dependence on the nuclei charge (see similar estimate

in Ref. 17).

In Figs. 2 and 3, the time evolution of the magnetic field strength for SPS

and RHIC energies is shown. The magnetic field is created in the noncentral Au–

Au collision with the impact parameter b = 4 fm. The resulting field strength is
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