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Two-dimensional Conformal Field Theory started with 
studies of phase transitions, grew into a framework for 
classical solutions of string theory and now plays a central 
role in physics and mathematics:  Topological insulators, 
AdS/CFT, Moonshine.
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There is a hidden symmetry relating characters of 
many different RCFTs based on the mathematical 
theory of Hecke operators. 

SUMMARY I

Rational CFT has a chiral algebra      large enough to 
reduce the Hilbert space to a finite number of 
representations of     . RCFT has also been hugely 
influential.



Examples:
The Yang-Lee model is a non-unitary minimal model 
            (RCFT) with two independent  charactersM(5, 2)
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Affine        is a unitary rational CFT with two 
independent  characters
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Although apparently unrelated, there is a subtle relation 
between the character  coefficients:
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coefficients of q expansion of 
vacuum character of affine G2 at 
level one (c=14/5) divided by 7

coefficients of q expansion of h=1/5 character of 
Yang-Lee model c=-22/5

DATA

1/7

1/7

1/7

2/7

Discrepancy



Z(⌧) =
X

i2I ,̄i2Ī
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RCFT

Hilbert space:

Characters:

Partition 
function:

Examples: Ising model, Yang-Lee model, affine 
Lie algebras, Monster VOA, BM VOA

Representation of chiral 
algebra, e.g. Virasoro for 
minimal models
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Modular Properties
Characters are weakly holomorphic weight zero vector-
valued modular functions transforming according to
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Example
Ising Model
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Galois Symmetry
K=Field extension of       by matrix elements of          ⇢(�)Q

De Boer & Goeree plus Kronecker-Weber:

N=conductor (also of RCFT). 

Gal(Q[⇣N ]) ⇠= (Z/NZ)⇥

Group of units 
in Ring Z/NZ ⇢(S) ! G`⇢(S)
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fN,` : ⇢(T ) ! ⇢(T )`
` 2 (Z/NZ)⇥
Coste-Gannon: For each

permutation of indices
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Examples of Galois RCFT Relations
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Three character RCFT
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Yang-Lee F4

Ising
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Baby Monster

These are relations between modular representations. 
We will extend them to relations between characters.
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Modular forms can be thought of in two ways:
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Hecke Operators
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Action on 
Fourier 
coefficients:

When translated into an action on modular forms as a 
function of      or                 this leads to⌧ q = e2⇡i⌧



To generalize Hecke operators to RCFT characters:

Use Hecke operators for           (Rankin, Chap. 9)�(N)

Use modular representation properties of RCFT 
characters.

This leads to the following formula for Hecke images of 
RCFT characters for (p,N)=1:

On Fourier coefficients: �i(⌧) =
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The            are again modular forms for           but 
transform under a different representation of       

(Tp�)i �(N)
SL(2,Z)



Example: N = 60, p = 7, p̄ = 43 �7 =
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�pwhere       is the pre-image of              under the mod 

 N map                                          and 
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SL(2,Z) ! SL(2,Z/NZ) p̄p = 1 mod N

Representation 
of Hecke image ⇢(p)(S) = ⇢(�pS), ⇢(p)(T ) = ⇢(T p̄)

The change of representation under Hecke is the same 
as that under Galois for                             .

The equivalence relies on 
the identities
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fN,p(⇢(T )) = ⇢(T p)
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Applications and Examples
The example from the first DATA slide:

�Y L
0 = q�1/60G(q) = q�1/60

1X

n=0

cY L
0 (n)qn

�
Y L
1/5 = q

11/60
H(q) = q

11/60
1X

n=0

c
Y L
1/5(n)q

n

Then we have the Hecke relation �G2 = T7�
Y L

cG2
0 (n) =

(
7cY L

1/5(7n� 1) if 7 - n,
7cY L

1/5(7n� 1) + cY L
0 (n7 ) if 7|n;

cG2

2/5(n) =

(
7cY L

0 (7n+ 2) if 7 - (n� 1),

7cY L
0 (7n+ 2)� cY L

1/5(
n�1
7 ) if 7|(n� 1).
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6 
20 
50 
120 
261 
3858/7 
1091 
2108 
3917 
7118 
12587 
21854 
260072/7 
62202 
102428 
166450 
266850 
422966 
662780 
7198178/7 
1579853 
2406046 
3633082 
5443362 
8094202 
11952388 
122716344/7

coefficients of q expansion of 
vacuum character of affine G2 at 
level one (c=14/5) divided by 7

coefficients of q expansion of h=1/5 character of 
Yang-Lee model c=-22/5

DATA

1/7

1/7

1/7

2/7

Discrepancy
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Modular Linear Differential Equation

Ramanujan-Serre: Dk = d/d⌧ � 1

6
i⇡kE2

MLDEs are a useful tool for studying and classifying 
characters of RCFT (Anderson-Moore, Eguchi-Ooguri, 
Mathur, Mukhi, Sen; Kaneko-Zagier,…)

Second order: D2f � E2

6
Df � µE4

4
f = 0 D =

1

2⇡i

d

d⌧

X = {Y L,A1, A2, G2, D4, F4, E6, E7, E7 1
2
}

Yang-Lee 
model

Affine level 1 characters 
Deligne exceptional series

Characters of 
Intermediate Vertex 

Subalgebra 
(Kawasetsu) 

quasi modular weight 2 
Eisenstein series

:
<latexit sha1_base64="t4nVSfx/e1SLX2txqqwkmbZWo4w=">AAAB53icdVBNS8NAEJ3Urxq/qh69LBbBU0g8qBXEohePLRhbaEPZbDft2s0m7G6EEgrevXhQ8eqv8e7Nf+O2VfDzwcDjvRnmzYQpZ0q77ptVmJmdm18oLtpLyyura6X1jUuVZJJQnyQ8kc0QK8qZoL5mmtNmKimOQ04b4eBs7DeuqVQsERd6mNIgxj3BIkawNlL9qFMqu07F9Sr7HvpNPMedoHzyYh/fAECtU3ptdxOSxVRowrFSLc9NdZBjqRnhdGS3M0VTTAa4R1uGChxTFeSToCO0Y5QuihJpSmg0Ub9O5DhWahiHpjPGuq9+emPxL6+V6egwyJlIM00FmS6KMo50gsZXoy6TlGg+NAQTyUxWRPpYYqLNb2zzhM9L0f/E33Mqjld3y9VTmKIIW7ANu+DBAVThHGrgAwEKt3APD9aVdWc9Wk/T1oL1MbMJ32A9vwPTuo6p</latexit><latexit sha1_base64="mah7EEG38hf16ZnBfiFfFInin0Q=">AAAB53icdVBNS8NAEN3Urxq/qh69LBbBU0g8qBXEohePLRhbaEPZbCft6mYTdjdCCf0FXjyoeBV/jHcv4r9x2yr4+WDg8d4M82bClDOlXffNKkxNz8zOFefthcWl5ZXS6tq5SjJJwacJT2QzJAo4E+Brpjk0UwkkDjk0wsuTkd+4AqlYIs70IIUgJj3BIkaJNlL9oFMqu07F9Sq7Hv5NPMcdo3z0bB+mT692rVN6aXcTmsUgNOVEqZbnpjrIidSMchja7UxBSugl6UHLUEFiUEE+DjrEW0bp4iiRpoTGY/XrRE5ipQZxaDpjovvqpzcS//JamY72g5yJNNMg6GRRlHGsEzy6GneZBKr5wBBCJTNZMe0TSag2v7HNEz4vxf8Tf8epOF7dLVeP0QRFtIE20Tby0B6qolNUQz6iCNA1ukV31oV1Y91bD5PWgvUxs46+wXp8B8PVkB0=</latexit><latexit sha1_base64="mah7EEG38hf16ZnBfiFfFInin0Q=">AAAB53icdVBNS8NAEN3Urxq/qh69LBbBU0g8qBXEohePLRhbaEPZbCft6mYTdjdCCf0FXjyoeBV/jHcv4r9x2yr4+WDg8d4M82bClDOlXffNKkxNz8zOFefthcWl5ZXS6tq5SjJJwacJT2QzJAo4E+Brpjk0UwkkDjk0wsuTkd+4AqlYIs70IIUgJj3BIkaJNlL9oFMqu07F9Sq7Hv5NPMcdo3z0bB+mT692rVN6aXcTmsUgNOVEqZbnpjrIidSMchja7UxBSugl6UHLUEFiUEE+DjrEW0bp4iiRpoTGY/XrRE5ipQZxaDpjovvqpzcS//JamY72g5yJNNMg6GRRlHGsEzy6GneZBKr5wBBCJTNZMe0TSag2v7HNEz4vxf8Tf8epOF7dLVeP0QRFtIE20Tby0B6qolNUQz6iCNA1ukV31oV1Y91bD5PWgvUxs46+wXp8B8PVkB0=</latexit><latexit sha1_base64="eLzfTF6bzwf56PXRhKr58xIAUzw=">AAAB53icdVDLSgNBEOz1GeMr6tHLYBA8Lbse1HgKevGYgGsCyRJmJ73JmNnZZWZWCCFf4MWDild/yZt/4+Qh+CxoKKq66e6KMsG18bx3Z2FxaXlltbBWXN/Y3Nou7eze6DRXDAOWilQ1I6pRcImB4UZgM1NIk0hgIxpcTvzGHSrNU3lthhmGCe1JHnNGjZXq551S2XMrnl858clv4rveFGWYo9YpvbW7KcsTlIYJqnXL9zITjqgynAkcF9u5xoyyAe1hy1JJE9ThaHromBxapUviVNmShkzVrxMjmmg9TCLbmVDT1z+9ifiX18pNfBaOuMxyg5LNFsW5ICYlk69JlytkRgwtoUxxeythfaooMzabog3h81PyPwmO3Yrr171y9WKeRgH24QCOwIdTqMIV1CAABgj38AhPzq3z4Dw7L7PWBWc+swff4Lx+AGZPjNw=</latexit>

Solutions (         ) completely classified by Mathur, Mukhi, Sen` = 0



Three character theories: No classification I am aware 
of. Examples include

Two character theories:

More Examples

�F4 = T13�
Y L

<latexit sha1_base64="6sMWJTWgRsEqbaoQnPrN+rxYKPc=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRItahdCURAXLio0ttLEMJlO2qGTBzMToYT8gRt/xY0LFbeu3fk3Th+CzwMXDufcy733+AmjQprmu1aYmp6ZnSvOlxYWl5ZX9NW1SxGnHBMbxyzmLR8JwmhEbEklI62EExT6jDT9/snQb94QLmgcNeQgIW6IuhENKEZSSZ6+7eAevc5OvUoOj6ATItkTQdbIvczay+HYvDrPPb1sGlXTqu5b8DexDHOEMpig7ulvTifGaUgiiRkSom2ZiXQzxCXFjOQlJxUkQbiPuqStaIRCItxs9E8Ot5TSgUHMVUUSjtSvExkKhRiEvuocHfzTG4p/ee1UBoduRqMklSTC40VByqCM4TAc2KGcYMkGiiDMqboV4h7iCEsVYUmF8Pkp/J/Yu0bVsC4q5drxJI0i2ACbYAdY4ADUwBmoAxtgcAvuwSN40u60B+1Zexm3FrTJzDr4Bu31A74+nBY=</latexit><latexit sha1_base64="6sMWJTWgRsEqbaoQnPrN+rxYKPc=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRItahdCURAXLio0ttLEMJlO2qGTBzMToYT8gRt/xY0LFbeu3fk3Th+CzwMXDufcy733+AmjQprmu1aYmp6ZnSvOlxYWl5ZX9NW1SxGnHBMbxyzmLR8JwmhEbEklI62EExT6jDT9/snQb94QLmgcNeQgIW6IuhENKEZSSZ6+7eAevc5OvUoOj6ATItkTQdbIvczay+HYvDrPPb1sGlXTqu5b8DexDHOEMpig7ulvTifGaUgiiRkSom2ZiXQzxCXFjOQlJxUkQbiPuqStaIRCItxs9E8Ot5TSgUHMVUUSjtSvExkKhRiEvuocHfzTG4p/ee1UBoduRqMklSTC40VByqCM4TAc2KGcYMkGiiDMqboV4h7iCEsVYUmF8Pkp/J/Yu0bVsC4q5drxJI0i2ACbYAdY4ADUwBmoAxtgcAvuwSN40u60B+1Zexm3FrTJzDr4Bu31A74+nBY=</latexit><latexit sha1_base64="6sMWJTWgRsEqbaoQnPrN+rxYKPc=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRItahdCURAXLio0ttLEMJlO2qGTBzMToYT8gRt/xY0LFbeu3fk3Th+CzwMXDufcy733+AmjQprmu1aYmp6ZnSvOlxYWl5ZX9NW1SxGnHBMbxyzmLR8JwmhEbEklI62EExT6jDT9/snQb94QLmgcNeQgIW6IuhENKEZSSZ6+7eAevc5OvUoOj6ATItkTQdbIvczay+HYvDrPPb1sGlXTqu5b8DexDHOEMpig7ulvTifGaUgiiRkSom2ZiXQzxCXFjOQlJxUkQbiPuqStaIRCItxs9E8Ot5TSgUHMVUUSjtSvExkKhRiEvuocHfzTG4p/ee1UBoduRqMklSTC40VByqCM4TAc2KGcYMkGiiDMqboV4h7iCEsVYUmF8Pkp/J/Yu0bVsC4q5drxJI0i2ACbYAdY4ADUwBmoAxtgcAvuwSN40u60B+1Zexm3FrTJzDr4Bu31A74+nBY=</latexit><latexit sha1_base64="6sMWJTWgRsEqbaoQnPrN+rxYKPc=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRItahdCURAXLio0ttLEMJlO2qGTBzMToYT8gRt/xY0LFbeu3fk3Th+CzwMXDufcy733+AmjQprmu1aYmp6ZnSvOlxYWl5ZX9NW1SxGnHBMbxyzmLR8JwmhEbEklI62EExT6jDT9/snQb94QLmgcNeQgIW6IuhENKEZSSZ6+7eAevc5OvUoOj6ATItkTQdbIvczay+HYvDrPPb1sGlXTqu5b8DexDHOEMpig7ulvTifGaUgiiRkSom2ZiXQzxCXFjOQlJxUkQbiPuqStaIRCItxs9E8Ot5TSgUHMVUUSjtSvExkKhRiEvuocHfzTG4p/ee1UBoduRqMklSTC40VByqCM4TAc2KGcYMkGiiDMqboV4h7iCEsVYUmF8Pkp/J/Yu0bVsC4q5drxJI0i2ACbYAdY4ADUwBmoAxtgcAvuwSN40u60B+1Zexm3FrTJzDr4Bu31A74+nBY=</latexit>

�
E

7 1
2 = T19�

Y L
<latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit><latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit><latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit><latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit>

�E7 = T7�
A1

<latexit sha1_base64="ednqxJzJT9HekG/kdiwJYE7/nfk=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRIRaxdCVQSXFRpbaGKYTCft0MmDmYlQQv7Ajb/ixoWKW9fu/BunaQWfBy4czrmXe+/xE0aFNM13rTQzOze/UF6sLC2vrK7p6xtXIk45JjaOWcw7PhKE0YjYkkpGOgknKPQZafvDs7HfviFc0DhqyVFC3BD1IxpQjKSSPH3XwQN6nZ17tRweQydEciCCrJV7mRIm3oln5Z5eNY26adUPLfibWIZZoAqmaHr6m9OLcRqSSGKGhOhaZiLdDHFJMSN5xUkFSRAeoj7pKhqhkAg3K/7J4Y5SejCIuapIwkL9OpGhUIhR6KvO4uCf3lj8y+umMjhyMxolqSQRniwKUgZlDMfhwB7lBEs2UgRhTtWtEA8QR1iqCCsqhM9P4f/E3jfqhnV5UG2cTtMogy2wDfaABWqgAS5AE9gAg1twDx7Bk3anPWjP2suktaRNZzbBN2ivH8HKnBc=</latexit><latexit sha1_base64="ednqxJzJT9HekG/kdiwJYE7/nfk=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRIRaxdCVQSXFRpbaGKYTCft0MmDmYlQQv7Ajb/ixoWKW9fu/BunaQWfBy4czrmXe+/xE0aFNM13rTQzOze/UF6sLC2vrK7p6xtXIk45JjaOWcw7PhKE0YjYkkpGOgknKPQZafvDs7HfviFc0DhqyVFC3BD1IxpQjKSSPH3XwQN6nZ17tRweQydEciCCrJV7mRIm3oln5Z5eNY26adUPLfibWIZZoAqmaHr6m9OLcRqSSGKGhOhaZiLdDHFJMSN5xUkFSRAeoj7pKhqhkAg3K/7J4Y5SejCIuapIwkL9OpGhUIhR6KvO4uCf3lj8y+umMjhyMxolqSQRniwKUgZlDMfhwB7lBEs2UgRhTtWtEA8QR1iqCCsqhM9P4f/E3jfqhnV5UG2cTtMogy2wDfaABWqgAS5AE9gAg1twDx7Bk3anPWjP2suktaRNZzbBN2ivH8HKnBc=</latexit><latexit sha1_base64="ednqxJzJT9HekG/kdiwJYE7/nfk=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRIRaxdCVQSXFRpbaGKYTCft0MmDmYlQQv7Ajb/ixoWKW9fu/BunaQWfBy4czrmXe+/xE0aFNM13rTQzOze/UF6sLC2vrK7p6xtXIk45JjaOWcw7PhKE0YjYkkpGOgknKPQZafvDs7HfviFc0DhqyVFC3BD1IxpQjKSSPH3XwQN6nZ17tRweQydEciCCrJV7mRIm3oln5Z5eNY26adUPLfibWIZZoAqmaHr6m9OLcRqSSGKGhOhaZiLdDHFJMSN5xUkFSRAeoj7pKhqhkAg3K/7J4Y5SejCIuapIwkL9OpGhUIhR6KvO4uCf3lj8y+umMjhyMxolqSQRniwKUgZlDMfhwB7lBEs2UgRhTtWtEA8QR1iqCCsqhM9P4f/E3jfqhnV5UG2cTtMogy2wDfaABWqgAS5AE9gAg1twDx7Bk3anPWjP2suktaRNZzbBN2ivH8HKnBc=</latexit><latexit sha1_base64="ednqxJzJT9HekG/kdiwJYE7/nfk=">AAACDnicdVDLSsNAFJ3UV62vqEs3g0VxFRIRaxdCVQSXFRpbaGKYTCft0MmDmYlQQv7Ajb/ixoWKW9fu/BunaQWfBy4czrmXe+/xE0aFNM13rTQzOze/UF6sLC2vrK7p6xtXIk45JjaOWcw7PhKE0YjYkkpGOgknKPQZafvDs7HfviFc0DhqyVFC3BD1IxpQjKSSPH3XwQN6nZ17tRweQydEciCCrJV7mRIm3oln5Z5eNY26adUPLfibWIZZoAqmaHr6m9OLcRqSSGKGhOhaZiLdDHFJMSN5xUkFSRAeoj7pKhqhkAg3K/7J4Y5SejCIuapIwkL9OpGhUIhR6KvO4uCf3lj8y+umMjhyMxolqSQRniwKUgZlDMfhwB7lBEs2UgRhTtWtEA8QR1iqCCsqhM9P4f/E3jfqhnV5UG2cTtMogy2wDfaABWqgAS5AE9gAg1twDx7Bk3anPWjP2suktaRNZzbBN2ivH8HKnBc=</latexit>

Minimal models: M4,3 (Ising)
<latexit sha1_base64="Sj4jc2x9k/67ES7RRb+YxX8jbTM=">AAACBXicdVDLSgMxFM3UV62vUZciBItQQYYZLWp3RTe6ECpYW2hLyaSZNjTJDElGKMO4ceOvuHGh4tZ/cOffmD4EnwcuHM65l3vv8SNGlXbddyszNT0zO5edzy0sLi2v2KtrVyqMJSZVHLJQ1n2kCKOCVDXVjNQjSRD3Gan5/ZOhX7smUtFQXOpBRFocdQUNKEbaSG17M2lixOB52k6Ku/spvCkkTcnhmaKim+607bzrlFyvdODB38Rz3BHyYIJK235rdkIccyI0ZkiphudGupUgqSlmJM01Y0UihPuoSxqGCsSJaiWjN1K4bZQODEJpSmg4Ur9OJIgrNeC+6eRI99RPbyj+5TViHRy1EiqiWBOBx4uCmEEdwmEmsEMlwZoNDEFYUnMrxD0kEdYmuZwJ4fNT+D+p7jklx7so5svHkzSyYANsgQLwwCEog1NQAVWAwS24B4/gybqzHqxn62XcmrEmM+vgG6zXD2RzmAY=</latexit><latexit sha1_base64="Sj4jc2x9k/67ES7RRb+YxX8jbTM=">AAACBXicdVDLSgMxFM3UV62vUZciBItQQYYZLWp3RTe6ECpYW2hLyaSZNjTJDElGKMO4ceOvuHGh4tZ/cOffmD4EnwcuHM65l3vv8SNGlXbddyszNT0zO5edzy0sLi2v2KtrVyqMJSZVHLJQ1n2kCKOCVDXVjNQjSRD3Gan5/ZOhX7smUtFQXOpBRFocdQUNKEbaSG17M2lixOB52k6Ku/spvCkkTcnhmaKim+607bzrlFyvdODB38Rz3BHyYIJK235rdkIccyI0ZkiphudGupUgqSlmJM01Y0UihPuoSxqGCsSJaiWjN1K4bZQODEJpSmg4Ur9OJIgrNeC+6eRI99RPbyj+5TViHRy1EiqiWBOBx4uCmEEdwmEmsEMlwZoNDEFYUnMrxD0kEdYmuZwJ4fNT+D+p7jklx7so5svHkzSyYANsgQLwwCEog1NQAVWAwS24B4/gybqzHqxn62XcmrEmM+vgG6zXD2RzmAY=</latexit><latexit sha1_base64="Sj4jc2x9k/67ES7RRb+YxX8jbTM=">AAACBXicdVDLSgMxFM3UV62vUZciBItQQYYZLWp3RTe6ECpYW2hLyaSZNjTJDElGKMO4ceOvuHGh4tZ/cOffmD4EnwcuHM65l3vv8SNGlXbddyszNT0zO5edzy0sLi2v2KtrVyqMJSZVHLJQ1n2kCKOCVDXVjNQjSRD3Gan5/ZOhX7smUtFQXOpBRFocdQUNKEbaSG17M2lixOB52k6Ku/spvCkkTcnhmaKim+607bzrlFyvdODB38Rz3BHyYIJK235rdkIccyI0ZkiphudGupUgqSlmJM01Y0UihPuoSxqGCsSJaiWjN1K4bZQODEJpSmg4Ur9OJIgrNeC+6eRI99RPbyj+5TViHRy1EiqiWBOBx4uCmEEdwmEmsEMlwZoNDEFYUnMrxD0kEdYmuZwJ4fNT+D+p7jklx7so5svHkzSyYANsgQLwwCEog1NQAVWAwS24B4/gybqzHqxn62XcmrEmM+vgG6zXD2RzmAY=</latexit><latexit sha1_base64="Sj4jc2x9k/67ES7RRb+YxX8jbTM=">AAACBXicdVDLSgMxFM3UV62vUZciBItQQYYZLWp3RTe6ECpYW2hLyaSZNjTJDElGKMO4ceOvuHGh4tZ/cOffmD4EnwcuHM65l3vv8SNGlXbddyszNT0zO5edzy0sLi2v2KtrVyqMJSZVHLJQ1n2kCKOCVDXVjNQjSRD3Gan5/ZOhX7smUtFQXOpBRFocdQUNKEbaSG17M2lixOB52k6Ku/spvCkkTcnhmaKim+607bzrlFyvdODB38Rz3BHyYIJK235rdkIccyI0ZkiphudGupUgqSlmJM01Y0UihPuoSxqGCsSJaiWjN1K4bZQODEJpSmg4Ur9OJIgrNeC+6eRI99RPbyj+5TViHRy1EiqiWBOBx4uCmEEdwmEmsEMlwZoNDEFYUnMrxD0kEdYmuZwJ4fNT+D+p7jklx7so5svHkzSyYANsgQLwwCEog1NQAVWAwS24B4/gybqzHqxn62XcmrEmM+vgG6zXD2RzmAY=</latexit>

M⌦2
5,2 (YL⌦2)

<latexit sha1_base64="M1YAP98NnN2tFinm6R+P4Z1wfh0="></latexit><latexit sha1_base64="ZwznXq9FMlRu04ln5qkIluyLpxc="></latexit><latexit sha1_base64="ZwznXq9FMlRu04ln5qkIluyLpxc="></latexit><latexit sha1_base64="6lwB1aOXYWfho6YJ+fe5hiH3grw=">AAACGXicdVDLSsNAFJ34rPUVdelmsAgVJCQFH90V3bhQqGBspYlhMp20QycPZiZCCfE33PgrblyouNSVf+P0IVgfBy4czrmXe+/xE0aFNM0PbWp6ZnZuvrBQXFxaXlnV19YvRZxyTGwcs5g3fSQIoxGxJZWMNBNOUOgz0vB7xwO/cUO4oHF0IfsJcUPUiWhAMZJK8nQrczBi8Cz3sr3dSn6dObGkIRGwkt+WM4eH8Op0Qt3x9JJpVE2rum/B38QyzCFKYIy6p7857RinIYkkZkiIlmUm0s0QlxQzkhedVJAE4R7qkJaiEVKL3Gz4Wg63ldKGQcxVRRIO1e8TGQqF6Ie+6gyR7Iqf3kD8y2ulMjh0MxolqSQRHi0KUgZlDAc5wTblBEvWVwRhTtWtEHcRR1iqNIsqhK9P4f/ErhhVwzo3S7WjcRoFsAm2QBlY4ADUwAmoAxtgcAcewBN41u61R+1Fex21TmnjmQ0wAe39ExVeoH8=</latexit>

M7,2
<latexit sha1_base64="lnuMvSlJ9IRsfn63DUuuQOUlonM=">AAAB9HicdVA9SwNBEJ3zM8avqKXNYhQsJNylMKYL2tgIETwTSM6wt9lLluztHbt7Sjjuf9hYqNhaWvsb7Pwh9m4SBT8fDDzem2Fmnh9zprRtv1pT0zOzc/O5hfzi0vLKamFt/VxFiSTUJRGPZNPHinImqKuZ5rQZS4pDn9OGPzga+Y1LKhWLxJkextQLcU+wgBGsjXSRtgnm6CTrpJW9ctYpFO1S1Xaq+w76TZySPUaxtv329AwA9U7hpd2NSBJSoQnHSrUcO9ZeiqVmhNMs304UjTEZ4B5tGSpwSJWXjq/O0I5RuiiIpCmh0Vj9OpHiUKlh6JvOEOu++umNxL+8VqKDAy9lIk40FWSyKEg40hEaRYC6TFKi+dAQTCQztyLSxxITbYLKmxA+P0X/E7dcqpacUxPGIUyQg03Ygl1woAI1OIY6uEBAwjXcwp11Zd1Y99bDpHXK+pjZgG+wHt8BMmiU0A==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="GmgT3JGu0K4HeoFD3Y9Hlq3amlY=">AAAB6XicbZDNSgMxFIXv+Ftr1erWTbAILqTMdFPdCW7cCBUcW2jHkknvtKGZzJBklDLMe7hxoeILufNtTH8W2nog8HFOwr05YSq4Nq777aytb2xubZd2yruVvf2D6mHlQSeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4epq3n1Bpnsh7M0kxiOlQ8ogzaqz1mPcYFeS26OfN80bRr9bcujsTWQVvATVYqNWvfvUGCctilIYJqnXXc1MT5FQZzgQW5V6mMaVsTIfYtShpjDrIZ1sX5NQ6AxIlyh5pyMz9/SKnsdaTOLQ3Y2pGejmbmv9l3cxEF0HOZZoZlGw+KMoEMQmZVkAGXCEzYmKBMsXtroSNqKLM2KLKtgRv+cur4Dfql3XvzoUSHMMJnIEHTbiCG2iBDwwUvMAbvDvPzqvzMW9rzVnUdgR/5Hz+ALT9kFg=</latexit><latexit sha1_base64="7fitWS03x4RY/OJeLwvFSkfSx0c=">AAAB6XicdZBLSwMxFIXv1FetVatbN8EiuJAh04W1O8GNG6GCY4V2LJk004ZmMkOSUcow/8ONCxX/kDv/jelD8HkgcDgn4d58YSq4Nhi/O6Wl5ZXVtfJ6ZaO6ubVd26le6yRTlPk0EYm6CYlmgkvmG24Eu0kVI3EoWCccn037zh1TmifyykxSFsRkKHnEKTE2us17lAh0UfTz5lGj6Nfq2G1hr3Xsod/Gc/FMdVio3a+99QYJzWImDRVE666HUxPkRBlOBSsqvUyzlNAxGbKutZLETAf5bOsCHdhkgKJE2SMNmqVfX+Qk1noSh/ZmTMxI/+ym4V9dNzPRSZBzmWaGSTofFGUCmQRNEaABV4waMbGGUMXtroiOiCLUWFAVC+Hzp+h/4zfclutdYijDHuzDIXjQhFM4hzb4QEHBAzzBs3PvPDovc1olZ4FtF77Jef0AIlyQpg==</latexit><latexit sha1_base64="YtB13HnIL0znXKf8Pnpx1FjvPxY=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgQkLShbW7ohs3QgVjC20sk+mkHTqZhJmJUkL+w40LFbd+jDv/xulD8HngwuGce7n3niDhTGnHebcKC4tLyyvF1dLa+sbmVnl751rFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMDqb+K1bKhWLxZUeJ9SP8ECwkBGsjXSTdQnm6CLvZbWjat4rVxy77rj1Yxf9Jq7tTFGBOZq98lu3H5M0okITjpXquE6i/QxLzQineambKppgMsID2jFU4IgqP5tenaMDo/RRGEtTQqOp+nUiw5FS4ygwnRHWQ/XTm4h/eZ1Uhyd+xkSSairIbFGYcqRjNIkA9ZmkRPOxIZhIZm5FZIglJtoEVTIhfH6K/ide1a7b7qVTaZzO0yjCHuzDIbhQgwacQxM8ICDhHh7hybqzHqxn62XWWrDmM7vwDdbrB2rHkgE=</latexit><latexit sha1_base64="YtB13HnIL0znXKf8Pnpx1FjvPxY=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgQkLShbW7ohs3QgVjC20sk+mkHTqZhJmJUkL+w40LFbd+jDv/xulD8HngwuGce7n3niDhTGnHebcKC4tLyyvF1dLa+sbmVnl751rFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMDqb+K1bKhWLxZUeJ9SP8ECwkBGsjXSTdQnm6CLvZbWjat4rVxy77rj1Yxf9Jq7tTFGBOZq98lu3H5M0okITjpXquE6i/QxLzQineambKppgMsID2jFU4IgqP5tenaMDo/RRGEtTQqOp+nUiw5FS4ygwnRHWQ/XTm4h/eZ1Uhyd+xkSSairIbFGYcqRjNIkA9ZmkRPOxIZhIZm5FZIglJtoEVTIhfH6K/ide1a7b7qVTaZzO0yjCHuzDIbhQgwacQxM8ICDhHh7hybqzHqxn62XWWrDmM7vwDdbrB2rHkgE=</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="YtB13HnIL0znXKf8Pnpx1FjvPxY=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgQkLShbW7ohs3QgVjC20sk+mkHTqZhJmJUkL+w40LFbd+jDv/xulD8HngwuGce7n3niDhTGnHebcKC4tLyyvF1dLa+sbmVnl751rFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMDqb+K1bKhWLxZUeJ9SP8ECwkBGsjXSTdQnm6CLvZbWjat4rVxy77rj1Yxf9Jq7tTFGBOZq98lu3H5M0okITjpXquE6i/QxLzQineambKppgMsID2jFU4IgqP5tenaMDo/RRGEtTQqOp+nUiw5FS4ygwnRHWQ/XTm4h/eZ1Uhyd+xkSSairIbFGYcqRjNIkA9ZmkRPOxIZhIZm5FZIglJtoEVTIhfH6K/ide1a7b7qVTaZzO0yjCHuzDIbhQgwacQxM8ICDhHh7hybqzHqxn62XWWrDmM7vwDdbrB2rHkgE=</latexit>

BabyMonster
<latexit sha1_base64="rhSisCI1v8bnU7Xxzd6guT+QRpw=">AAAB+nicdVA9SwNBEJ2LXzF+nbHUYjEIVuHOQk0XYmMjJOBpIAlhb7NJluztHrt7Yjjur9hYqNha+Dvs7PwpbhIFPx8MPN6bYWZeGHOmjee9Orm5+YXFpfxyYWV1bX3D3SxeaJkoQgMiuVTNEGvKmaCBYYbTZqwojkJOL8PRycS/vKJKMynOzTimnQgPBOszgo2Vum4xbasI1XA4RmdSaENV1nVLXrni+ZVDH/0mftmbolTdeW68AUC96760e5IkERWGcKx1y/di00mxMoxwmhXaiaYxJiM8oC1LBY6o7qTT2zO0Z5Ue6ktlSxg0Vb9OpDjSehyFtjPCZqh/ehPxL6+VmP5xJ2UiTgwVZLaon3BkJJoEgXpMUWL42BJMFLO3IjLEChObgS7YED4/Rf+T4KBcKfsNG0YNZsjDNuzCPvhwBFU4hToEQOAabuAO7p3MuXUenMdZa875mNmCb3Ce3gGbAJab</latexit><latexit sha1_base64="ocr6mJh8nW2R0OUUlFGmBrwmS/Y=">AAAB+nicdVDLSsNAFJ3UV62vWJeKDBbBVUhcqN2VunEjtGBsoQ1lMp20QyeTMDMRQ8jS33DjQsWti36HO7/Bn3DaKvg8cOFwzr3ce48fMyqVbb8ahbn5hcWl4nJpZXVtfcPcLF/KKBGYuDhikWj7SBJGOXEVVYy0Y0FQ6DPS8kenE791RYSkEb9QaUy8EA04DShGSks9s5x1RQjryE/hecSlIiLvmRXbqtpO9ciBv4lj2VNUajvj5tvN7rjRM1+6/QgnIeEKMyRlx7Fj5WVIKIoZyUvdRJIY4REakI6mHIVEetn09hzua6UPg0jo4gpO1a8TGQqlTENfd4ZIDeVPbyL+5XUSFZx4GeVxogjHs0VBwqCK4CQI2KeCYMVSTRAWVN8K8RAJhHUGsqRD+PwU/k/cQ6tqOU0dRh3MUATbYA8cAAccgxo4Aw3gAgyuwS24Bw9GbtwZj8bTrLVgfMxsgW8wnt8Bd9+YAQ==</latexit><latexit sha1_base64="ocr6mJh8nW2R0OUUlFGmBrwmS/Y=">AAAB+nicdVDLSsNAFJ3UV62vWJeKDBbBVUhcqN2VunEjtGBsoQ1lMp20QyeTMDMRQ8jS33DjQsWti36HO7/Bn3DaKvg8cOFwzr3ce48fMyqVbb8ahbn5hcWl4nJpZXVtfcPcLF/KKBGYuDhikWj7SBJGOXEVVYy0Y0FQ6DPS8kenE791RYSkEb9QaUy8EA04DShGSks9s5x1RQjryE/hecSlIiLvmRXbqtpO9ciBv4lj2VNUajvj5tvN7rjRM1+6/QgnIeEKMyRlx7Fj5WVIKIoZyUvdRJIY4REakI6mHIVEetn09hzua6UPg0jo4gpO1a8TGQqlTENfd4ZIDeVPbyL+5XUSFZx4GeVxogjHs0VBwqCK4CQI2KeCYMVSTRAWVN8K8RAJhHUGsqRD+PwU/k/cQ6tqOU0dRh3MUATbYA8cAAccgxo4Aw3gAgyuwS24Bw9GbtwZj8bTrLVgfMxsgW8wnt8Bd9+YAQ==</latexit><latexit sha1_base64="4BP1O3hFXNtQv/cJ/JCL7DJ48Xk=">AAAB+nicdVDLSsNAFJ3UV62vWJduBovgKiQu1O5K3bgRKhhbaEOZTCft0HmEmYlYQn7FjQsVt36JO//G6UPweeDC4Zx7ufeeOGVUG99/d0pLyyura+X1ysbm1vaOu1u90TJTmIRYMqk6MdKEUUFCQw0jnVQRxGNG2vH4fOq3b4nSVIprM0lJxNFQ0IRiZKzUd6t5T3HYRPEEXkqhDVFF3635Xt0P6icB/E0Cz5+hBhZo9d233kDijBNhMENadwM/NVGOlKGYkaLSyzRJER6jIelaKhAnOspntxfw0CoDmEhlSxg4U79O5IhrPeGx7eTIjPRPbyr+5XUzk5xFORVpZojA80VJxqCRcBoEHFBFsGETSxBW1N4K8QgphG0GumJD+PwU/k/CY6/uBVd+rdFcpFEG++AAHIEAnIIGuAAtEAIM7sA9eARPTuE8OM/Oy7y15Cxm9sA3OK8fjUuUVg==</latexit>

, ,

Models w/o Kac-Moody symmetry (Hampapura-Mukhi):

c = 236/7 = 59⇥ 4/7
<latexit sha1_base64="Pl2ifKEaZX11gWRaLgXiGNtOtEQ=">AAAB/XicdVBdSwJBFL1rX2ZfW9FTL4MSBIHuWmn7IEi99GjQpqAis+Oog7MfzMwGsgj9lHrpoaLX/kdv/ZtGLejzwIXDOfdy7z1exJlUlvVmpObmFxaX0suZldW19Q1zc+tKhrEg1CUhD0XDw5JyFlBXMcVpIxIU+x6ndW94NvHr11RIFgaXahTRto/7AesxgpWWOuYOqRQPS4Vy5dhBLcV8KtFRodwxc1besWynZKPfxM5bU+Sq2dbBLQDUOuZrqxuS2KeBIhxL2bStSLUTLBQjnI4zrVjSCJMh7tOmpgHWi9rJ9Pwx2tNKF/VCoStQaKp+nUiwL+XI93Snj9VA/vQm4l9eM1a9k3bCgihWNCCzRb2YIxWiSRaoywQlio80wUQwfSsiAywwUTqxjA7h81P0P3GLeSdvX+gwTmGGNOxCFvbBhjJU4Rxq4AKBBO7gAR6NG+PeeDKeZ60p42NmG77BeHkHOVmUyA==</latexit><latexit sha1_base64="m/in64O75Gqyp5dM/VJyCoR4a4s=">AAAB/XicdVDLSsNAFJ34rPUVFVduhhZBENKkamsWhaIblxWMLTShTKbTdujkwcxECKHgR/gDblyouPU/3PVvnLYKPg9cOJxzL/fe48eMCmmaY21ufmFxaTm3kl9dW9/Y1Le2r0WUcEwcHLGIt3wkCKMhcSSVjLRiTlDgM9L0h+cTv3lDuKBReCXTmHgB6oe0RzGSSurou7hWPqqUqrUTG7qSBkTA41K1oxdNwzYtu2LB38QyzCmK9YJ7eDeup42O/uZ2I5wEJJSYISHalhlLL0NcUszIKO8mgsQID1GftBUNkVrkZdPzR3BfKV3Yi7iqUMKp+nUiQ4EQaeCrzgDJgfjpTcS/vHYie6deRsM4kSTEs0W9hEEZwUkWsEs5wZKliiDMqboV4gHiCEuVWF6F8Pkp/J84ZcM2rEsVxhmYIQf2QAEcAAtUQR1cgAZwAAYZuAeP4Em71R60Z+1l1jqnfczsgG/QXt8BQT2WTg==</latexit><latexit sha1_base64="m/in64O75Gqyp5dM/VJyCoR4a4s=">AAAB/XicdVDLSsNAFJ34rPUVFVduhhZBENKkamsWhaIblxWMLTShTKbTdujkwcxECKHgR/gDblyouPU/3PVvnLYKPg9cOJxzL/fe48eMCmmaY21ufmFxaTm3kl9dW9/Y1Le2r0WUcEwcHLGIt3wkCKMhcSSVjLRiTlDgM9L0h+cTv3lDuKBReCXTmHgB6oe0RzGSSurou7hWPqqUqrUTG7qSBkTA41K1oxdNwzYtu2LB38QyzCmK9YJ7eDeup42O/uZ2I5wEJJSYISHalhlLL0NcUszIKO8mgsQID1GftBUNkVrkZdPzR3BfKV3Yi7iqUMKp+nUiQ4EQaeCrzgDJgfjpTcS/vHYie6deRsM4kSTEs0W9hEEZwUkWsEs5wZKliiDMqboV4gHiCEuVWF6F8Pkp/J84ZcM2rEsVxhmYIQf2QAEcAAtUQR1cgAZwAAYZuAeP4Em71R60Z+1l1jqnfczsgG/QXt8BQT2WTg==</latexit><latexit sha1_base64="Bru4+NZnVuRZmSe+VyNosiB7Nbs=">AAAB/XicdVDLSsNAFJ3UV62vqLhyM1gEV2lStTWLQtGNywrGFtpQJtNJO3QyCTMToYSCv+LGhYpb/8Odf+P0Ifg8cOFwzr3ce0+QMCqVbb8buYXFpeWV/GphbX1jc8vc3rmRcSow8XDMYtEKkCSMcuIpqhhpJYKgKGCkGQwvJn7zlghJY36tRgnxI9TnNKQYKS11zT1cKx9XStXaqQs7ikZEwpNStWsWbcu1HbfiwN/EsewpimCORtd86/RinEaEK8yQlG3HTpSfIaEoZmRc6KSSJAgPUZ+0NeVIL/Kz6fljeKiVHgxjoYsrOFW/TmQoknIUBbozQmogf3oT8S+vnarwzM8oT1JFOJ4tClMGVQwnWcAeFQQrNtIEYUH1rRAPkEBY6cQKOoTPT+H/xCtbruVc2cX6+TyNPNgHB+AIOKAK6uASNIAHMMjAPXgET8ad8WA8Gy+z1pwxn9kF32C8fgAoY5M/</latexit>

c = 164/5 = 41⇥ 4/5
<latexit sha1_base64="b7X+/RW9YKCO0d4G9RsU+H+D7sg=">AAAB/XicdVDLSgMxFL1TX7W+RsWVm9AiCMI4I7XaRaHoxmUFRwudoWTStA3NPEgyQhkKfopuXKi49T/c+TemrYLPA4Fzz7mXe3OChDOpbPvNyM3Mzs0v5BcLS8srq2vm+saljFNBqEtiHotmgCXlLKKuYorTZiIoDgNOr4LB6di/uqZCsji6UMOE+iHuRazLCFZaaptbpOZUyvuHtbKDPMVCKpGu2mbJtqq2U6046DdxLHuCUr3o7d0CQKNtvnqdmKQhjRThWMqWYyfKz7BQjHA6KnippAkmA9yjLU0jrBf52eT8EdrRSgd1Y6FfpNBE/TqR4VDKYRjozhCrvvzpjcW/vFaqusd+xqIkVTQi00XdlCMVo3EWqMMEJYoPNcFEMH0rIn0sMFE6sYIO4fOn6H/iHlhVyznXYZzAFHnYhiLsggNHUIczaIALBDK4gwd4NG6Me+PJeJ625oyPmU34BuPlHSUzlLs=</latexit><latexit sha1_base64="UWwlnh497BcJXHdrsnlVaP0Fhr4=">AAAB/XicdVDLSgMxFM3UV62vUXHlJrQIgjBOpFa7KBTduKzg2EJnKJk004ZmHiQZoQwFP8IfcONCxa3/4a5/Y9oq+DwQOPece7k3x084k8q2x0Zubn5hcSm/XFhZXVvfMDe3rmWcCkIdEvNYtHwsKWcRdRRTnLYSQXHoc9r0B+cTv3lDhWRxdKWGCfVC3ItYwAhWWuqYO6SGKuXD41oZQVexkEqoq45Zsq2qjaoVBH8TZNlTlOpF9+BuXB82Ouab241JGtJIEY6lbCM7UV6GhWKE01HBTSVNMBngHm1rGmG9yMum54/gnla6MIiFfpGCU/XrRIZDKYehrztDrPrypzcR//LaqQpOvYxFSapoRGaLgpRDFcNJFrDLBCWKDzXBRDB9KyR9LDBROrGCDuHzp/B/4hxZVQtd6jDOwAx5sAuKYB8gcALq4AI0gAMIyMA9eARPxq3xYDwbL7PWnPExsw2+wXh9By0XlkE=</latexit><latexit sha1_base64="UWwlnh497BcJXHdrsnlVaP0Fhr4=">AAAB/XicdVDLSgMxFM3UV62vUXHlJrQIgjBOpFa7KBTduKzg2EJnKJk004ZmHiQZoQwFP8IfcONCxa3/4a5/Y9oq+DwQOPece7k3x084k8q2x0Zubn5hcSm/XFhZXVvfMDe3rmWcCkIdEvNYtHwsKWcRdRRTnLYSQXHoc9r0B+cTv3lDhWRxdKWGCfVC3ItYwAhWWuqYO6SGKuXD41oZQVexkEqoq45Zsq2qjaoVBH8TZNlTlOpF9+BuXB82Ouab241JGtJIEY6lbCM7UV6GhWKE01HBTSVNMBngHm1rGmG9yMum54/gnla6MIiFfpGCU/XrRIZDKYehrztDrPrypzcR//LaqQpOvYxFSapoRGaLgpRDFcNJFrDLBCWKDzXBRDB9KyR9LDBROrGCDuHzp/B/4hxZVQtd6jDOwAx5sAuKYB8gcALq4AI0gAMIyMA9eARPxq3xYDwbL7PWnPExsw2+wXh9By0XlkE=</latexit><latexit sha1_base64="VIwLCWdspYqY85B5xMhOu1vcsIk=">AAAB/XicdVDLSgMxFM34rPU1Kq7cBIvgapxIrXZRKLpxWcGxhXYomTRtQzMPkjtCGQr+ihsXKm79D3f+jelD8HkgcO4593JvTpBIocF13625+YXFpeXcSn51bX1j097avtFxqhj3WCxj1Qio5lJE3AMBkjcSxWkYSF4PBhdjv37LlRZxdA3DhPsh7UWiKxgFI7XtXVYhpeLRSaVIcAtEyDU2VdsuuE7ZJeUSwb8JcdwJCmiGWtt+a3ViloY8Aiap1k3iJuBnVIFgko/yrVTzhLIB7fGmoRE1i/xscv4IHxilg7uxMi8CPFG/TmQ01HoYBqYzpNDXP72x+JfXTKF75mciSlLgEZsu6qYSQ4zHWeCOUJyBHBpCmRLmVsz6VFEGJrG8CeHzp/h/4h07ZYdcuYXq+SyNHNpD++gQEXSKqugS1ZCHGMrQPXpET9ad9WA9Wy/T1jlrNrODvsF6/QAUPZMy</latexit>

c = 47/2 = 47⇥ 1/2
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relations implied by 
Hecke relations



�N,p = T60⇤N+p�
Y L +

N�2X

k=0

d(k)Tp+60k�
Y L

One can also use Hecke images to construct families of 
possible RCFT characters. As an example, if 

p = 7, 13, 47, 53 mod 60

then               obeyTp�
Y L

1. Have non-negative integer coefficients in q expansion.

2. The vacuum appears with degeneracy one.

3. The fusion coefficients from Verlinde are non-negative.

Consistency with Virasoro requires



Many RCFT with the same n=dimension of modular 
rep, N=order of          and  with effective central 
charges                       have modular representations 
and characters related by Hecke operators                        
This generalizes and extends Galois symmetry.

⇢(T )

c(1)eff = pc(2)eff

Tp, (p,N) = 1

We have found and studied such relations for n=2,3 
involving minimal models, affine Lie algebras, 
Gaussian models and their orbifolds and certain 
moonshine CFTs. These relations appear to be very 
common. 

SUMMARY II



Questions
Do these Hecke operators have a natural physical 
origin?

Can one understand more systematically which RCFT 
with the same n,N have characters related by Hecke 
operators?

Does this indicate there are new symmetries acting 
on the space of RCFTs?

RCFTs provide building block for construction of 
SCFTs describing special points in CY moduli space. 
Are there new geometrical relations following from 
Hecke relations?



RCFTs and their fusion algebras, modular tensor 
categories, characters etc. appear in many places in 
condensed matter physics:

Boundary modes of QHE systems and 
topological insulators.

Tool for computing and studying 
Entanglement Entropy.

Quantum computation.

It will be interesting to see if these new Hecke 
relations have implications in the real world. 



THANK YOU
and

Happy 50th to Gabriele 
Veneziano and his 

wonderful amplitude
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Hecke and MLDE
�k = (�1)kWk/W
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Wk =

����������������

f1 f2 · · · fn
Df1 Df2 · · · Dfn
...

...
...

Dk�1f1 Dk�1f2 · · · Dk�1fn
Dk+1f1 Dk+1f2 · · · Dk+1fn

...
...

...
Dnf1 Dnf2 · · · Dnfn

����������������

,

<latexit sha1_base64="eIpVP1djP7as8DdxJeud0oCLySA="></latexit><latexit sha1_base64="RCTsHk4RCHcVXmqk0mQQIHvX3Ec="></latexit><latexit sha1_base64="RCTsHk4RCHcVXmqk0mQQIHvX3Ec="></latexit><latexit sha1_base64="NM6ZplUAv4iNplxHaTZj5Q+3BFw="></latexit>

`(W ) = 6

0

@1

2
ordi(W ) +

1

3
ord!(W ) +

0X

p2F
ordp(W )

1

A
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ord1(W ) +
`(W )

6
=

k
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Dnf +
n�1X

k=0

�k(⌧)Dkf = 0

W = Wn

i



p 5 7 11 13 17 19 23 25 29 31 35 37 41 43 47 49 53 57

`I(p) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 6 6

Table 1: Number of zeros in the modular Wronskian for Hecke images under Tp

of Ising characters for small values of p.
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Mathur, Mukhi & Sen classified n=2,                   solutions, 
but solutions exist for                   and are Hecke images  
of                   solutions since       changes 

`(W ) = 0
`(W ) > 0

`(W ) = 0 Tp ord1(W )

p 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71

`Y L
(p) 0 2 0 2 0 2 2 0 0 2 0 2 2 2 6 6 8

Table 1: Number of zeros in the modular Wronskian for Hecke images under Tp

of Yang-Lee characters for small values of p.
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These Hecke images have negative coefficients
These Hecke images have positive coefficients and as 
RCFT characters appear in work of Naculich and 
Hampapurma & Mukhi



In math these are often applied to weight k>0 modular forms and 
used to construct cusp forms which are eigenfunctions of the 
Hecke operators. E.g. the unique weight 12 cusp form (i.e. 
vanishing as   

In RCFT we interested in the action on weight 0, weakly 
holomorphic modular functions which are never Hecke 
eigenfunctions. 

� = ⌘24 = q
1Y

n=1

(1� qn)24 =
1X

n=1

c(n)qn

⌧ ! i1

Tn� = c(n)�

The modularity theorem used in the proof of Fermat’s last 
theorem associates a weight 2 Hecke eigenform to each elliptic 
curve over the rationals.






