
Theory Overview of TMDs 

HiX2014 – Frascati, Italy: November 20, 2014 
   

Ted	
  Rogers	
  

Southern Methodist University 

•  Transverse	
  Momentum	
  and	
  Large	
  x.	
  
	
  

•  General	
  proper7es	
  of	
  large	
  bT	
  evolu7on.	
  
	
  

•  Collins-­‐Soper	
  evolu7on	
  at	
  large	
  bT.	
  
(Recent work with John Collins) 

1	
  



Factorization 
 

•  Red:	
  	
  Hard	
  Physics,	
  Small	
  Coupling.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

•  Blue:	
  Includes	
  non-­‐perturba7ve	
  physics	
  (but	
  
usually	
  with	
  universal	
  proper7es)	
  .	
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ŝ

4
=

Q2(1� x/⇠)

4(x/⇠)
=

Q2(1� z)

4z
(246)
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TMD PDFs: Gauge Links/Wilson Lines
• Paths of Wilson lines in coordinate space:

+_
w−

+
_ ∞

w−,w
t

Standard (Integrated) Unintegrated First Try 

w−,w
t

Unintegrated “tilted” Wilson lines 

∞_ +

Tilt to regulate
rapidity divergences

Parton Density Definition: 
Wilson Lines 
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pp̄ �! Jet +X (49)

@ ln

˜

F (x, b

T

;µ, ⇣)
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⇣
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= �

F

(g(µ); ⇣/µ
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(247)
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X
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Z
d2b

T

eiqT

·b
T F̃j/A(xA, bT; ⇣A, µ) F̃|̄/B(xB , bT;Q

4/⇣A, µ)

+ polarization terms + high-q
T

term (Y ) + power-suppressed. (250)

W̃ (b
T

;Q)j ⌘ Q2

d�̂j|̄(Q,µ,↵s(µ))

d⌦
F̃j/A(xA, bT; ⇣A, µ) F̃|̄/B(xB , bT;Q

2/⇣A, µ) (251)

d�

d4q d⌦

qT⌧Q' 2

sQ2
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d2b

T

eiqT

·b
TW̃ (b

T

;Q) (252)

@ ln W̃ (b
T

, Q, xA, xB)

@ lnQ2

= K̃(b
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;µ) + bT Independent Terms (253)

d

d lnµ
K̃(b

T

;µ) = ��K (↵s(µ)) (254)
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;Q;↵s(Q)) = K̃(b
T
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Z Q

µb⇤

dµ0

µ0 �K(↵s(µ
0)) (255)

K̃(b
T

;µ) ⇠ ↵s(µ) ln (µbT) + · · ·+O (↵s(µ)
n ln (µb

T

)
m
) (256)

µb = C
1

/b
T

µb⇤ = C
1

/b⇤ (257)

K̃(b
T

;µ
0

;↵s(µ0

)) = K̃(b⇤;µ0

;↵s(µ0

)) + K̃(b
T

;µ
0

;↵s(µ0

))� K̃(b⇤;µ0

;↵s(µ0

)) (258)

�gK(b
T

; b
max
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⇢
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t

)⌦ S(l
t
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d�

d2PhT
(166)

µ ⇠
p

⇣
1

⇠
p
⇣
2

⇠ Q (167)

L(bT ) ⌘ � @

@ ln b2T

@

@ lnQ2

ln

✓
d�

dP 2

hT

◆����
Small PhT

(168)

= � @

@ ln b2T
˜K(bT ;µ) (169)

˜Ff/P (x,bT

;Q,Q2

) = (170)

˜Ff/P (x,bT

;µ
0

, Q2

0

) exp

(
˜K(bT ;µ0

) ln

Q

Q
0

+

Z Q

µ0

dµ0

µ0


�F (g(µ

0
); 1)� ln

Q

µ0 �K(g(µ0
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�)
(171)
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(276)

F̃f/P (bT , x;µ; ⇣1) = (277)

⇣
1

= x2M2

p e
2(yP�ys) (278)

x ! 1.0 (279)

h0 | WLC [a, a] | 0i (280)

F.T. hP |  ̄(0, w�,0t)  (0, 0,0t) |P i (281)

F.T. hP |  ̄(0, w�,wt)  (0, 0,0t) |P i (282)
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✓
Q

Q
0

◆
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X
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Z
1
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d�

dPh · · ·

Ph,t

Z
dqT

A

B
(50)

Z
dPh

A

B
(51)

q2 = (l
1

+ l
2

)

2

= Q2 � ⇤

2

QCD

(52)

�q2 = �(l
1

� l
2

)

2

= Q2 � ⇤

2

QCD

(53)

d

d lnµ2

fj/P (x;µ) =

Z
Pjj0(x

0
)⌦ fj0/P (x/x

0
;µ) (54)

d

d lnµ
fj/P (x;µ) = 2

Z
Pjj0(x

0
)⌦ fj0/P (x/x

0
;µ) (55)

pp̄ �! Jet +X (56)

@ ln

˜F (x, bT ;µ, ⇣)

@ ln

p
⇣

=

˜K(bT ;µ), (57)

and the renormalization group equations:

d ˜K(bT ;µ)

d lnµ
= ��K(g(µ)) (58)

d ln ˜F (x, bT ;µ, ⇣)

d lnµ
= �F (g(µ); ⇣/µ

2

) . (59)

TMD PDF expanded

˜Ff/P (x,bT

;Q,Q2

) = (60)

(61)

X

j

Z
1

x

dx̂

x̂
˜Cf/j(x/x̂, b⇤;µ

2

b , µb, g(µb))fj/P (x̂, µb)⇥ (62)

(63)

⇥ exp

(
ln

Q

µb

˜K(b⇤;µb) +

Z Q

µb

dµ0

µ0


�F (g(µ

0
); 1)� ln

Q

µ0 �K(g(µ0
))

�)
⇥ (64)

(65)

⇥ exp

⇢
�gf/P (x, bT ; bmax

)�gK(bT ; bmax

) ln

Q

Q
0

�
(66)

One TMD PDF: Solution to Evolution 
Equations 

Collinear	
  PDFs	
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=

X

f
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⇥
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2T
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;µ; ⇣
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¯
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(2)
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� q
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⇤
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◆
a

◆

˜
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1
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˜
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d lnµ
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F
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F
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,k
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;µ, ⇣

F

)

k⇤(kT

) ⌘ k̂
T

q
k

2

min

+ k

2

T

µ⇤(kT ) ⌘ C

1

k⇤

↵

s

(µ⇤(kT ))
kT!0

= ↵

s

(C

1

k

min

)

b⇤(bT

) ⌘ b
Tp

1 + b

2

T

/b

2

max

µ⇤(bT ) = C

1

/b⇤

↵

s

(µ⇤(bT ))
bT!1
= ↵

s

(C

1
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)

d�

dq
T

· · ·
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2

k
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⌘ k k

2

⌘ q � k

q + k (34)
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derivation see Ref. [8]. We are mainly interested in the first term on the right side of Eq. (4), which corresponds to the
TMD term of the schematic formula in Eq. (1) with all transverse coordinate dependent terms isolated. This term is
derived using the approximation that PT ⌧ Q. For an accurate calculation of the full cross section, a correction term,
the Y -term, is need for the region PT ⇠ Q, and this is symbolized by the last term in Eq. (4). From here forward,
we will neglect the Y -term contribution and focus only on the TMD term. We will remark further on whether this is
reasonable in Sect. VI.

Over shorter distance scales, 1/bT becomes a hard scale, and the transverse momentum dependence can itself be
calculated in perturbation theory. With a choice of renormalization scale µ ⇠ 1/bT , ↵s(⇠ 1/bT ) approaches zero for
small sizes due to asymptotic freedom, ensuring that the short range transverse coordinate dependence is reliably
calculable in perturbation theory. For large transverse distances, transverse coordinate dependence becomes non-
perturbative (corresponding, in momentum space, to the onset of small intrinsic bound state transverse momentum).
There, a prescription is needed to tame the growth of ↵s(1/bT ) match to a non-perturbative large distance description.
The renormalization group scale is therefore chosen to obey

µb ⌘ C
1

/|b⇤(bT )| , (5)

where b⇤(b) is a function of bT that equals bT at small bT but freezes in the limit where bT becomes non-perturbatively
large, i.e., when bT is larger than some fixed b

max

. This non-perturbative function must obey

b⇤(bT ) =

⇢
bT bT ⌧ b

max

b

max

bT � b
max

.
(6)

The most common taming procedure uses

b⇤(bT

) ⌘ b

Tp
1 + b2T /b

2

max

. (7)

Although any function obeying Eq. (6) is consistent with the CSS formalism, Eq. (7) is one of the simplest choices
and the one that we will use in this paper. The factor C

1

is an arbitrary numerical constant that can be chosen to
minimize higher order corrections. It it typically fixed to be C

1

= 2e��E . With the bT dependence of the perturbatively
calculable part of Eq. (4) frozen above a certain b

max

, the remaining non-perturbative evolution is described by the
function gK(bT ;µb), which is totally universal and independent of Q, x, or z. The non-perturbative evolution function
gK(bT ;µb) must vanish as a power of bT as bT ! 0.

The value of b
max

, as well as the functional form for the matching in Eq. (7), is exactly arbitrary in full QCD. The
role of b

max

is to define the boundary between what are regarded as perturbative and non-perturbative regions of
bT -dependence. In practical applications, it should be chosen large enough to maximize the perturbative content of the
calculation, while small enough to maintain a safe perturbative treatment of perturbatively calculable parts at a given
order of perturbation theory. The numerical value of b

max

depends generally on the order of perturbation theory. If
it is chosen too large, then perturbation theory is applied over a large range of bT where perturbation theory becomes
suspect. If b

max

is too small, then almost all of the calculation is e↵ectively treated as non-perturbative and requires
extensive fitting to mimic the behavior of �K(g(µ0)) and K̃(b⇤;µb). In that case, most of the work in fitting non
perturbative functions actually goes into reproducing results that could be calculated perturbatively. The formalism
is setup to be neutral as to precisely where the transition from perturbative to non-perturbative bT dependence
occurs so that any given degree of precision may be achieved through a combination of higher order calculations and
non-perturbative fitting.

Note also that the choices of b⇤(bT) and gK(bT ;µb) are not independent and there could in principle be di↵erent
combinations that correspond to the same non-perturbative matching. Both combine to give the description of the
non-perturbative region at large bT . Indeed, it is possible in principle that the fitting to the non-perturbative region
of bT could be achieved entirely by adjusting the form of b⇤(bT

).
A frequently used ansatz for gK(bT ;µb) is

gK(bT ;µb) = �g
2

1

2
b2T , (8)

where g
2

is a Gaussian fit parameter. This choice for gK(bT ;µb) e↵ectively imposes a strong cuto↵ on non-perturbative
regions of bT whenever Q is significantly larger than Q

0

.
Until recently, the CSS formalism has been applied mainly to Drell-Yan-like processes, with only a relatively small

number of treatments [29, 30] dedicated to SIDIS. The early CSS studies were mainly oriented toward obtaining an
accurate perturbative description of the di↵erential cross section over a wide range of relatively large qT , particularly
for qT � ⇤QCD, with maximum input from perturbation theory. With access to hadronic structure not being the

Nonperturba6ve	
  parts	
  large	
  bT	
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(276)

F̃f/P (bT , x;µ; ⇣1) = (277)

⇣
1

= x2M2

p e
2(yP�ys) (278)

x ! 1.0 (279)

h0 | WLC [a, a] | 0i (280)

F.T. hP |  ̄(0, w�,0t)  (0, 0,0t) |P i (281)

F.T. hP |  ̄(0, w�,wt)  (0, 0,0t) |P i (282)
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✓
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Q
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(283)
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Strong Universality 
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k̂ =
�
xP+, 0,0T

�

l̂ =
�
0, q�,0T

�

k̃ =
�
xP+, k�,kT

�

l̃ =
�
l+, q�,kT

�

Z
dk+

Z
dk�

Z
d2kT (244)

ŝ (245)

k2T,max

=
ŝ

4
=

Q2(1� x/⇠)

4(x/⇠)
=

Q2(1� z)

4z
(246)

ŝ = (q + k̂)2 =
Q2(1� z)

z
(247)

�̂ =

Z k2

T,max d�̂

dk2T
(248)

Z 1

0

dk2T (249)

d�

d4q d⌦

=
2

s

X

j

d�̂j|̄(Q,µ,↵s(µ))

d⌦

Z
d2b

T

eiqT

·b
T F̃j/A(xA, bT; ⇣A, µ) F̃|̄/B(xB , bT;Q

4/⇣A, µ)

+ polarization terms + high-q
T

term (Y ) + power-suppressed. (250)

W̃ (b
T

;Q)j ⌘ Q2

d�̂j|̄(Q,µ,↵s(µ))

d⌦
F̃j/A(xA, bT; ⇣A, µ) F̃|̄/B(xB , bT;Q

2/⇣A, µ) (251)

d�

d4q d⌦

qT⌧Q' 2

sQ2

Z
d2b

T

eiqT

·b
TW̃ (b

T

;Q) (252)

@ ln W̃ (b
T

, Q, xA, xB)

@ lnQ2

= K̃(b
T

;µ) + bT Independent Terms (253)

d

d lnµ
K̃(b

T

;µ) = ��K (↵s(µ)) (254)

K̃(b⇤;µ0

;↵s(µ0

)) = K̃(b⇤;µb⇤ ;↵s(µb⇤)) +

Z µ
0

µb⇤

dµ0

µ0 �K(↵s(µ
0)) (255)

K̃(b
T

;µ) ⇠ ↵s(µ) ln (µbT) + · · ·+O (↵s(µ)
n ln (µb

T

)
m
) (256)
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µb = C
1

/b
T

µb⇤ = C
1

/b⇤ (257)

K̃(b
T

;µ
0

;↵s(µ0

)) = K̃(b⇤;µ0

;↵s(µ0

)) + K̃(b
T

;µ
0

;↵s(µ0

))� K̃(b⇤;µ0

;↵s(µ0

)) (258)

�gK(b
T

; b
max

) (259)

b
T

= 0 b
T

= C
1

/Q (260)

K̃(b⇤;Q;↵s(Q)) = K̃(b⇤;µb⇤ ;↵s(µb⇤)) +

Z Q

µb⇤
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µ0 �K(↵s(µ
0)) (261)

K̃(b
T
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b
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T
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dµ0
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� @
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T
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T
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= � @
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T
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T
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T
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) +
b2⇤
b2
T

A(b⇤;µb⇤) (267)

A(b
T
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d
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d
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some variant). These fits use data to make fits for
the functions gK(bT; bmax) and gj/H(x, bT) that were in-
tended to parametrize non-perturbative bT dependence
and that were defined in Eqs. (20) and (21). However
di↵erent analyses obtain quite di↵erent numerical values.
Others argue (e.g., [10–13, 32]) that they can successfully
completely avoid the use of the b⇤ method (or any similar
matching method) and the function gK(bT; bmax).

1. Fits to Drell-Yan data with CSS formalism

Landry et al. [1] made fits to Drell-Yan data using
the CSS formalism, including the CSS treatment of non-
perturbative regions by the b⇤ method. They chose bmax

to be15 0.5GeV�1 = 0.1 fm. Their best fit used quadratic
functions for gj/A and gK , without flavor dependence or
hadron species dependence for gj/A:

exp
⇥
�gj/A(xA, bT; bmax)� g|̄/B(xB , bT; bmax)�
�gK(bT; bmax) ln(Q

2/Q2
0)
⇤

= exp

⇢
�

g1 + g2 ln

Q

2Q0
+ g1g3 ln(100xAxB)

�
b2T

�
,

(39)

with Q0 = 1.6GeV. This factor alone, when Fourier-
transformed to transverse-momentum space, would give
a Gaussian shape to the transverse momentum distri-
bution, and the qT distribution would broaden as Q in-
creases. The measured values of the parameters were:

g1 = 0.21+0.01
�0.01 GeV2, (40a)

g2 = 0.68+0.01
�0.02 GeV2, (40b)

g3 = �0.6+0.05
�0.04. (40c)

(BLNY, bmax = 0.5GeV�1 = 0.1 fm)

It is the g2 coe�cient that corresponds to the function
gK(bT; bmax) that embodies the non-perturbative behav-
ior of the CSS evolution kernel K̃. The fitted form of the
function is then

gK(bT; bmax) =
g2
2
b2T =

0.68+0.01
�0.02

2
b2T.

(BLNY, bmax = 0.5GeV�1 = 0.1 fm) (41)

Updated fits were made by Konychev and Nadolsky [2].
They quantified the e↵ect of changing bmax on the fits. At
0.5GeV�1 = 0.1 fm, their value for gK was compatible
with (41). But when bmax was increased, not only did
the fit become somewhat better (with an optimum near

15 To allow an easy comparison with the size of a proton, we give
numerical distances in units of fm as well as GeV�1.

bmax = 1.5GeV�1 = 0.3 fm), but the coe�cient g2 was
substantially smaller, giving:

gK(bT; bmax) =
0.184± 0.018

2
b2T.

(KN, bmax = 1.5GeV�1 = 0.3 fm, C1 = 2e��E ) (42)

If one treated these fits as giving the true large-bT be-
havior of gK , and hence of K̃, the two fits would be
strongly incompatible. However, this is not a legitimate
deduction, as can be seen from Fig. 1 (which is Fig. 4 of
Ref. [2]). There the integrand in TMD factorization is
plotted for several di↵erent fits, including the ones men-
tioned above. The integrand is the factor bTW̃ (bT) in an
integral of the form

Z 1

0
bTW̃ (bT)J0(qTbT) dbT, (43)

which is obtained from the TMD factorization formula by
performing the integral over the azimuth of bT to obtain
a Bessel function.
In Fig. 1(a) is shown the situation at large Q, specif-

ically the integrand for production of the Z boson. At
the right-hand edge, at bT = 1.4GeV�1, the di↵erence
between the fits for gK , such as those in Eqs. (41) and
(42), manifests itself as a di↵erence between the curves
of more than a factor of two. However although this is
a large relative di↵erence, it is in a region where the in-
tegrand is small, so that the absolute di↵erence is quite
small. Thus the factor-of-two change in the tail of the
integrand only has a small e↵ect on the cross section,
and does not greatly a↵ect fitting within uncertainties
at these large values of Q. The dominant values of bT
that contribute to the cross section are in a perturba-
tive region, around 0.1 to 0.5 GeV�1, i.e., 0.02 to 0.1
fm. Here, the curves are very close to each other. This
makes quantitatively manifest a phenomenon originally
found by Parisi and Petronzio [90]: WhenQ is su�ciently
large, the whole of the transverse-momentum distribu-
tion, even down to qT = 0 is determined by a range of
bT appropriate to perturbative phenomena. That is, the
only important non-perturbative information is in the use
of ordinary integrated parton densities, and no significant
extra non-perturbative information is needed for the qT
distribution. Thus, the sensitivity to non-perturbative
parameters for the large bT behavior becomes very weak,
provided only that the large bT behavior is parametrized
in a physically reasonable way. One can therefore assert
that at large enough Q, the non-perturbative information
is only used qualitatively, to ensure that the integrand is
so small in the non-perturbative region that its detailed
behavior is unimportant.
However, if one examines lower energy data, the sup-

pression of the large bT region is weaker, and correspond-
ingly the relevant values of bT are larger. For example,
Fig. 1(b) shows that when Q is around 10GeV, the peak

of the integrand is near bT ' 1GeV�1 = 0.2 fm, closer to
non-perturbative phenomena. There are noticeable dif-
ferences between the curves for di↵erent values of bmax,
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Phenomenology help of the resummation package LEGACY, which was also
used in previous fitting !10,11" and analytical studies
!3,4,6,7,25–27", as well as for generating input cross section
grids for RESBOS Monte Carlo integration program !4". This
package is a high-performance tool for calculation of the
resummed cross sections, with the computational speed in-
creased by up to a factor 800 after the reorganization and
translation of the source code into C/C!! programming lan-
guage in 1999–2001. During the preparation of this paper,
we confirmed the stability of the numerical calculation of the
resummed cross sections #1$ by comparing the output of sev-
eral Fourier-Bessel transform routines based on different al-
gorithms #adaptive integration, Fast Fourier-Bessel transform
!28", and Wolfram Research$ MATHEMATICA 4.1 NINTEGRATE
function. Specifically, the outputs of three routines are in a
very good agreement at all values of QT . For instance, the Z
boson cross sections presented in this paper and Ref. !11" are
calculated with the relative numerical error less than 0.5% at
QT"50 GeV and less than 1–2 % at QT#50 GeV. Note that
the relative error of about 1% is comparable with the size of
higher-order #NNLO$ corrections, as well as numerical un-
certainties in the existing two-loop PDF sets. More details on
the tests of accuracy of the resummation package will be
presented elsewhere !29".5
Using the above sets of the experimental data, we fit the

values of the nonperturbative parameters g1 , g2 and g3 in
the DWS-G form #10$, LY-G form #11$, and BLNY form #12$
of the nonperturbative function W̃ jk 

NP(b ,Q ,Q0 ,x1 ,x2). Since
we allow the normalizations for the data to float within the
overall systematic normalization errors published by the ex-
periments, the best-fit values of g1 , g2 and g3 are correlated
with the best-fit values of the data normalization factors N f it
#individually applied to each data set$. Note that the normal-
ization of the CDF-Z run 0 data was fixed to unity due to
their poor statistics as compared to the run-1 data.
Table III summarizes our results. To illustrate the quality

5An interface to the simplified version of LEGACY and online plot-
ter of resummed transverse momentum distributions are available
on the Internet at http://hep.pa.msu.edu/wwwlegacy/

TABLE II. The data sets used for the fit. PT and Q denote the
published transverse momentum and mass of the Drell-Yan pair or
the Z boson, respectively.

PT range Q range
Experiment #GeV$ #GeV$

R209 0.0–1.8 5.0–11.0
E605 0.0–1.4 7.0–9.0 and 10.5–18.0
E288 0.0–1.4 5.0–9.0
CDF-Z 0.0–22.8 91.19
#Run-0$
DO” -Z 0.0–22.0 91.19

#Run-1$
CDF-Z 0.0–22.0 91.19
#Run-1$

TABLE III. The results of the fits. Here, N f it is the fitted nor-
malization for each experiment. #Thus, by definition, NORM in Ref.
!11" is equal to 1/N f it .)

Parameter DWS-G fit LY-G fit BLNY fit

g1 0.016 0.02 0.21
g2 0.54 0.55 0.68
g3 0.00 -1.50 -0.60

CDF Z Run-0 1.00 1.00 1.00
N f it #fixed$ #fixed$ #fixed$

R209 1.02 1.01 0.86
N f it

E605 1.15 1.07 1.00
N f it

E288 1.23 1.28 1.19
N f it

DO” Z Run-1 1.01 1.01 1.00
N f it

CDF Z Run-1 0.89 0.90 0.89
N f it

%2 416 407 176
%2/DOF 3.47 3.42 1.48

FIG. 1. Comparison to the R209 data for the process p!p
→&!&$!X at !S%62 GeV. The data are the published experi-
mental values. The curves are the results of the fits and are multi-
plied by the best-fit values of 1/N f it given in Table III.

LANDRY et al. PHYSICAL REVIEW D 67, 073016 #2003$

073016-4

of each fit, Figs. 1–5 compare theory calculations for the
DWS-G, LY-G, and BLNY parametrizations to each data set.
We emphasize again that the new LY-G parametrization pre-
sented in Table III was obtained by applying the conven-
tional global fitting procedure to the enlarged data set listed
in Tables I and II. In contrast, the original LY fit in Ref. !10"
was obtained by first fitting the g2 parameter using the CDF-

FIG. 2. Comparison to the E605 data for the process p!Cu
→#!#"!X at !S#38.8 GeV. The data are the published experi-
mental values. The curves are the results of the fits multiplied by the
best-fit values of 1/Nf it given in Table III.

FIG. 3. Comparison to the E288 data for the process p!Cu
→#!#"!X at !S#27.4 GeV. The data are the published experi-
mental values. The curves are the results of the fits and are multi-
plied by the best-fit values of 1/Nf it given in Table III.

FIG. 4. Comparison to the DO” -Z run-1 data. The data are the
published experimental values. The curves are the results of the fits
and are multiplied by the best-fit values of 1/Nf it given in Table III.

FIG. 5. Comparison to the CDF-Z run-1 data. The data are the
published experimental values. The curves are the results of the fits
and are multiplied by the best-fit value of 1/Nf it given in Table III.

FERMILAB TEVATRON RUN-1 Z BOSON DATA AND . . . PHYSICAL REVIEW D 67, 073016 $2003%

073016-5
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ŝ (245)

k2T,max

=
ŝ
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In the second line, we have changed the value of the renor-
malization scale. Since a RG transformation of K̃ adds to
it a constant, independent of bT, we have RG-invariance
of its derivative with respect to bT, and hence of A:

dA(bT;µ)

d lnµ
= 0, (32)

In the last two lines of (31), we have chosen to set the
value of µ to µb⇤ in order give a suitable form for the use
of finite-order perturbation theory, without large loga-
rithms of µb⇤. As usual in these situations, although the
exact value ofA does not depend on µ, a finite-order trun-
cation of its perturbative expansion does, by an amount
of order the first omitted term. The notation on the last
line of (31) is to emphasize that the derivative of K̃ is
to be taken at fixed renormalization scale. Only after
that is the renormalization-scale set to its final value of
order 1/b⇤. The factors of b2⇤/b

2
T arise from the following

calculation:

@ ln b2⇤
@ ln b2T

=
1

1 + b2T/b
2
max

=
b2⇤
b2T

. (33)

We will review the two-loop calculation of A below,
where we also show the equality of our master function
A with the function of the same name defined by CSS.

In the later parts of (31), we have notated A with
an additional scale argument. This indicates that
when perturbative calculations are performed, a RG
scale must be chosen and used with a corresponding
value of the running coupling (and in principle running
masses). More correctly, we should remember that the
full set of arguments of A include all the parameters of
QCD. To indicate, when necessary, the relevant argu-
ments and parameters, we write A(bT) = A(bT;µ) =
A(bT;µ,↵s(µ),m(µ)), where the number of arguments
that we actually choose to write depends on the context.
In the situations where we actually use perturbation the-

ory, the (light) quark masses will normally be approxi-
mated by zero. But in a bigger context, including non-
perturbative physics, the arguments must also include
the µ-dependent masses of the quarks. Since A is de-
fined from a RG-invariant quantity W̃j , RG invariance
applies also to A, as in Eq. (32).
Given its definition (30), we can regard the func-

tion A(bT) as a fundamental property of parton physics
in QCD, independently of any particular factorization
scheme and of particular techniques for its calculation.
Therefore, we propose that it is a good master function
for analyzing the evolution of the shape of transverse-
momentum distributions. The function is directly re-
lated to experimental data, from Eq. (30). But on the
theoretical side, it is a property of certain Wilson loops;
this arises via TMD factorization from Eq. (31) and the
definition of K̃ in the recent formulation of TMD factor-
ization in [9].
Both the perturbative calculation of A and the fits of

the large-bT behavior of K̃ agree that A(bT) is gener-
ally positive. This implies that K̃(bT) decreases when bT
increases. Hence when Q is increased, the bT-space inte-
grand W̃ undergoes a larger fractional decrease at larger
bT than at smaller bT. Thus the shape in bT of W̃ un-
dergoes a shift to where it is dominated by ever smaller
bT as Q increases, as is well known, from, e.g., Ref. [2].
Correspondingly, the transverse-momentum distribution
broadens. The function A codes these properties.
An important prediction of QCD is that A is indepen-

dent of the process, of Q, and of the kinematic variables
xA and xB ; it is also independent of quark and hadron
flavor. These are highly non-trivial predictions of QCD
dynamics, since the lack of dependence on these variables
is not guaranteed merely by the definition of A in the first
line of Eq. (30).
Without the CSS b⇤ prescription, a purely perturbative

calculation from Eq. (11) gives the one-loop term in A

A(bT) =
↵s(C1/bT)CF

⇡
+O

�
↵s(C1/bT)

2
�
, (34)

where we have made the standard choice of scale µ =
C1/bT.

B. Equality with CSS’s A; presentation of two-loop
value

Now in Ref. [8], CSS transformed their TMD factor-
ization formula to a form where

W̃j = (Q-independent factor)⇥ exp

(
�
Z C2

2

Q2

C2

1

/b2
T

dµ02

µ02


ACSS(↵s(µ

0);C1) ln

✓
C2

2Q
2

µ02

◆
+BCSS(↵s(µ

0);C1, C2)

�)
, (35)

with the quantities ACSS and BCSS being those defined by CSS. See, for example, Eq. (5.1) of Ref. [8]. Applying our
definition of A, Eq. (30) gives

A(bT;µ) = ACSS(↵s(C1/bT);C1). (36)
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In the second line, we have changed the value of the renor-
malization scale. Since a RG transformation of K̃ adds to
it a constant, independent of bT, we have RG-invariance
of its derivative with respect to bT, and hence of A:

dA(bT;µ)

d lnµ
= 0, (32)

In the last two lines of (31), we have chosen to set the
value of µ to µb⇤ in order give a suitable form for the use
of finite-order perturbation theory, without large loga-
rithms of µb⇤. As usual in these situations, although the
exact value ofA does not depend on µ, a finite-order trun-
cation of its perturbative expansion does, by an amount
of order the first omitted term. The notation on the last
line of (31) is to emphasize that the derivative of K̃ is
to be taken at fixed renormalization scale. Only after
that is the renormalization-scale set to its final value of
order 1/b⇤. The factors of b2⇤/b

2
T arise from the following

calculation:

@ ln b2⇤
@ ln b2T

=
1

1 + b2T/b
2
max

=
b2⇤
b2T

. (33)

We will review the two-loop calculation of A below,
where we also show the equality of our master function
A with the function of the same name defined by CSS.

In the later parts of (31), we have notated A with
an additional scale argument. This indicates that
when perturbative calculations are performed, a RG
scale must be chosen and used with a corresponding
value of the running coupling (and in principle running
masses). More correctly, we should remember that the
full set of arguments of A include all the parameters of
QCD. To indicate, when necessary, the relevant argu-
ments and parameters, we write A(bT) = A(bT;µ) =
A(bT;µ,↵s(µ),m(µ)), where the number of arguments
that we actually choose to write depends on the context.
In the situations where we actually use perturbation the-

ory, the (light) quark masses will normally be approxi-
mated by zero. But in a bigger context, including non-
perturbative physics, the arguments must also include
the µ-dependent masses of the quarks. Since A is de-
fined from a RG-invariant quantity W̃j , RG invariance
applies also to A, as in Eq. (32).
Given its definition (30), we can regard the func-

tion A(bT) as a fundamental property of parton physics
in QCD, independently of any particular factorization
scheme and of particular techniques for its calculation.
Therefore, we propose that it is a good master function
for analyzing the evolution of the shape of transverse-
momentum distributions. The function is directly re-
lated to experimental data, from Eq. (30). But on the
theoretical side, it is a property of certain Wilson loops;
this arises via TMD factorization from Eq. (31) and the
definition of K̃ in the recent formulation of TMD factor-
ization in [9].
Both the perturbative calculation of A and the fits of

the large-bT behavior of K̃ agree that A(bT) is gener-
ally positive. This implies that K̃(bT) decreases when bT
increases. Hence when Q is increased, the bT-space inte-
grand W̃ undergoes a larger fractional decrease at larger
bT than at smaller bT. Thus the shape in bT of W̃ un-
dergoes a shift to where it is dominated by ever smaller
bT as Q increases, as is well known, from, e.g., Ref. [2].
Correspondingly, the transverse-momentum distribution
broadens. The function A codes these properties.
An important prediction of QCD is that A is indepen-

dent of the process, of Q, and of the kinematic variables
xA and xB ; it is also independent of quark and hadron
flavor. These are highly non-trivial predictions of QCD
dynamics, since the lack of dependence on these variables
is not guaranteed merely by the definition of A in the first
line of Eq. (30).
Without the CSS b⇤ prescription, a purely perturbative

calculation from Eq. (11) gives the one-loop term in A

A(bT) =
↵s(C1/bT)CF

⇡
+O

�
↵s(C1/bT)

2
�
, (34)

where we have made the standard choice of scale µ =
C1/bT.

B. Equality with CSS’s A; presentation of two-loop
value

Now in Ref. [8], CSS transformed their TMD factor-
ization formula to a form where

W̃j = (Q-independent factor)⇥ exp

(
�
Z C2

2
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C2

1

/b2
T

dµ02

µ02


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0);C1) ln
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C2

2Q
2

µ02

◆
+BCSS(↵s(µ

0);C1, C2)

�)
, (35)

with the quantities ACSS and BCSS being those defined by CSS. See, for example, Eq. (5.1) of Ref. [8]. Applying our
definition of A, Eq. (30) gives

A(bT;µ) = ACSS(↵s(C1/bT);C1). (36)

16

Thus, we must numerically identify A, as we defined it, with CSS’s quantity of the same name.14 This is not an
accident, of course. CSS’s construction involved a transformation of their original TMD factorization formula so that
the quantities involved could be related to properties of cross sections.

However, despite the numerical equality of our A with ACSS, di↵erences exist in how the arguments of the function
are presented. Our A is treated primarily as a function of bT; but it has as extra parameters the renormalization scale
µ and the parameters of QCD, A = A(bT;µ,↵s(µ),m(µ)), subject to RG invariance. It is defined for all bT. By its
definition, A(bT) is scale independent for all bT, as expressed by Eq. (32). Therefore despite the extra arguments, A
should be treated as a function of the single variable bT, when we make plots as in later sections.

In contrast, CSS presented A as a function of ↵s alone. This is because they focused on the perturbative region for
bT, and ACSS arose in the construction a particular transformation of their solution of the evolution equations — see
their (3.11)–(3.15). Moreover, because of the transformation they made of their formula, they did not actually use
ACSS(↵s) with the coupling evaluated at the scale C1/bT as it appears in Eq. (36). Instead, after the transformation
to obtain (35), they have ACSS(↵s(µ)) evaluated at a general scale inside an integral over µ in a purely perturbative
context. Thus it is completely unobvious that ACSS(↵s) is to be regarded as a function of bT as we do. Indeed, ACSS

gives the appearance in (35) of being a modified version of �K .
Our definition is in a sense more general, and the use of bT as the primary argument implies that there is a definite

measurable functional form for A in the non-perturbative region, without the need to transform to a function of
coupling, which would appear to be entailed by the CSS definition if taken as it stands. A consequence is that, for
any methods and approximations that are proposed for some kind of TMD factorization, the function A(bT) can be
obtained, and compared with the same function obtained in another method. It is not restricted to perturbative uses.

This equality of our new definition A with that of CSS allows us to use the results of its calculation by Kodaira
and Trentadue [88] and by Davies and Stirling [89]. We find

A(bT) =
↵s(µ)CF

⇡
+

✓
↵s(µ)

⇡

◆2

CF

✓
67

36
� ⇡2

12

◆
CA � 5

9
TRnf +

✓
11

12
CA � 1

3
TRnf

◆
ln

✓
µ2b2T
4e�2�E

◆�
+O

�
↵s(µ)

3
�
.

(37)

This di↵ers from the Davies-Stirling result by the addi-
tion of the logarithmic term to give invariance under a
change of µ. For the Davies-Stirling calculation, the CSS
definition of A was used, which, via Eq. (36), can be
interpreted as our A when µ is set to 2e��E/bT.

From this we can verify the known 2-loop value of �K ,
given in Eq. (10), by the following manipulations:

�K(↵s) = � dK̃

d lnµ

= �@K̃(bT;µ,↵s(µ))

@ lnµ
� d ↵s(µ)

d lnµ

@K̃(bT;µ,↵s(µ))

@↵s(µ)

= �@K̃(bT;µ,↵s(µ))

@ ln bT
� d ↵s(µ)

d lnµ

@K̃(bT;µ,↵s(µ))

@↵s(µ)

= 2A(bT;µ,↵s(µ))�
d ↵s(µ)

d lnµ

@K̃(bT;µ,↵s(µ))

@↵s(µ)
. (38)

Then �K to two loops, Eq. (10), is obtained from the
value of A to two loops together with the one-loop values
of K̃ and of the evolution of ↵s. This also agrees with
the result given in Moch, Vermaseren, and Vogt [70] in

14 Warning: Moch, Vermaseren, and Vogt [70] gave a calculation
at O(↵3

s) of a quantity they called A. What they calculate is in
fact 1

2

�K rather than A as defined by CSS (and us). This can be
checked from the definition (2.4) that [70] uses for A. Essentially
the same observation was made by Becher and Neubert in Ref.
[10].

their Eq. (3.8), which is for what they call A, but which
is 1

2�K in our notation. They give the 3-loop value in
their Eq. (3.9).
The only dependence on the specific method for imple-

menting perturbation theory is in the choice of µ, and,
in particular, in the way of optimizing the relationship to
bT. If µ is set to C1/bT, then ↵s(C1/bT) is small at small
bT, with finite perturbative coe�cients in the expansion
in Eq. (37). If C1 is excessively large or small, the co-
e�cients beyond order ↵s become large and the validity
of a truncated perturbative expansion becomes suspect.
The common choice is C1 = 2e��E .

V. ASSESSMENT OF APPROXIMATIONS AND
FITS

As we already mentioned, there appears to be incom-
patibility between di↵erent articles that have compared
TMD factorization with data. In this section we will first
review a selection of these works. Then we will present
the results in terms of the master function A(bT), de-
fined in Sec. IV, to assess their actual compatibility and
validity, or lack thereof.

A. Review of fits, etc

Some authors (e.g., [1–3, 86]) have used the CSS for-
malism with the form of solution given in Eq. (22) (or
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Properties of K(bT;μ) 
1)  K(bT;μ)	
  goes	
  to	
  a	
  (μ-­‐dependent)	
  constant	
  at	
  large	
  bT.	
  	
  

	
  
–  The	
  constant	
  has	
  perturba7vely	
  calculable	
  Q	
  dependence.	
  	
  
–  The	
  constant	
  is	
  nega7ve	
  (thus,	
  the	
  large	
  bT	
  tail	
  decreases	
  with	
  
Q).	
  
	
  

2)  At	
  small	
  bT,	
  K(bT;1/bT)	
  is	
  perturba7vely	
  calculable	
  to	
  
fixed	
  order.	
  

3)  At	
  large	
  bT,	
  gK(bT;bmax)	
  goes	
  to	
  a	
  constant	
  such	
  that	
  	
  
K(bT;μ)	
  goes	
  to	
  a	
  nega7ve	
  constant.	
  

4)  At	
  small	
  bT,	
  gK(bT;bmax)	
  is	
  a	
  power	
  series	
  in	
  (bT/bmax)2	
  with	
  
perturba7vely	
  calculable	
  coefficients.	
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Further Properties of 
gK(bT;bmax) 
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5. Correspondingly the master function A goes to
zero: A(1) = 0.

Thus a key property of the dynamics of non-perturbative
QCD is the number K̃(1;µ0) (at a chosen reference scale
µ0). This should be extracted from fits to data. The
value at other scales is given by the RG applied in a
perturbative region. Thus

K̃(1;µQ) = K̃(1;µ0)�
Z µQ

µ
0

dµ0

µ0 �K(↵s(µ
0)). (75)

As for the function gK(bT; bmax), it follows from its
definition that at a minimum it should obey:

• At large bT, gK(bT; bmax) goes to a constant, such
that K̃(bT;Q) goes to a negative constant.

• At small bT, gK(bT; bmax) is (approximately)
quadratic, with roughly the coe�cient found in Sec.
VI.

B. Dependence of gK on b
max

Since the exact K̃ is independent of bmax, it is useful
to devise methods of parameterizing gK to achieve this
to a useful accuracy, with the aid of perturbative calcu-
lations like those in Sec. VI. This will add (approximate)
constraints on gK beyond the two just listed. In the next
section we will show a parameterization obeying the con-
straints.

=) TR NOV CHANGED TO JCC STYLE OF
DERIVATIVE TYPE SETTING BELOW
The extra constraints are to arrange automatic bmax in-
dependence in certain important regions, and that gK
agrees with its perturbative calculation when the pertur-
bative calculation is valid:

1. The form of gK(bT; bmax) is such that

asy
b
T

⌧b
max

d

dbmax
gK(bT; bmax)

����
parametrized

= asy
b
T

⌧b
max

d

dbmax
gK(bT; bmax)

����
truncated PT

. (76)

Here the notation asy (for “asymptote”) denotes the extraction of the approximately quadratic behavior at small
bT, with neglect of higher power corrections. The notation “truncated PT” on the right-hand side indicates an
application of the calculational methods of Sec. VI, but possibly taken to higher order.

2. When bT ! 1, the value of gK(1; bmax) is to be arranged so that K̃(1) is independent of bmax.

To implement this, consider the RG-improved form (64) for K̃. We di↵erentiate with respect to bmax, and take
the limit bT ! 1. We also replace the perturbative part of the right-hand side by its truncated approximation.
Since the full K̃ is independent of bmax, we find

d

d ln bmax
gK(bT = 1; bmax) =

"
dK̃(bmax;C1/bmax)

d ln bmax
� �K(↵s(C1/bmax))

#

truncated PT

, (77)

which is our second requirement on the parametrization of gK . It determines the bmax dependence of
gK(bT=1; bmax).

C. Simple Parametrization of gK(bT ; bmax

)

Here we propose a very simple example of a single-
parameter form for gK(bT; bmax) that follows the strategy
established by the above conditions. While not unique,
it is useful for illustrating the basic properties that are
desired for a parametrization of gK(bT ; bmax). The gen-
eral principle is that we enforce bmax-independence in the
asymptotic small- and large-bT limits, and that the per-
turbatively predicted small-bT behavior is reproduced.
The functional form of gK interpolates smoothly between
the small- and large-bT regions, and the one parameter
determines the numerical value of K̃ at bT = 1. Modi-

fications and additions to this function can be proposed
later if required to get a better fit to data.
The proposed form is

gK(bT; bmax)

= g0(bmax)

✓
1� exp


� CF↵s(µb⇤)b

2
T

⇡g0(bmax) b2max

�◆
, (78)

where g0(bmax) is a function of bmax that we will deter-
mine. Expanding in small b2T ⌧ gb2max gives

gK(bT; bmax)

=
CF

⇡

b2T
b2max

↵s(µb⇤) +O

✓
b4TC

2
F↵s(µb⇤)

2

b4max⇡
2g0(bmax)

◆
, (79)
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5. Correspondingly the master function A goes to
zero: A(1) = 0.

Thus a key property of the dynamics of non-perturbative
QCD is the number K̃(1;µ0) (at a chosen reference scale
µ0). This should be extracted from fits to data. The
value at other scales is given by the RG applied in a
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5. Correspondingly the master function A goes to
zero: A(1) = 0.

Thus a key property of the dynamics of non-perturbative
QCD is the number K̃(1;µ0) (at a chosen reference scale
µ0). This should be extracted from fits to data. The
value at other scales is given by the RG applied in a
perturbative region. Thus

K̃(1;µQ) = K̃(1;µ0)�
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0)). (75)

As for the function gK(bT; bmax), it follows from its
definition that at a minimum it should obey:

• At large bT, gK(bT; bmax) goes to a constant, such
that K̃(bT;Q) goes to a negative constant.

• At small bT, gK(bT; bmax) is (approximately)
quadratic, with roughly the coe�cient found in Sec.
VI.

B. Dependence of gK on b
max

Since the exact K̃ is independent of bmax, it is useful
to devise methods of parameterizing gK to achieve this
to a useful accuracy, with the aid of perturbative calcu-
lations like those in Sec. VI. This will add (approximate)
constraints on gK beyond the two just listed. In the next
section we will show a parameterization obeying the con-
straints.

=) TR NOV CHANGED TO JCC STYLE OF
DERIVATIVE TYPE SETTING BELOW
The extra constraints are to arrange automatic bmax in-
dependence in certain important regions, and that gK
agrees with its perturbative calculation when the pertur-
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application of the calculational methods of Sec. VI, but possibly taken to higher order.
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To implement this, consider the RG-improved form (64) for K̃. We di↵erentiate with respect to bmax, and take
the limit bT ! 1. We also replace the perturbative part of the right-hand side by its truncated approximation.
Since the full K̃ is independent of bmax, we find
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which is our second requirement on the parametrization of gK . It determines the bmax dependence of
gK(bT=1; bmax).
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asymptotic small- and large-bT limits, and that the per-
turbatively predicted small-bT behavior is reproduced.
The functional form of gK interpolates smoothly between
the small- and large-bT regions, and the one parameter
determines the numerical value of K̃ at bT = 1. Modi-

fications and additions to this function can be proposed
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The proposed form is
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1� exp
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2
T
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where g0(bmax) is a function of bmax that we will deter-
mine. Expanding in small b2T ⌧ gb2max gives
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=
CF
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b2T
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✓
b4TC
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b4max⇡
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◆
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which matches the O(↵sb2T/b
2
max) term in Eq. (67), in-

dependently of what the function g0(bmax) is. Thus, gK
both agrees with the predicted small bT behavior and
gives bmax independence of the full K̃ in this region. See
also Ref. [95] for more discussion of the motivation for
Eq. (78).

Note that a (RG improved and truncated) perturba-
tion expansion for K̃(b⇤) is only valid if bmax is not so
large that we encounter the Landau pole before the b⇤
taming sets in. If bmax is too small, then an expansion
of a perturbative treatment of (�K̃(bT, µ) + K̃(b⇤, µ))
around small b2T/b

2
max is sensitive to quartic b

4
T and higher

power terms, even in regions of small bT where a pertur-
bative description is valid. Thus, Eq. (78) is optimized
for choices of bmax roughly in the transition region be-
tween perturbative and non-perturbative bT.

To enforce that K̃(bT=1) is independent of bmax, we
solve Eq. (77) with the leading order expressions for �K
and K̃ from Eqs. (10, 11). This gives

g0(bmax) = g0(bmax,0)+
2CF

⇡

Z C
1

/b
max

C
1

/b
max,0

dµ0

µ0 ↵s(µ
0) . (80)

Here, bmax,0 is a reference value for bT used to fix g0; it is
e↵ectively an integration constant. If one chooses a par-
ticular value of bmax when fitting the TMD factorization
formula to data, then the single numerical value g0(bmax)
is a parameter of the fit. If a second fit were made with
a di↵erent value of bmax, then we expect the fitted value
of g0(bmax) at the new bmax to be given (approximately)
in terms of the old value by Eq. (80).

At large bT, the resulting K̃ goes to a constant, as
planned, and at small bT it is a power series in b2T. In
principle, we may also allow for higher powers of bT in
the region of intermediate bT. Since the resulting cor-
rections are small, we regard the current approximation
as adequate for the moment. If in Eq. (78) we take the
limit g0 ! 1, this is equivalent to setting gK(bT; bmax)
to zero and describing the entire range of K̃(bT;Q) us-
ing the cuto↵ form K̃(b⇤;Q). If, in addition, we take the
limit bmax ! 1, and use the perturbative formula for
K̃, then the result for K̃(bT;µQ) in Eq. (64) is to use the
perturbative RG-improved version for all bT.

Improvements can of course be made by using higher
order terms in the perturbative expansion of K̃ and �K .

We now display an example of results obtained us-
ing the parametrization in Eq. (78). In Fig. 6, we
have plotted the K̃(bT;Q) obtained using Eq. (78) and
Eq. (80). For the reference value of bmax, we choose
bmax,0 = 1.5GeV�1. The goal of this paper is only to il-
lustrate the general method, so we need only to estimate
a reasonable value for g0(bmax = 1.5GeV�1). To do this,
we note that, if one assumes that perturbation theory is
at least roughly applicable up to bT ⇠ 1.5GeV�1, then
the leading quadratic terms should dominate in the ex-
pansion in Eq. (79) for the region of bT . 1.5 GeV�1.
Thus, for the quartic terms in Eq. (79) to be small at

bT ⇠ bmax we must have

CF↵s(µb⇤)

⇡g0(bmax)
. 1 , (81)

or,

g0(bmax = 1.5GeV�1) & CF↵s(C1/1.5)

⇡
⇡ 0.3 . (82)

Therefore, for the sake of illustration, we will use
g0(bmax = 1.5GeV�1) = 0.3. In the future, this pa-
rameter should be extracted from actual fits.
We have chosen to plot K̃(bT;Q) in Fig. 6(a) at the

relatively low scale of Q = 2.0GeV. The result of us-
ing bmax = 1.5GeV�1 is shown as the solid blue curve
while the result of switching to bmax = 0.5GeV�1 us-
ing Eq. (80) is shown as the red dot-dashed curve.
For comparison, Fig. 6(a) also shows the calculation of
K̃(b⇤;Q = 2GeV) in the LO RG improved approxima-
tion, but with no gK(bT; bmax) term at all (thin blue dot-
ted and red dashed curves for bmax = 1.5GeV�1 and
bmax = 0.5GeV�1 respectively). Finally, we have shown
the calculation with the KN (bmax = 1.5GeV�1) and
BLNY (bmax = 0.5GeV�1) parametrizations (thick black
dotted and dashed curves), which use the quadratic form
for gK(bT; bmax) from Eqs. (39,42). Fig. 6(a) illustrates
how the parametrization from Eq. (78) undergoes a com-
paratively small variation with bmax, relative to methods
that use a quadratic gK(bT; bmax) or no gK(bT; bmax) at
all.
Most of the residual variation in the parametrization

from Eq. (78) is confined to the intermediate region be-
tween about bT ⇠ 1.0 GeV�1 and bT ⇠ 3.0 GeV�1

where one expects sensitivity to the precise details of the
physics involved in the transition between a perturba-
tive and a purely non-perturbative description of the bT-
dependence. At both very large and very small bT there
is no sensitivity to bmax, as imposed by our construction.

The true K̃(b⇤;µ) is independent of bmax everywhere,
so the gap between the blue and red solid curves in
Fig. 6(b) at around bT ⇠ 2.0GeV�1 is symptomatic
of the limitations of the simplistic parametrization of
Eq. (78). Our present aim is simply to design a sim-
ple functional form that greatly reduces the bmax depen-
dence. It is suggestive of improvements that can be made,
by including higher order calculations and greater knowl-
edge of the non-perturbative e↵ects, that reduce the de-
pendence even further.

In Fig. 6(b), we have again plotted the K̃(bT;Q) ob-
tained using Eq. (78) and Eq. (80), for bmax = 1.5 GeV�1

and bmax = 0.5 GeV�1, but now we show the result of
using Q = 2, 10, and 100 GeV. The variation in Q results
only in a vertical shift of K̃(bT;Q). This is an exact
property of the CS kernel, and the vertical shift needs
to be accounted for when addressing the evolution of the
normalization of the cross section.

As explained in Sect. IV, the physical consequences of
K̃(bT;Q) for the evolution of the shape of transverse dis-
tributions are conveniently illustrated through the mas-
ter function A(bT) defined in Eq. (30). Therefore, in
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FIG. 6. (a) Comparison of di↵erent treatments of gK(b
T

; b
max

) in calculation of K̃(b
T

;Q) for Q = 2.0 GeV. The solid
blue and dot-dashed red curves are the calculation using the gK(b

T

; b
max

) parametrization from Eq. (80) with respectively
b
max

= 1.5 GeV�1 and 0.5 GeV�1. The value at b
T

= 1 is set by g(b
max

=1.5GeV�1) = 0.3 The thin blue dotted red dashed
curves are the LO RG improved calculations of K̃(b⇤;Q) using b

max

= 1.5 GeV�1 and 0.5 GeV�1 and no gK(b
T

; b
max

). The
black dotted and dashed curves are using the KN and BLNY fits for gK(b

T

; b
max

) with b
max

= 1.5 GeV�1 and 0.5 GeV�1

respectively.
(b) Calculation of K̃(b

T

;Q) using Eq. (80) with b
max

= 1.5 GeV�1 and 0.5 GeV�1 and several values of Q: Q = 2, 10 and
100 GeV. Note the change in the meaning of the line types between graphs (a) and (b).
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FIG. 1. b
T

-space integrand for the Drell-Yan process. These plots are from Fig. 4 of [2] and show the results of using
di↵erent values of b

max

: (a) for Z production
p
s = 1.96TeV; (b) for

p
s = 38.8GeV and Q = 11GeV. The two fits with

b
max

= 1.5GeV�1 correspond to two di↵erent choices for the ratio C
3

= µb⇤b⇤, which gives a measure of sensitivity to
truncation of perturbative expansions. The curve labeled “Qiu-Zhang”, with b

max

= 0.3GeV�1, uses the Qiu-Zhang [3, 86]
parametrization. The normalization of W̃ di↵ers from that defined in Eq. (2).

but the relative di↵erences are much smaller than the
factor of two di↵erences seen at the edge of graph (a).

Current discussions involve experiments and data at
even lower Q, while still having Q large enough that it
seems reasonable to use TMD factorization. The e↵ects
of evolution imply that these experiments probe substan-
tially larger values of bT that are in a more clearly non-
perturbative region. In these contexts, one is often specif-
ically interested in accessing the large bT region in e↵orts
to study non-perturbative properties of hadron structure.
However, there is a clear danger that the fits resulting in
Eqs. (41) and (42) were primarily sensitive to smaller val-
ues of bT than are needed for the low Q data. Hence the
extrapolation to larger bT of the quadratic fit beyond the
region where it was determined by the fitted data could
well misrepresent the true consequences of QCD.

In fact a di�culty immediately manifests itself, as par-
ticularly emphasized by Sun and Yuan [13]: There are
regions of Q, xA and xB where one might reasonably
expect factorization to continue to work, but where the
coe�cient of b2T in the exponent in Eq. (39), with the
BLNY values, reverses sign to become positive, given the
values in Eq. (40). An example is with Q = 3GeV and
xA = xB = 0.3. With this reversed sign, the integral over
bT for the cross section is badly divergent at bT = 1.
Even the Konychev-Nadolsky fit with its lower value of
g2 does not [13] adequately account for the data at lower
Q than where the fit was made. (See also Ref. [28] for a
confirming analysis.)

This suggests the following hypothesis: The fits in
Refs. [1, 2] determine gK and gj/H in a range of rela-
tively low bT, say between about 0.5 and 2GeV�1, but
their extrapolation to larger bT is wrong. The function
gK that concerns the Q dependence should not continue
to rise like b2T; instead it should flatten. Then the evolu-

tion at low Q is substantially slower than the extrapola-
tion of the old fits would give. This is without necessarily
invalidating the earlier fits.
Note that there is a degree of arbitrariness in the choice

of how non-perturbative e↵ects are partitioned between
gK , gj/A and gj/B in Eq. (22). It is defined only up
to a choice of Q0. If a di↵erent value is chosen, say
Q0

0, then gK(bT; bmax) ln(Q0
0/Q0) is reabsorbed into (x-

independent) redefinitions of gj/A and gj/B . Of course,
the complete, evolved TMD PDFs are left unchanged by
such a reorganization.

2. Work without non-perturbative evolution function

Several references, e.g., [10–13, 32], use a CSS-like for-
malism, but without a fitted function to parametrize
non-perturbative large-bT evolution. (However, all agree
in using fitted non-perturbative function(s) for the Q-
independent part of the TMD parton densities.)

Echevarŕıa et al. [11] argued that one can avoid the use
of bmax and the corresponding parametrized function gK .
At the most fundamental level, they have TMD factor-
ization and evolution results that are equivalent [91, 92]
to a version of the CSS formalism. So the di↵erences re-
ally only concern how the formalism is exploited. They
apply a resummation procedure to the function K̃(bT)
(which is �2D in their notation). They argue that the
resummed formula applies in a range of bT up to about
a limiting value they term bC . The value of this limit
is given as bC = 6GeV�1 = 1.2 fm, when the scale µ is
5GeV.

Beyond this distance scale, they agree that non-
perturbative information in K̃ is needed. However, they
argue that since the coordinate-space parton density is

High	
  Energy	
  
(Konychev,	
  Nadolsky	
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FIG. 5. Comparison of various treatments of gK(b
T

; b
max

) in the calculation of K̃(b
T

;Q), where for illustration we use Q =
3.0 GeV. The solid red and blue curves show the calculation of K̃(b

T

;Q) using the gK(b
T

; b
max

) parametrization from Eq. (63)
using b

max

= 0.5 GeV�1 and 1.5 GeV�1 respectively to give a reasonable extrapolation to large b
T

. The thin dashed red and
thin blue dotted curves are the LO RG improved calculations of K̃(b

T

;Q) using b
max

= 0.5 GeV�1 and 1.5 GeV�1 respectively
and no gK(b

T

; b
max

). Finally, the black dashed and black dot-dashed curves show the BLNY and KN fits, with quadratic models
of gK(b

T

; b
max

), and using b
max

= 0.5 GeV�1 and 1.5 GeV�1 respectively. In graph (a), the region of small b  0.3 GeV�1 is
shown to illustrate the a↵ect of changing b

max

in a region where perturbative e↵ects are expected to dominate. Note that both
the extended parameterization from Eq. (63) and the quadratic model of BLNY and KN show essentially negligible variation
with respect to changes in between b

max

= 0.5 GeV�1 and 1.5 GeV�1. The purely perturbative RG improved calculation shows
a significant variation in the region of large b

max

however, thus illustrating the necessity of including the perturbative region of
gK(b

T

; b
max

). In graph (b), the region of very large b
T

is shown. Note that for b
T

& 4.0 GeV�1 the extended parametrization
from Eq. (63) has almost exactly zero dependence on b

max

, whereas the quadratic BLNY and KN models vary dramatically
between b

max

= 0.5 GeV�1 and 1.5 GeV�1 in the same region. The legend in graph (a) applies also to graph (b).
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FIG. 6. (a) Comparison of di↵erent treatments of gK(b
T

; b
max

) in calculation of K̃(b
T

;Q) for Q = 2.0 GeV. The solid
blue and dot-dashed red curves are the calculation using the gK(b

T

; b
max

) parametrization from Eq. (78) with respectively
b
max

= 1.5 GeV�1 and 0.5 GeV�1. The value at b
T

= 1 is set by g(b
max

=1.5GeV�1) = 0.3 The thin blue dotted red dashed
curves are the LO RG improved calculations of K̃(b⇤;Q) using b

max

= 1.5 GeV�1 and 0.5 GeV�1 and no gK(b
T

; b
max

). The
black dotted and dashed curves are using the KN and BLNY fits for gK(b

T

; b
max

) with b
max

= 1.5 GeV�1 and 0.5 GeV�1

respectively.
(b) Calculation of K̃(b

T

;Q) using Eq. (78) with b
max

= 1.5 GeV�1 and 0.5 GeV�1 and several values of Q: Q = 2, 10 and
100 GeV. Note the change in the meaning of the line types between graphs (a) and (b).
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FIG. 7. (a) The values of the function A(b
T

) that corresponds to K̃(b
T

) for the curves in Fig. 6(a).
(b) The function A(b

T

) for a selection of b
max

values in the range 0.7GeV . C
1

/b
max

. 1.25GeV. They use (80) and (81),
with our parameter values. For b . 2.5GeV�1, we have checked that A(b

T

) varies by less than 20% with the changes in the
cuto↵ scale corresponding to the range plot (b), so long as 0.2 . g

0

(1.5GeV�1) . 0.6.
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In Progress 
•  New	
  fits	
  to	
  HERMES	
  and	
  COMPASS	
  SIDIS	
  using	
  
ResBos(SIDIS)	
  generator.	
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Summary 
•  Large-­‐x	
  processes	
  and	
  sensi7vity	
  to	
  TMD	
  physics?	
  

•  Sugges7on	
  for	
  fits	
  to	
  TMD	
  func7ons:	
  
–  	
  	
  Present	
  evolu7on	
  results	
  as	
  fits	
  to	
  K(bT;	
  μ)	
  and	
  A(bT).	
  

•  Exploit	
  strong	
  so^	
  universality	
  and	
  bmax	
  independence.	
  	
  
–  	
  Very	
  large	
  bT	
  non-­‐perturba7ve	
  evolu7on	
  behavior	
  is	
  in	
  

	
  	
  gK(bT;bmax).	
  S7ll	
  strongly	
  universal.	
  	
  	
  
	
  

•  	
  A(bT)	
  as	
  a	
  diagnos7c	
  tool.	
  Rela7onship	
  to	
  older	
  CSS	
  
	
  	
  nomenclature.	
  	
  

•  	
  Related	
  to	
  VEV	
  of	
  Wilson	
  loop.	
  Non-­‐perturba7ve	
  methods?	
  
	
  

•  CSS	
  formalism	
  equivalent	
  to	
  TMD	
  factoriza7on.	
  Components	
  are	
  clearer	
  
when	
  organized	
  in	
  term	
  of	
  TMDs.	
  
	
  

•  Rela7onship	
  to	
  hadron	
  structure.	
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  Thank	
  You!!	
  


