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Dirac '75: Most physicists are very satisfied with the
situation. They say: 'Quantum electrodynamics is a good
theory and we do not have to worry about it any more.'

| must say that | am very dissatisfied with the situation,
because this so-called 'good theory' does involve
neglecting infinities which appear in its equations,
neglecting them in an arbitrary way.

This is just not sensible mathematics. Sensible
mathematics involves neglecting a quantity when it is
small — not neglecting it just because it is infinitely great
and you do not want it!



Overview

[ Dirac's clags two difficulties
(1) Clasgical field theory
(2) Quantum field theory
(a) Uttraviolet and infrared divergences

(b) Dirac sea divergences

[l Recent progress in external field theory



. The class two difficulties of field theory

(1) Classieal field theory:

Claggical electrodynamice comes in two parts:
« Lorentz foree: Motion of charges in preseribed external fields
W3k e TH(e)dy , FoAM
- Maxwell equations: Dynamicg of fields for given charge trajectories
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The fully coupled system faile to be well-defined for point charges:

+ The fields of a charge diverge ~ o“sfwcqz on the charge trajectory.
+ The Lorentz force would need to evaluate the fielda exactly there.

Every golution of Maxwell's equations ig of the form:
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Mathematical remedy: Replace point charges by extended charges.

Qe+ (UCP\M)
d[eee | _ [ Ze [EL6) + Vers) A B (]
gt | Be | | & S e
By E‘}/LVA B XY — KZ:,‘ . 0 (Puye)
- Vs Ee

V- B, = O.

b

N
awd VELI) G

o Mathematically consistent

, however:
» Unwanted arbitrarinege of the geometrical extengion

> Acaugal overlaps for accelerationg ~
» Generation of electrodynamic mage
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+ Hence, point limit degirable:
> Abraham-Lorentz-Dirac equation
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However:
* run-auayg, pre-acceleration
°agymptotic conditiong
> no runawayg but complicated functional differential equation
» Landau-Lifehitz equation, critical manifold
> good approximation, no pre-acceleration, no runaways
+ all thege approacheg are informal Taylor expangiong of ill-defined equations of motion of ML

Bottom line:
There ig no congigtent relativigtic theory of clagsical electrodynamics.

Open program:
A. A frech start with well-defined equationg of motion.
B.  Derivation of an effective equation for radiation damping from firgt principles.
C. Test the predictions experimentally beyond Lamor'e formula.

A promising fresh start: Wheeler-Feynman electrodynamics

[nstead of starting with ill-defined equationg and tempering with them,
Wheeler and Feynman suggested to start anew:
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No cingularities in the equationg of motion. Zﬁ \ space




However:
* No gelf-interaction, <o how can it describe radiation damping?

Suppoge no radiation leaks to infinity
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ag an effective equation without running into gingularities.
However:
» Advanced and retarded argumentg in equations of motion make it hard to analyze.

- Solution theory only in some gituations under control

+ Derivation of radiation friction completely open.

Poggibly very hard, nevertheless, only mathematical probleme.



(2) Quantum field theory:

(a) Infrared and ultraviolet divergences

Toy model
(01 + p) o= =9 2 §C2)

of a Klein-Gordon field with sources X, hag Hamiltonian
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The ground state can be computed explicitly
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and the eigenvalue ig given by
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One obgerves the difficulties:

(i) One congequence ig that the informally computed ground state energy diverges
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not gurprigingly, ag the classical Hamiltonian diverges exactly in the same way.

QFT inherite the clasgical ultraviolet divergence.
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Hence, the Hamiltonian | and the equation of motion
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are ill-defined, which ig referred to ag ultraviolet divergence.

(iil) In fact, the situation ie slightly worge than in claseical field theory:
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Hence, ag another manifegtation of the ultraviolet divergence,
the ground etate ig not a Fock vector.



(iv) And even if we impoge an ultraviolet cut-off O« lkl£ A < o<
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which ig referred to ag the infrared divergence.
The reprecentation problem 152> & 3 ceeme rather a mathematical issue.

> [n this toy model it can be solved by switching to a Fock epace with vacuum | 2>
o Many advances concerning the infrared problem

[nfinities in the equations of motion and the phygical relevant quantities are more worrigome.
> One needs to implement a renormalization program ag in clagsical field theory.
° [ the toy model we may gimply drop the infinities in the energy but what if charges move?

- Magg renormalization ag in clagsical electrodynamice?
o The Pauli-Fierz model:

H = ML + i Sdk 1 Ol Q2

Py A=A LA

- Conjecture about the effective velocity
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+ Here it wag proven that
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Hence, effective velocity vanisheg independently of any magg renormalization!
Open program???
A. Learn from the possible “fresh etart” in the clagsical counterpart.

B. Understand better the nature of relativigtic interaction
C.  Find well-defined equation of motion, then proceed

(c) Dirac gea divergenceg

- So far we mainly regarded one electron with itg field alone.
+ Let ug now neglect the interaction with the field and degcribe the motion of electrong only.

Dirac's electrong obey the Schrodinger equation for the Dirac Hamiltonian
He — idDtpm  on D) ¢ H(RCH=X

which admite the epectrum  2(M) = Fo=-w3 ulwm,6=)
and we shall uge the notation P~ = Py, Pri= A-P7, TE* 1= PEY

Electrong in the negative gpectrum move differently than usually obgerved:

- Schrodinger's zitterbewegung

+ Klein'e paradox

Furthermore, there ig the phenomenon of pair creations, which led Dirac to propose:

The vacuurm, when left alone, should be represented by a quantum state of the form
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a infinite gea of electrong occupying all negative energy states.



Subject 1o an external potential an electron can be described with the Hamiltonian
W = L FiaP-A) s pwm s

which generates the one-particle time evolution operator U

Tolift U™ to a time evolution operator U acting on Dirac seas it ie natural to require
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The heurigtic picture of pair creation then ie
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Thig idea can be wrapped up in a neat notation with creation/annihilation operatorg
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The firgt adjustment to be made
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Thig ig expected since there are infinitely many electrong, all inducing a current.
Neverthelesg, following Dirac's intuition:



Dirac 1934:Admettons que dans I'Univers tel que nous le connaissons,
les états d'energie négative soient presque tous occupés par des électrons,
et que la distribution ainsi obtenue ne soit pas accessible a notre
observation a cause de son uniformité dans toute I'etendue de I'espace.
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Next problem would be to compute the current for a given external potential A"
that ie ewitched on and left conetant.
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dropping the termg violating Lorentz and gauge invariance one ig left with
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SR . .ext . .
49‘ ic the angwer to external disturbance /Aex but experimentally they are ingeparable.
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a gelf-congigtent equation for of the vacuum polarization without infinities.



However:
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Our bare parameter oL became a running parameter.

But o(,,; ,TQ; , which meang that ol — o= already for a finite value of A |
long before it can be sent to infinity.

Thig behavior ig referred to ag the Landau pole.

What i the source of thege infinitiea?
+ There are simply infinitely many electrons.
- After the thermodynamic limit only admisgible differences/relationg can survive.

Open program:
A. Take Dirac's idea geriously.
B. Don't hide the infinitely many electrong in the vacuum tate.
C.  Deal with them, ag one would do in statigtical mechanice.
D.  Find a well-defined equation of motion, then start over.

[l Recent progress in external field theory

Theorem (Shale-Stinespring '65, Ruijsenaars '77):
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the heurigtic picture ie only agymptotically correct
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More to the point at intermediate timeg:
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Congequence:

+ Ag the polarization changes the Dirac sea cannot be repregented in free Fock space
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- The polarization &~ hag to be adapted to an admisgible choice ;. according to A .
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Heurigtically, the situation can be depicted ag:
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+ Constructed the evolution operator
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for admicgible polarizatione Vi, and V., between general Cauchy curfaces.
+ The clasges of admiggible polarizationg are given and shown to depend on & ITS.& only.
- The construction ig unique up to a phage. Therefore:
> Trangition probabilities are shown to be free of infinities and unique.

o But the current ig not uniquely determined.

+ However, for each admiseible choice of a phage, the expresgion for the corregponding ie well-
defined.

+ The hope ig that the freedom of choice in the phage ig restricted by gauge and Lorentz
invariance to of freedom of choosing a real number, the charge of the electron.



Open program
A.  [dentify the physical current.
B. Allow back reaction of the polarization current.
C. Derive aggumptiong:
a. Product < cloge to true ground state.
b.  Validity of neglecting the pair interaction in |.<>

D. Couple to a quantized photon field?
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A possible fresh start: Wheeler-Feynman like interaction
Recall, the bagic problem in clagsical electrodynamics wag the ill-defined self-interaction.
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Copying that idea
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No eingularities in the equationg of motion.

= Barut, Dowling, Kraug, Unal, Salamin ctudied thig equation in over 15 publications
+ Main claim: Lamb shift, g-factor can be computed without renormalization.

+ Thig radiation damping equation can be derived starting from a Hartree-Fock model
of the Dirac gea with a gimilar arqument ag in WF electrodynamics

- However:
o The model ig non-linear and chould be geen ag mean-field approximation.



Many open questiong:
- Mathematical theory of golutione?
+ Can Barut's computationg be made rigoroug?
+ lg a linear version posgible?
+ Can thig idea be implemented for a Dirac sea of charges?

Again very hard, neverthelesg, only mathematical problems.



