
Surprises from the resummation of ladders for
the ABJ(M) cusp anomalous dimension

Michelangelo Preti
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Wilson loop

In any gauge theory

WR[C] =
1

dimR
TrRPe(i

∮
C Aµẋ

µdτ)

measures the phase of an external particle.

For a given theory the Wilson loop depends on

I The trajectory of the particle C → xµ(τ)

I The flavor/charge of the particle R → gauge group repr.

There are a lot of interesting implications...

Michelangelo Preti GGI, May 20th 2016
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Wilson loop in N = 4 SYM

I Vector supermultiplet (Aµ, λ
a
α,Φ

I );

I Free parameters: gYM, N → ’t Hooft coupling λ = g2
YMN.

The loops couple also the scalars:

WR[C] =
1

dimR
TrRP exp

∮

C
dτ
(
iAµ(x)ẋµ(τ) + ẏI (τ)ΦI

)

The scalar coupling must satisfy ẋ2 = ẏ2 → local SUSY
With a suitable choice of scalar coupling → global SUSY

I Zarembo ẏI = Mµ
I ẋµ → 〈W 〉 = 1 [K.Zarembo ’02]

I DGRT ẏI = −ẋµσµνi xνM
i
I → loops on S3

[N.Drukker, S.Giombi, R.Ricci, D.Trancanelli ’07]

The number of preserved supercharges depends on the path xµ(τ)

Michelangelo Preti GGI, May 20th 2016
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Wilson loop ABJ(M)

I (Aµ, ψ
I ,C I ) in the bifundamental of the group U(N)×U(M);

I Free parameters: κ,N,M → ’t Hooft coupling λ1 = N
κ , λ2 = M

κ .

U(N) U(M)A

ICI

ICI

Â

_

_

The contours couple also the scalars and the fermions:

WR[C] =
1

dimR
TrR

[
Pexp

(
−i
∫

C
dτL(τ)

)]

the U(N)× U(M) gauge connection with the super-connection

L(τ) ≡ −i

 iA
√

2π
κ
|ẋ |ηI ψ̄I√

2π
κ
|ẋ |ψI η̄

I iÂ

 with


A ≡ Aµẋ

µ − 2πi
κ
|ẋ |M I

J CI C̄
J

Â ≡ Âµẋ
µ − 2πi

κ
|ẋ |M̂ I

J C̄ JCI ,

belonging to the super-algebra of U(N|M).
[N.Drukker, D.Trancanelli ’10]

Michelangelo Preti GGI, May 20th 2016
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Cusp anomalous dimension ΓCUSP

W ∼ e− log( L
ε )ΓCUSP(λ,ϕ)

with L and ε the IR and UV cut-off

Supersymmetric configuration: ϕ = 0

I Universal cusp anomaly ΓCUSP(λ, ϕ)
ϕ→iϕ−−−→
ϕ→∞

ϕγCUSP(λ)

I QQ̄-potential ΓCUSP(λ, ϕ)
ϕ→π−−−→ V (λ)

π−ϕ

I Bremsstrahlung function ΓCUSP(λ, ϕ)
ϕ→0−−−→ −ϕ2B(λ)

Michelangelo Preti GGI, May 20th 2016
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Deforming the observable

R-symmetry deformation ~n · ~n ′ = cos θ

W ∼ e− log( L
ε )ΓCUSP(λ,θ,ϕ)

with ΓCUSP(λ, θ, ϕ) the generalized cusp anomalous dimension
[N.Drukker, V.Forini ’11] [D.Correa, J.Henn, J.Maldacena, A.Sever ’12]

Supersymmetric configuration: ϕ = ±θ

It is possible to have exact result for the generalized cusp?

Michelangelo Preti GGI, May 20th 2016
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Bethe-Salpeter equation for generalized cusp in N = 4 SYM
We study the scaling limit which selects only ladder diagrams

iθ →∞, λ→ 0 with λ̂ =
λe iθ

4
finite.

[Correa, Henn, Maldacena, Sever ’12]

F

. . .

. . .

= 1 +
F

. . .

. . .

Ladder diagram resummation → Bethe-Salpeter equation

F (S ,T ) = 1 +

∫ S

0
ds

∫ T

0
dt F (s, t)P(s, t)

Integral equation → Schroedinger equation with potential
depending on the integral kernel P(s, t)

Michelangelo Preti GGI, May 20th 2016
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The 1-d Schroedinger problem
It is convenient to think about the problem on the sphere (s =eσ, t=eτ )

∂σ′∂τ ′F (σ′, τ ′) = P(σ′, τ ′)F (σ′, τ ′)

Defining x = τ ′ − σ′ and y = τ ′ + σ′/2 and making the ansatz
F =

∑
n e
−EnyΨn(x) [

−∂2
x − P(x , y)

]
Ψ(x) = −E 2

4
Ψ(x)

when T =S →∞, F is governed by the lowest eigenvalue then

E0 = −Γcusp

I The energy can be computed exactly for ϕ = 0

I For arbitrary ϕ the Schroedinger problem is not exactly solvable

Γcusp = −

√
λ̂

2π cosϕ/2
λ̂ >> 1 in agreement with AdS/CFT

[Correa, Henn, Maldacena, Sever ’12] [Henn, Huber ’12]

Michelangelo Preti GGI, May 20th 2016
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A sketch of the NLO

[Henn, Huber ’12]

Michelangelo Preti GGI, May 20th 2016
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The ABJ(M) kernels

The ABJ scaling limit

iθ →∞, λ1,2 → 0 with λ̂1,2 =
λ1,2e

iθ

2
finite.

At leading order the relevant contributions are

(c)(b)(a) (d) (e)

=

∫
ds dt P(F )(s, t)

=

(
2π

κ

)
MN

Γ
(

1
2 − ε

)

4π3/2−ε (µL)2ε 1

ε

cos θ2
cos ϕ2

.

(c)(b)(a) (d) (e)

Figure 4. Two loops bosonic diagrams: (a) One-loop corrected gauge propagators; (b) Correlator of two

composite scalar operators; (c) Correlator gauge field composite scalar operator; (d) Chern-Simons vertex

diagrams; (e) Gluon double exchange diagrams.

and it would correspond to a gauge transformation -albeit a singular one. In dimensional

regularization it yields a (✓, ') independent pole in ✏ plus finite terms. Thus its contribution

to the divergent part of the cusp becomes ine↵ective when we impose the renormalization

condition discussed in subsec. 4.1. Consider now the other contribution in (5.3): as firstly

noted in [31] it possesses an unforeseen four-dimensional structure. When the two endpoints

lie on the same edge it is proportional to the the tree-level e↵ective propagator in N = 4

since Tr(M1M2) = 4 and thus it vanishes. When they lie instead on opposite edges it given

the following result

B(2) = �MN2

✓
2⇡



◆2�2
�

1
2 � ✏

�

4⇡3�2✏

✓
cos'� cos2

✓

2

◆Z L

0
d⌧1

Z 0

�L
d⌧2

1

((x � y)2)1�2✏
, (5.4)

where the integral governing the divergence is the same of the four dimensional case when

we replace 2✏ with ✏.

Next we examine the graphs 4.(c), 4.(d) and 4.(e). The last one is identically zero for the

same reasons of the one-loop single exchange 3.(a). The diagram 4.(c) for the case of planar

loop was discussed in [31] where it was found to vanish. The same fate is shared by 4.(e)

as pointed out in [26]. Thus the only contribution originating from the bosonic diagram is

provided by (5.4).

5.2 Fermionic diagrams

Figure 5. One-loop corrected fermions

propagators

The simplest fermionic diagram appearing at the

second order in perturbation theory consists of

the exchange of the one-loop corrected fermion

propagator depicted in fig 5.

The one-loop two point function for the spinor

fields is briefly discussed in app. C. Remarkably

it again displays the four dimensional behaviour

already encountered in the bosonic case. Its form

in the DRED scheme is

D
( I)

j

î
(x)( ̄J) l̂

k (y)
E1 `oop

0
= �i⇣

✓
2⇡



◆
� l̂
î
�j
k(N � M)

�2
�

1
2 � ✏

�

16⇡3�2✏

1

((x � y)2)1�2✏
. (5.5)

– 20 –

=

∫
ds dt P(B)(s, t)

=−
(

2π

κ

)2

MN2 Γ2
(

1
2 − ε

)

16π3−2ε
(µL)4ε cos2 θ

2

1

ε

ϕ

sinϕ
.
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Bethe-Salpeter equation for generalized cusp in ABJ(M) (I)

F

. . .

. . .

=
√
N + MN

F

. . .

. . .

+
√
MN

F

. . .

. . .

F

. . .

. . .

=
√
M +

√
MN

F

. . .

. . .

+ MN
F

. . .

. . .

F (S ,T ) =
√
N +

∫ S

0

ds

∫ T

0

dt MNF (s, t)P(B)(s, t) +
√
MNF̂ (s, t)P(F )(s, t)

F̂ (S ,T ) =
√
M +

∫ S

0

ds

∫ T

0

dt
√
MNF (s, t)P(F )(s, t) + MNF̂ (s, t)P(B)(s, t).

〈W±〉 =
〈W↑〉 ± 〈W↓〉

N ±M
⇒ 〈W±〉 =

√
NF ±

√
MF̂

N ±M

Michelangelo Preti GGI, May 20th 2016
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Bethe-Salpeter equation for generalized cusp in ABJ(M) (II)
We decouple the integral equations defining

H(x , y) = F + F̂ = h(y)ψ+(x) K(x , y) = F − F̂ = k(y)ψ−(x)

Two SUSY-QM Schroedinger equations(
−∂2

x + a2W 2(x)− aW ′(x)
)
ψ+(x) = Eψ+(x)(

−∂2
x + a2W 2(x) + aW ′(x)

)
ψ−(x) = Ẽψ−(x)

h(y) = C1e
2

√
−E+ a2

2
y + C2e

−2

√
−E+ a2

2
y

k(y) = C3e
2

√
−Ẽ+ a2

2
y + C4e

−2

√
−Ẽ+ a2

2
y

Solving the equations we get

〈W+〉 =
(
√
M +

√
N)2

2(M + N)
e
√

2a log
ΛUV
ΛIR +

(
√
M −

√
N)2

2(M + N)
e
−
√

2a log
ΛUV
ΛIR ,

〈W−〉 =
1

2
e
√

2a log
ΛUV
ΛIR +

1

2
e
−
√

2a log
ΛUV
ΛIR .

[M.Bonini, L.Griguolo, M.P., D.Seminara ’16]

Michelangelo Preti GGI, May 20th 2016
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Bethe-Salpeter equation for generalized cusp in ABJ(M) (III)
The straight-line case (ϕ = 0) is exactly solvable with ε 6= 0

�H(x ′, y ′) =
[
~∇W (x ′, y ′) · ~∇W (x ′, y ′)−�W (x ′, y ′)

]
H(x ′, y ′) ,

�K(x ′, y ′) =
[
~∇W (x ′, y ′) · ~∇W (x ′, y ′) +�W (x ′, y ′)

]
K(x ′, y ′) ,

with

W (x ′, y ′) =
2ε−1/2aε

ε
eεy

′
cos2ε x ′

2
, aε =

√
λ̂1λ̂2

Γ(1/2− ε)(µL)2ε

(2π)1/2−ε .

Solving the equations we get

〈Wϕ=0
+ 〉 =

(
√
M +

√
N)2

2(M + N)
e−

2ε−1/2

ε
aε +

(
√
M −

√
N)2

2(M + N)
e

2ε−1/2

ε
aε ,

〈Wϕ=0
− 〉 =

1

2
e−

2ε−1/2

ε
aε +

1

2
e

2ε−1/2

ε
aε .

[M.Bonini, L.Griguolo, M.P., D.Seminara ’16]
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The mixing matrix and the cusp anomaly
The two operators mix (a, b = ±)

WB
a = Z̃abWR

b , Z̃ab = (ZopenZ̃cusp)ab
iθ→∞−−−−→ (Z̃cusp)ab

the cusp anomalous dimension is defined by

(Γcusp)ab =

[
µ
∂

∂µ
log Z̃cusp

]
ab

.

Thus we have 2 cusp anomalous dimensions for ϕ = 0

Γ(1)
cusp = −Γ(2)

cusp = −
√
λ̂1λ̂2

and the same for ϕ 6= 0

Γ(1)
cusp(ϕ) = −Γ(2)

cusp(ϕ) = −
√
λ̂1λ̂2

cos ϕ
2

In the ”strong coupling” limit ⇒ no match with the
√
λ̂ behavior of ST

The limits do not commute

λ→ 0 , iθ →∞ + λ̂→∞ 6= λ→∞ + iθ →∞

Michelangelo Preti GGI, May 20th 2016
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Conclusions and Outlook
Conclusions

I Using the BS resummation approach we have computed the
VEV’s for the traced and supertraced operator;

I We have extracted the two cusp anomalous dimensions from
the VEV’s noticing that the two operators mix;

I We propose a new double exponentiation for the cusped WL;

I We argue that the disagreement with the AdS/CFT prediction
is due to the fact that the scaling limit does not commute
with the strong-coupling limit.

Outlook

I To check the double exponentiation using PT;

I Study the mixing problem relaxing the scaling limit;

I Compute the NLO kernels and perform Bethe-Salpeter
resummation.

Michelangelo Preti GGI, May 20th 2016
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NLO kernel

Michelangelo Preti GGI, May 20th 2016
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Thank you
for your

Attention
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