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1.2. E�ective Field Theory

1.2.2. ‰PT and HB‰PT for Nucleons

The baryons of interest are the two nucleons, proton p and neutron n, written in the isodoublet
representation

� =
A

p

n

B

(1.36)

with [5]
m

p

= 938.27 MeV , m

n

= 939.57 MeV . (1.37)

The construction of the most general pion-nucleon Lagrangian proceeds analogously to the purely
mesonic case. The baryon fields are introduced in a non-linear realization of the chiral group
and the most general chiral invariant Lagrangian is constructed based on a power counting .

The relativistic pion-nucleon Lagrangian at lowest orders is given by [10]
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where the pions are represented by u(fi) =


U(fi). With the chiral vielbein

u

µ

= i(u†
ˆ

µ

u ≠ u ˆ

µ

u

†) (1.39)

and the chiral connection
�
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= 1
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ˆ
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u + u ˆ
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u

†) (1.40)

the covariant derivative is given by
D

µ

= ˆ

µ

+ �
µ

. (1.41)

The relativistic nucleon propagator reads

G
N

(p) = 1
/

p ≠ m

N

= /

p + m

N

p

2 ≠ m

2

N

. (1.42)

Note that the external axial and axial-vector sources v

µ

and a

µ

are set to zero and that the
nucleon mass m

N

and the axial coupling constant g

A

are taken in the chiral limit. From now
on, all terms including external sources will be left out.

The expansion in powers of momenta becomes problematic in the baryon sector since one of
the expansion parameters is of the order m

N

/�
‰

≥ O(1). The consequence is that there is
no direct relation between the number of loops and the chiral dimension of a given Feynman
diagram. The number of diagrams needed for a particular chiral order above tree level is thus
infinite. One possibility to solve this problem is the so-called HB‰PT, which was inspired by
the heavy quark physics and first proposed in [11] and [12]. The basic idea of HB‰PT is an
expansion of the amplitude around the extreme non-relativistic limit. This shifts the dependence
on the nucleon mass m

N

from the propagator to a series of new vertices, which are suppressed
by powers of 1/m

N

. Due to the fact that numerically m

N

ƒ �
‰

, a simultaneous expansion in
1/�

‰

and 1/m

N

is necessary.
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Motivation and Methodology

1. From QCD to HB‰PT in a Nutshell

1.1.2. Isospin Symmetry
Due to the fact that the quark masses of u and d quarks are slightly di�erent, the isospin
symmetry of the strong interaction is broken explicitly. The mass term of the QCD Lagrangian
in Eq. (1.16) can be written as

≠ (m
u

ūu + m

d

d̄d) = ≠1
2(m

u

+ m

d

)(ūu + d̄d) ≠ 1
2(m

u

≠ m

d

)(ūu ≠ d̄d) , (1.17)

where the second summand violates isospin symmetry for m

u

”= m

d

.

1.1.3. Spontaneous Symmetry Breakdown
The chiral SU(2) symmetry implies six conserved currents and associated charges. One can
realize this kind of symmetry in two di�erent modes depending on the symmetry properties of
the vacuum with respect to the transformations. The two modes are

1. The Wigner-Weyl mode: vacuum is chirally invariant

Q

a

V

|0Í = 0 , Q

a

A

|0Í = 0 , (1.18)

2. The Nambu-Goldstone mode: chiral symmetry is spontaneously broken to its parity con-
serving subgroup SU(2)

V

Q

a

V

|0Í = 0 , Q

a

A

|0Í ”= 0 . (1.19)

Existing research indicates that the chiral symmetry is broken spontaneously at a scale
�

‰

¥ 1 GeV and is realized in the Nambu-Goldstone mode. One striking argument against
the Wigner-Weyl mode is that it predicts degenerate hadron multiplets containing particles of
opposite parity, which however are not found in nature. If the symmetry is realized in the
Nambu-Goldstone mode, then, according to the Goldstone theorem [7], there must exist one
massless particle, the so-called Goldstone boson, for each broken symmetry generator. The
Goldstone boson has the same quantum numbers as its corresponding broken generator. In the
case of chiral SU(2) symmetry, the Goldstone bosons are the three pions (fi+, fi

≠, fi

0), which
are pseudoscalar mesons. Because of the explicit chiral symmetry breaking by the non-vanishing
quark masses m

u

and m

d

, the pions are also not massless [5]

M

fi

± = 139.57 MeV , M

fi

0 = 134.98 MeV . (1.20)

The mass di�erence between the pions is due to the small mass di�erence between u and d

quark.

1.2. E�ective Field Theory
An E�ective Field Theory (EFT) is constructed as formulated by Weinberg [8]:

if one writes down the most general possible Lagrangian, including all terms consist-
ent with assumed symmetry principles, and then calculates matrix elements with this
Lagrangian to any given order of perturbation theory, the result will simply be the
most general possible S-matrix consistent with analyticity, perturbative unitarity,
cluster decomposition and the assumed symmetry principles.

So, in order for an EFT to describe the low-energy limit of the fundamental theory, the EFT
Lagrangian must contain all terms allowed by the symmetries of the fundamental theory. This
does not necessary restrict the EFT Lagrangian to be explicitly dependent on all of the degrees
of freedom of the underlying theory, but only on those which are relevant in a given energy

4
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū

(s0)
v

�
S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏

µ⌫↵�

q

µ

1 q
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2q
↵

3 v
�

D

abc

�
u

(s)
v

, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by

|M|2 =
1

4

h
|A|2q2

1 + |B|2q2
2 + |C|2q2

3 + (A⇤
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⇤)q1 · q2 + (A⇤
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⇤)q1 · q3

+ (B⇤
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⇤)q2 · q3 + 4|D|2q2
1q

2
2q

2
3(1 � x

2
1)(1 � x

2
2)
⇣
1 � (z � x1x2)2

(1 � x

2
1)(1 � x

2
2)

⌘i
,

(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ +L(3)
⇡N

+ L(4)
⇡N

, (21)
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(s0)
v

�
S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏

µ⌫↵�

q

µ

1 q
⌫

2q
↵

3 v
�

D

abc

�
u

(s)
v

, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by

|M|2 =
1

4

h
|A|2q2

1 + |B|2q2
2 + |C|2q2

3 + (A⇤

B + AB

⇤)q1 · q2 + (A⇤

C + AC

⇤)q1 · q3

+ (B⇤

C + BC

⇤)q2 · q3 + 4|D|2q2
1q

2
2q

2
3(1 � x

2
1)(1 � x

2
2)
⇣
1 � (z � x1x2)2

(1 � x

2
1)(1 � x

2
2)

⌘i
,

(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
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3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ L(3)
⇡N

+ L(4)
⇡N

, (21)

4χ#
D

:4χ
#D



�χPT & HBχPT
�7..-H<N>-��FL:FSLNFS

Exam
ples

A.2. HB‰PT

Vertices from L(2)

fi�

p

q

1

p

Õj, ‹ i, µ

a

0

A.2. HB‰PT

Vertices from L̂(1)

fiN

k

i
v · k + i0

q

1

a

≠g

A

F

fi

S · q

1

·

a

q

2

q

1

a b

1
4F

2

fi

v · (q
1

+ q

2

) ‘

abc

·

c

q

2

q

3

q

1

a

b

c

g

A

2F

3

fi

1
·

a

”

bc

S · (q
2

+ q

3

)

+ ·

b

”

ac

S · (≠q

1

+ q

3

)

+ ·

c

”

ab

S · (≠q

1

+ q

2

)
2

91

A.2. HB‰PT

Vertices from L(2)

fi�

p

q

1

p

Õj, ‹ i, µ

a

0

A.2. HB‰PT

Vertices from L̂(1)

fiN

k

i
v · k + i0

q

1

a

≠g

A

F

fi

S · q

1

·

a

q

2

q

1

a b

1
4F

2

fi

v · (q
1

+ q

2

) ‘

abc

·

c

q

2

q

3

q

1

a

b

c

g

A

2F

3

fi

1
·

a

”

bc

S · (q
2

+ q

3

)

+ ·

b

”

ac

S · (≠q

1

+ q

3

)

+ ·

c

”

ab

S · (≠q

1

+ q

2

)
2

91

A. Feynman Rules
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū

(s0)
v

�
S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏
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, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by

|M|2 =
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4

h
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1 + |B|2q2
2 + |C|2q2
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(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ +L(3)
⇡N

+ L(4)
⇡N

, (21)
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In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ L(3)
⇡N

+ L(4)
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, (21)
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Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.

3

FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.

1

FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū

(s0)
v

�
S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏

µ⌫↵�

q

µ

1 q
⌫

2q
↵

3 v
�

D

abc

�
u

(s)
v

, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by

|M|2 =
1

4

h
|A|2q2

1 + |B|2q2
2 + |C|2q2

3 + (A⇤

B + AB

⇤)q1 · q2 + (A⇤

C + AC

⇤)q1 · q3

+ (B⇤

C + BC

⇤)q2 · q3 + 4|D|2q2
1q

2
2q

2
3(1 � x

2
1)(1 � x

2
2)
⇣
1 � (z � x1x2)2

(1 � x

2
1)(1 � x

2
2)

⌘i
,

(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ +L(3)
⇡N

+ L(4)
⇡N

, (21)
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breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)
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A. Feynman Rules
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Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.

3

FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.

1

FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū

(s0)
v

�
S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏

µ⌫↵�

q

µ

1 q
⌫

2q
↵

3 v
�

D

abc

�
u

(s)
v

, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by

|M|2 =
1

4

h
|A|2q2

1 + |B|2q2
2 + |C|2q2

3 + (A⇤

B + AB

⇤)q1 · q2 + (A⇤

C + AC

⇤)q1 · q3

+ (B⇤

C + BC

⇤)q2 · q3 + 4|D|2q2
1q

2
2q

2
3(1 � x

2
1)(1 � x

2
2)
⇣
1 � (z � x1x2)2

(1 � x

2
1)(1 � x

2
2)

⌘i
,

(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ +L(3)
⇡N

+ L(4)
⇡N

, (21)
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A. Feynman Rules
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Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.

3

FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.

1

FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū

(s0)
v

�
S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏

µ⌫↵�

q

µ

1 q
⌫

2q
↵

3 v
�

D

abc

�
u

(s)
v

, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by

|M|2 =
1

4

h
|A|2q2

1 + |B|2q2
2 + |C|2q2

3 + (A⇤
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2
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⌘i
,

(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ +L(3)
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, (21)
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where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].
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in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
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Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.

3

FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.

1

FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū

(s0)
v
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S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏
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D
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�
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, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by

|M|2 =
1

4

h
|A|2q2
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(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ +L(3)
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, (21)
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where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].
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problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m
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expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)
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A. Feynman Rules
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Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.

3

FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.

1

FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads
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where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
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where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter
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where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)
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(s0)
v

�
S · q1 Aabc + S · q2 Babc + S · q3 Cabc + i✏

µ⌫↵�

q

µ

1 q
⌫

2q
↵

3 v
�

D

abc

�
u

(s)
v

, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by
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where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =
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where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
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A. Feynman Rules
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Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.

3

FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.

1

FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū

(s0)
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, (18)

where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by
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(19)

where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)
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where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by
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where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
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Q =
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where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)
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A. Feynman Rules

A.1. ‰PT
Vertices from L(2)

fifi

l

a

b

i ”

ab

l

2 ≠ M

2

fi

+ i0

q

1

q

3

q

2

q

4

a c

b d

i
F

2

fi

1
”

ab

”

cd [(q
1

+ q

2

)2 ≠ M

2

fi

]

+ ”

ac

”

bd [(q
1

+ q

3

)2 ≠ M

2

fi

]

+ ”

ad

”

bc [(q
1

+ q

4

)2 ≠ M

2

fi

]
2

Vertices from L(1)

fiN

p

i(
/

p + m

N

)
p

2 ≠ m

2

N

+ i0

q

1

a

≠ g

A

2F

fi

/

q

1

“

5

·

a

q

2

q

1

a b

1
4F

2

fi

(
/

q

1

+
/

q

2

) ‘

abc

·

c

q

2

q

3

q

1

a

b

c

g

A

4F

3

fi

1
·

a

”

bc (
/

q

2

+
/

q

3

)

≠ ·

b

”

ac (
/

q

1

≠
/

q

3

)

≠ ·

c

”

ab (
/

q

1

≠
/

q

2

)
2
“

5

88

Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.

3

FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c

i

/d
i

/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.

1

FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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2. Heavy-baryon chiral perturbation theory

In the HB framework, the spin structure of the transition matrix reads

T

abc = ū
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where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
matrix element squared is given by
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where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =
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where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)
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2. Heavy-baryon chiral perturbation theory
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where the invariant amplitudes X 2 {A,B,C,D} depend on the five momenta k, k

0, q1,
q2, q3 and have the same isospin decomposition as in Eqs. (15) and (16). The unpolarized
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where x1, x2 and z are the cosines of the angles between q1 and q2, q1 and q3, and q2 and
q3, respectively.

3. Observables

The observables of interest are total and di↵erential cross sections, which are given by
integrating the matrix element squared over an appropriate phase space. The exact relations
for every cross section needed are quite lengthy and will not be presented here. The interested
reader is referred to [5].

III. POWER COUNTING AND RENORMALIZATION

In �PT, invariant amplitudes are calculated in the chiral expansion, with the expansion
parameter

Q =

⇢
q

⇤
�

,

M

⇡

⇤
�

�
, (20)

where q denotes a Goldstone boson momenta and ⇤
�

⇠ 1 GeV. Since the nucleon mass
m

N

⇠ ⇤
�

does not vanish in the chiral limit, the power counting employed in the Goldstone
boson sector breaks down in the presence of baryons. The traditional way of curing this
problem is the HB approach [6, 7], where the nucleon mass is treated as an additional large
scale and an 1/m

N

expansion of the amplitudes is performed. This additional expansion
breaks Lorentz invariance. For certain observables, such as some of the nucleon and
electroweak and scalar form factors [8, 9], the HB expansion exhibits a very limited rage
of convergence. The modern way is to use the manifest Lorentz covariant approach either
in the method of infrared regularization (IR) [9] or in the extended on-mass shell scheme
(EOMS) [10, 11]. In this work, we will employ the HB and covariant EOMS approaches.

In both approaches, the e↵ective Lagrangian needed to describe pion-nucleon dynamics
at one-loop level consists of the following pieces (see Ref. [12] for a full list of terms)

Le↵ = L(2)
⇡⇡

+ L(4)
⇡⇡

+ L(1)
⇡N

+ L(2)
⇡N

+ L(3)
⇡N

+ L(4)
⇡N

, (21)
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Appendix A: Renormalization Rules

In this appendix, the formulae related to the renormalization of the amplitudes are given.
The notation for the integrals is the following
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(A1)
where the +i✏ prescription was supressed.

1. Mesonic Sector

The renormalization rules for the pion mass, Z-factor and decay constant read

M = M

⇡

+ �M

(4) ,

�M

(4) = �2l3M4
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)

F
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.

(A2)

2. Baryonic sector

In the baryonic sector one has to di↵erentiate between the covariant and heavy baryon
approach. The self-energy diagrams necessary for mass renormalization are shown in Fig.
1. The axial coupling constant was renormalized at the pion-nucleon vertex and the con-
tributing diagrams are shown in Fig. 2.
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a. Covariant chiral perturbation theory

In covariant �PT the renormalization rule for the nuclen mass reads
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whereas the formula for the Z-Factor is given by
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whereas the formula for the Z-Factor is given by
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The e↵ective axial coupling constant is renormalized via
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b. Heavy-baryon chiral perturbation theory

The HB expression for the nucleon mass reads
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where the superscripts refer to the chiral dimension.

But, before discussing the renormalization of the ⇡N ! ⇡N and ⇡N ! ⇡⇡N amplitudes,
we need to express the bare quantities in the leading-order Lagrangian by physical ones. The
expressions for m

N

and g

A

for both chiral approaches are given in Appendix A. Note that
the axial coupling g

A

is renormalized at the ⇡N -vertex such that in our amplitudes we use
an e↵ective value for g

A

g

eff

A

= g

A

� 2M2
⇡

d18 + O(Q5) (22)

which is fixed by the Goldberger-Treiman relation

g

⇡NN

F

⇡

m

N

= g

A

� 2M2
⇡

d18 + O(Q5) , (23)

where for g
⇡NN

we adopt the value from Ref. [13] , g
⇡NN

/(4⇡) ' 13.54. The first advantage
of this kind of renormalization is that one gets rid o↵ d18, at least in ⇡N scattering. The
second advantage is that one gets the correct analytic structure of the ⇡N ! ⇡N and
⇡N ! ⇡⇡N amplitudes up to higher orders.

The tree level diagrams for ⇡N ! ⇡⇡N to order Q4 are presented in Fig. 3. The leading
order loop diagrams are shown in Figs. 4 and 5. The next-to-leading order loop diagrams
are not shown here, but can easily be generated by increasing, one by one, the order of
the insertion at every ⇡N -vertex with an even number of pions (see Fig.6). ⇡N -vertices

with an odd number of pions vanish in L(2)
⇡N

We will also not show here the ⇡N -scattering
graphs, but these can easily be figured out by observing that ⇡N ! ⇡N is a subprocess of
⇡N ! ⇡⇡N (see Fig. 7).

The leading order tree diagrams are constructed solely from the lowest-order vertices and
thus depend only on the well-known LECs F

⇡

and g

A

. The higher order tree graphs involve
insertions of the LECs c

i

from L(2)
⇡N

, d
i

from L(3)
⇡N

, e
i

from L(4)
⇡N

and the purely mesonic LECs

l

i

from L(4)
⇡⇡

, which are known from ⇡⇡-scattering. Due to linear combinations between c

i

and some e

i

, we make the following redifinitions

c1 ! c1 + 2M2
⇡

(e22 � 4e38) ,

c2 ! c2 � 8M2
⇡

(e20 + e35) ,

c3 ! c3 � 4M2
⇡

(2e19 � e22 � e36) ,

c4 ! c4 � 4M2
⇡

(2e21 � e37) .

(24)

Finally, the ⇡N -scattering amplitudes depend on the LECs c1,2,3,4, d1+2,3,5,14�15 and
e14,15,16,17,18. The ⇡N ! ⇡⇡N amplitudes depend, in general, on the same LECs, but due to
crossing symmetries the contributions proportional to the LECs e14,15,16 count as of order
Q

5 and thus are set to zero for this reaction. There are also additional LECs due to the
⇡N -vertices with three pions, namely d4,10,11,12,13,16,18 and e10,11,12,13,34. Note that the LECs
d4 and e11,12,13,34 only appear in the amplitudes X

4 and thus only contribute to channel IV
and V. The other LECs contribute to all channels and all partial waves, respectively. We
also neglect the LEC e35 which appears in the Q

4 amplitudes of both reactions, but which
contributions count as of order Q5.
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In this appendix, the formulae related to the renormalization of the amplitudes are given.
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where the +i✏ prescription was supressed.

1. Mesonic Sector

The renormalization rules for the pion mass, Z-factor and decay constant read
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2. Baryonic sector

In the baryonic sector one has to di↵erentiate between the covariant and heavy baryon
approach. The self-energy diagrams necessary for mass renormalization are shown in Fig.
1. The axial coupling constant was renormalized at the pion-nucleon vertex and the con-
tributing diagrams are shown in Fig. 2.
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FIG. 2: One-loop graphs of the self-energy type. Crossed diagrams are not shown.

2

FIG. 5: One-loop graphs of the self-energy type. Crossed diagrams are not shown.
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Appendix C: Figures

FIG. 5: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
of the c
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/e
i

- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 6: Nucleon mass.

FIG. 7: Axial coupling.
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FIG. 3: Tree graphs for the reaction ⇡N ! ⇡⇡N . The black/gray/white blob denotes an insertion
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- vertices whereas the black diamond denotes an insertion of the l
i

vertices. Crossed
diagrams are not shown.

FIG. 1: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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FIG. 4: One-loop graphs of the tadpole type. Crossed diagrams are not shown.
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FIG. 7: Transition from ⇡N ! ⇡⇡N graphs to ⇡N ! ⇡N graphs. The shaded blob denotes any
possible interaction.
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�Renormalization II

:4�FUU:TFHM -;TS�C-H<T:

The renormalization of the LECs in the HB formalism can be performed order-by-order
like in the meson sector, where we have
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=
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For our purpose we need to absorb UV divergent pieces at order Q

3 and Q

4 into d

i

and e

i

,
respectively. We therefore define the renormalized LECs via
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where the � functions are given in Appendix B.

In the covariant approach, the renormalization of the LECs in the EOMS scheme is more
tedious. Loop graphs contribute to every chiral order and thus cause a power counting
problem. The basic idea of EOMS to resolve this issue is based on the observation that
the power counting breaking terms (PCBT) stemming from the loop graphs are analytic
in the pion mass and momenta and thus can be absorbed into LECs of the most general
Lagrangian. For our purpose we need to consider the PCBT from the loop graphs of order
Q

3 and Q

4 in the naive counting. After renormalization of the leading order couplings m

N

and g

A

, the PCBT start to appear at order Q

2. Therefore, we normalize the LECs in the
EOMS scheme as follows
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where for x 2 {c, d, e}
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The notation is the following, x̄

(n)
i,f

denotes the finite analytic parts from loops of naive

order n. �

(n)
xi,B

and �

(n)
xi,M

denote the � functions which cancel baryonic and mesonic
tadpoles, respectively. For practical uses we made in the last line the indentifications
�

(n)
xi = �

(n)
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+ �

(n)
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and �
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, with �

xi from Eq. (26).

We determined the finite and UV divergent pieces in the following way. First of all,
we changed the spin basis for both processes such that every spin structure fullfills power
counting by itself. In ⇡N ! ⇡N the better suited basis is
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where the � functions are given in Appendix B.

In the covariant approach, the renormalization of the LECs in the EOMS scheme is more
tedious. Loop graphs contribute to every chiral order and thus cause a power counting
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�

(n)
xi = �

(n)
xi,B

+ �

(n)
xi,M

and �

xi = �

(n)
xi,M

, with �

xi from Eq. (26).

We determined the finite and UV divergent pieces in the following way. First of all,
we changed the spin basis for both processes such that every spin structure fullfills power
counting by itself. In ⇡N ! ⇡N the better suited basis is

T

± = ū
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The notation is the following, x̄

(n)
i,f

denotes the finite analytic parts from loops of naive

order n. �
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and �
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tadpoles, respectively. For practical uses we made in the last line the indentifications
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We determined the finite and UV divergent pieces in the following way. First of all,
we changed the spin basis for both processes such that every spin structure fullfills power
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�Phase Shifts - πN→πN

I. INTRODUCTION

II. BASIC DEFINITIONS

In this section, we want to give some basic definitions which are necessary for the de-
scription of ⇡N ! ⇡N and ⇡N ! ⇡⇡N . Throughout this work, the kinematical variables
are defined as follows:

⇡

a(q)N(p = m

N

v + k) ! ⇡

b(q0)N 0(p0 = m

N

v + k

0) , (1)

and
⇡

a(q1)N(p = m

N

v + k) ! ⇡

b(q2) ⇡
c(q3)N

0(p0 = m

N

v + k

0) , (2)

where N denotes a nucleon and ⇡

a a pion with the isospin quantum number a.

A. ⇡N ! ⇡N

In the case of ⇡N -scattering, we are interested in relating the T -matrix to phase shifts
for the two chiral approaches. In the covariant case we follow [1] and in the HB case we
follow [2].

1. Covariant chiral perturbation theory

In the covariant approach, the T -matrix can be decomposed in the following way

T

ba = �

†

N

0

�
�

ab

T

+ + i✏bac

⌧

c

T

�

�
�

N

, (3)

where
T

± = ū

(s0)
�
A

± +
/

qB

±

�
u

(s) (4)

and the amplitudes A

± and B

± depend on the Mandelstam variables

s = (p + q)2 , t = (q � q

0)2 , u = (p0 � q)2 , s + t + u = 2m2
N

+ 2M2
⇡

. (5)

The partial wave amplitudes in terms of A± and B

± are given by

f

I

l±

(s) =
1

16⇡
p
s

�
(E + m
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)
�
A

I

l

(s) + (
p
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)BI

l

(s)
�

+(E � m
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)
��A

I

l±

(s) + (
p
s + m

N

)BI

l±

��
,

(6)

where for X 2 {A,B}
X

I

l

(s) =

Z 1

�1

dz XI(s, t)P
l

(z) , (7)

with t = �2q2(1 � z) and the relations to the isospin basis read

X

I=1/2 = X

+ + 2X� , X

I=3/2 = X

+ � X

� . (8)

The phase shifts are obtained by using the unitarization prescription

�

I

l±

(s) = arctan(|q|< f

I

l±

(s)) . (9)
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2. Heavy-baryon chiral perturbation theory

In the HB approach, the decomposition reads
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The relation to the isospin basis is the same as in Eq. (8) with X 2 {g, h}.
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In the case of single-pion production, we are interested in relating the T -matrix to the
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sections. In the covariant approach we follow [3] and in the HB approach we follow [4].
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I. INTRODUCTION

II. BASIC DEFINITIONS

In this section, we want to give some basic definitions which are necessary for the de-
scription of ⇡N ! ⇡N and ⇡N ! ⇡⇡N . Throughout this work, the kinematical variables
are defined as follows:

⇡
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0) , (2)

where N denotes a nucleon and ⇡

a a pion with the isospin quantum number a.

A. ⇡N ! ⇡N

In the case of ⇡N -scattering, we are interested in relating the T -matrix to phase shifts
for the two chiral approaches. In the covariant case we follow [1] and in the HB case we
follow [2].

1. Covariant chiral perturbation theory

In the covariant approach, the T -matrix can be decomposed in the following way
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The phase shifts are obtained by using the unitarization prescription
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(s0)
v

�
g

± + 2iS · q ⇥ q

0

h

±

�
u

(s)
v

. (11)

The amplitudes g

± and h

± depend on the four momenta k, k0, q, q0 and are related to the
partial wave amplitudes via

f

I

l±

(s) =
E + m

N

16⇡
p
s

Z 1

�1

dz
�
g

I

P

l

(z) + q2
h

I(P
l±

(z) � zP

l

(z))
�

. (12)

The relation to the isospin basis is the same as in Eq. (8) with X 2 {g, h}.

B. ⇡N ! ⇡⇡N

In the case of single-pion production, we are interested in relating the T -matrix to the
invariant matrix element squared, which can be further related to total and di↵erential cross
sections. In the covariant approach we follow [3] and in the HB approach we follow [4].

1. Covariant chiral perturbation theory

The spin structure of the covariant T -matrix can be parametrized as follows

T

abc = iū(s0)
�5

⇣
F

abc

1 + (
/

q

2
+
/

q

3
)F abc

2 + (
/

q

2
�
/

q

3
)F abc

3 + (
/

q

2/
q

3
�
/

q

3/
q

2
)F abc

4

⌘
u

(s) . (13)

The amplitudes F

i

depend on six Mandelstam variables

s = (p + q1)
2 , s1 = (q2 + p

0)2 , s2 = (q3 + p

0)2 ,

t = (q1 � q2 � q3)
2 , t1 = (q2 � q1)

2 , t2 = (q3 � q1)
2 ,

s � s1 � s2 + m

2
N

= t � t1 � t2 + M

2
⇡

,

(14)

and have the following isospin decomposition (X 2 {F
i

})

X

abc = �

†

N

0

�
⌧

a

�

bc

X

1 + ⌧

b

�

ac

X

2 + ⌧

c

�

ab

X

3 + i✏abc

X

4
�
�

N

, (15)

which reduce in the five physically accessible channels to

I. ⇡

�

p ! ⇡

0
⇡

0
n : X =

p
2X1

II. ⇡

�

p ! ⇡

+
⇡

�

n : X =
p

2(X1 + X

2)

III. ⇡

+
p ! ⇡

+
⇡

+
n : X =

p
2(X2 + X

3)

IV. ⇡

+
p ! ⇡

+
⇡

0
p : X = X

3 + X

4

V. ⇡

�

p ! ⇡

0
⇡

�

p : X = X

2 + X

4 .

(16)

In the covariant formalism, the unpolarized invariant matrix element squared has the form

|M|2 =
4X

i,j=1

y

ij

4m2
N

F

⇤

i

F

j

(17)

with the weight functions y

ij

= y

ji

given by the trace over the respective Dirac structures.

3

I. INTRODUCTION

II. BASIC DEFINITIONS

In this section, we want to give some basic definitions which are necessary for the de-
scription of ⇡N ! ⇡N and ⇡N ! ⇡⇡N . Throughout this work, the kinematical variables
are defined as follows:

⇡

a(q)N(p = m

N

v + k) ! ⇡

b(q0)N 0(p0 = m

N

v + k

0) , (1)

and
⇡

a(q1)N(p = m

N

v + k) ! ⇡

b(q2) ⇡
c(q3)N

0(p0 = m

N

v + k

0) , (2)

where N denotes a nucleon and ⇡

a a pion with the isospin quantum number a.

A. ⇡N ! ⇡N

In the case of ⇡N -scattering, we are interested in relating the T -matrix to phase shifts
for the two chiral approaches. In the covariant case we follow [1] and in the HB case we
follow [2].

1. Covariant chiral perturbation theory

In the covariant approach, the T -matrix can be decomposed in the following way

T

ba = �

†

N

0

�
�

ab

T

+ + i✏bac

⌧

c

T

�

�
�

N

, (3)

where
T

± = ū
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The relation to the isospin basis is the same as in Eq. (8) with X 2 {g, h}.

B. ⇡N ! ⇡⇡N

In the case of single-pion production, we are interested in relating the T -matrix to the
invariant matrix element squared, which can be further related to total and di↵erential cross
sections. In the covariant approach we follow [3] and in the HB approach we follow [4].

1. Covariant chiral perturbation theory

The spin structure of the covariant T -matrix can be parametrized as follows

T

abc = iū(s0)
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In the covariant formalism, the unpolarized invariant matrix element squared has the form

|M|2 =
4X

i,j=1

y

ij

4m2
N

F

⇤

i

F

j

(17)

with the weight functions y

ij

= y

ji
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The unpolarized invariant matrix element squared in the relativistic formalism reads
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with the weight functions y

ij

given by the trace over the respective Dirac structures
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ū

(s)

1
≠F

ú
1

≠ (
/

q

2

+
/

q

3

)F ú
2

≠ (
/

q

2

≠
/

q

3

)F ú
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F ú
4

2
“

5

u

(s

Õ
)

◊ ū
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with the weight functions y

ij

given by the trace over the respective Dirac structures

y

11

= ≠m

2

N

+ M

2

fi

≠ s + s

1

+ s

2

≠ t

1

≠ t

2

,

y

12

= ≠m

N

1
2m

2

N

+ 2s ≠ 2s

1

≠ 2s

2

+ t

1

+ t

2

2
,

y

13

= m

N

(≠t

1

+ t

2

) ,
y

14

= s(s
1

≠ s

2

) + s

2

(s
2

≠ t

1

) + M

2

fi

(t
1

≠ t

2

) + m

2

N

(s
1

≠ s

2

+ t

1

≠ t

2

) + s

1

(≠s

1

+ t

2

) ,
y

22

= ≠3m

4

N

+ 2M

4

fi

≠ M

2

fi

(3s + s

1

+ s

2

) + s(s + t

1

+ t

2

)

≠ m

2

N

1
3M

2

fi

+ 6s ≠ 4s

1

≠ 4s

2

+ t

1

+ t

2

2
,

y

23

= ss

1

≠ ss

2

+ s

1

t

1

≠ s

2

t

2

+ m

2

N

(≠s

1

+ s

2

≠ t

1

+ t

2

) + M

2

fi

(≠2s

1

+ 2s

2

≠ t

1

+ t

2

) ,

y

24

= m

N

1
m

2

N

+ 2M

2

fi

+ s ≠ s

1

≠ s

2

2
(2s

1

≠ 2s

2

+ t

1

≠ t

2

) ,

y

33

= 3m

4

N

≠ 2M

4

fi

≠ (s ≠ 2s

1

)(s ≠ 2s

2

+ t

1

) ≠ (s ≠ 2s

2

)t
2

≠ m

2

N

1
5M

2

fi

≠ 2s + 2s

1

+ 2s

2

+ t

1

+ t

2

2
+ M

2

fi

(3s ≠ 3s

1

≠ 3s

2

+ 2(t
1

+ t

2

)) ,

y

34

= ≠m

N

1
m

2

N

≠ 2M

2

fi

+ s ≠ s

1

≠ s

2

2 1
2m

2

N

+ 4M

2

fi

≠ 2s ≠ t

1

≠ t

2

2
,

y

44

=
1
m

2

N

+ s ≠ s

1

≠ s

2

2 1
(s

1

≠ s

2

)(≠s

1

+ s

2

≠ t

1

+ t

2

) +
1
≠m

2

N

+ s

2 1
≠m

2

N

+ s + t

1

+ t

2

22

+ M

2

fi

1
≠5s

2 + 4M

2

fi

1
≠M

2

fi

+ 2s

2
≠ s

2

1

+ 6s

1

s

2

≠ s

2

2

+ 2(s
1

≠ s

2

)(≠t

1

+ t

2

)

+m

2

N

1
3m

2

N

≠ 8M

2

fi

+ 6(s ≠ s

1

≠ s

2

) + 2(t
1

+ t

2

)
2

+ 2s(s
1

+ s

2

≠ t

1

≠ t

2

)
2

(3.9)
with y

ij

= y

ji

and where the four-products were rewritten in terms of the mandelstam variables
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,Ễ

+

2

] with

Ễ
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III. INVARIANT AMPLITUDES

In this section we discuss the decomposition of the T -matrix for the reaction ⇡N ! ⇡⇡N

in terms of the corresponding invariant amplitudes, following Ref. [35]. Throughout this
work, the kinematical variables are defined as follows:

⇡

a(q
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)N(p = m

N

v + k) ! ⇡

b(q
2

) ⇡c(q
3

)N 0(p0 = m

N

v + k

0) , (21)

where N denotes a nucleon and ⇡

a a pion with the isospin quantum number a.

A. Relativistic chiral perturbation theory

In the relativistic case, the T -matrix can be expressed in terms of four invariant ampli-
tudes F

i

(i 2 {1, 2, 3, 4}) which depend on the five Mandelstam variables
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The spin structure of the T -matrix can be parametrized in the following way
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where the superscripts on the spinors ū, u refer to the spin. The isospin decomposition of
the invariant amplitudes reads
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Here, the B
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’s have the following symmetry under exchange of the two outgoing particles
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In the five physically accessible channels, the amplitudes contributing to each channel reduce
to
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The unpolarized invariant matrix element squared in the relativistic formalism has the form
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with the weight functions y

ij

= y

ji

given by the trace over the respective Dirac structures
(see Appendix A).

7

χ#D

Observables - πN→ππN



ESUTQF:NB-I� F<:N@�7Q-R-S<�C9=F:-I�
��

3.3. Unpolarized Invariant Matrix Element Squared
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The unpolarized invariant matrix element squared in the relativistic formalism reads
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with the weight functions y

ij

given by the trace over the respective Dirac structures
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In this section we discuss the decomposition of the T -matrix for the reaction ⇡N ! ⇡⇡N

in terms of the corresponding invariant amplitudes, following Ref. [35]. Throughout this
work, the kinematical variables are defined as follows:
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where N denotes a nucleon and ⇡

a a pion with the isospin quantum number a.

A. Relativistic chiral perturbation theory

In the relativistic case, the T -matrix can be expressed in terms of four invariant ampli-
tudes F

i

(i 2 {1, 2, 3, 4}) which depend on the five Mandelstam variables

s = (p+ q

1

)2 , s

1

= (q
2

+ p

0)2 , s

2

= (q
3

+ p

0)2 , t

1

= (q
2

� q

1

)2 , t

2

= (q
3

� q

1

)2 . (22)

The spin structure of the T -matrix can be parametrized in the following way

T

abc

ss

0 = iū(s

0
)

�

5

⇣
F

abc

1

+ (
/

q

2

+
/

q

3

)F abc

2

+ (
/

q

2

�
/

q

3

)F abc

3

+ (
/

q

2

/

q

3

�
/

q

3

/

q

2

)F abc

4

⌘
u

(s)

, (23)

where the superscripts on the spinors ū, u refer to the spin. The isospin decomposition of
the invariant amplitudes reads

F

abc

i

= �

†

N

0

�
⌧

a

�

bc

B

1

i

+ ⌧

b

�

ac

B

2

i

+ ⌧

c

�

ab

B

3

i

+ i✏abc

B

4

i

�
�

N

. (24)

Here, the B

i

’s have the following symmetry under exchange of the two outgoing particles

B

2

i

(s, s
1

, s

2

, t

1

, t

2

) = ✏

i

B

3

i

(s, s
2

, s

1

, t

2

, t

1

) , ✏

1,2

= 1 , ✏

3,4

= �1 . (25)

In the five physically accessible channels, the amplitudes contributing to each channel reduce
to

I. ⇡

�

p ! ⇡

0

⇡

0

n : F

i

=
p

2B1

i

II. ⇡

�

p ! ⇡

+

⇡

�

n : F

i

=
p

2(B1

i

+ B

2

i

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : F

i

=
p

2(B2

i

+ B

3

i

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : F

i

= B

3

i

+ B

4

i

V. ⇡

�

p ! ⇡

0

⇡

�

p : F

i

= B

2

i

+ B

4

i

.

(26)

The unpolarized invariant matrix element squared in the relativistic formalism has the form

|M|2 =
1

2

X

s,s

0

T

†

ss

0T
ss

0 =
4X

i,j=1

y

ij

4m2

N

F

⇤

i

F

j

, (27)

with the weight functions y

ij

= y

ji

given by the trace over the respective Dirac structures
(see Appendix A).

7

χ#D

:4χ#D

B. Heavy-baryon chiral perturbation theory

In the heavy-baryon framework, the spin structure of an amplitude is given by a combi-
nation of the non-commuting Pauli-Lubanski spin vectors S

µ

. In the case of ⇡N ! ⇡⇡N ,
the transition matrix can be written in terms of four invariant amplitudes A, B, C and D

which depend on the five momenta k, k0, q
1

, q
2

and q

3

and are defined via [34]

T

abc

ss

0 = ū

(s

0
)

v

�
S · q

1

A

abc + S · q
2

B

abc + S · q
3

C

abc + i✏
µ⌫↵�

q

µ

1

q

⌫

2

q

↵

3

v

�

D

abc

�
u

(s)

v

.

(28)

Here, the heavy-baryon spinor u

(s)

v

is given in the Pauli spinor representation

u

(s)

v

(p) = P

+

v

u

(s)(p) = N
✓
�

s

0

◆
. (29)

The normalization factor

N =

s
p

0 + m

N

2m
N

(30)

ensures the proper matching to the relativistic theory and has to be taken into account in
the 1/m

N

expansion,

NN 0 = 1 + O
✓

1

m

2

N

◆
. (31)

Thus, for a tree level calculation, the normalization factors can be set equal to 1. The isospin
decomposition is the same as in the relativistic case, namely

X

abc = �

†

N

0

�
⌧

a

�

bc

X

1

+ ⌧

b

�

ac

X

2

+ ⌧

c

�

ab

X

3

+ i✏abc

X

4

�
�

N

, X 2 {A,B,C,D} (32)

and thus the reduction in the five physically accessible channels is the same

I. ⇡

�

p ! ⇡

0

⇡

0

n : X =
p

2X
1

II. ⇡

�

p ! ⇡

+

⇡

�

n : X =
p

2(X
1

+ X

2

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : X =
p

2(X
2

+ X

3

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : X = X

3

+ X

4

V. ⇡

�

p ! ⇡

0

⇡

�

p : X = X

2

+ X

4

.

(33)

The unpolarized invariant matrix element squared in the heavy-baryon formalism reads

|M|2 =
1

2

X

s,s

0

T

†

ss

0T
ss

0

=
1

4

h
|A|2q2

1

+ |B|2q2

2

+ |C|2q2

3

+ (A⇤

B + AB

⇤)q
1

· q
2

+ (A⇤

C + AC

⇤)q
1

· q
3

+ (B⇤

C + BC

⇤)q
2

· q
3

+ 4|D|2q2

1

q2

2

q2

3

(1 � x

2

1

)(1 � x

2

2

)
⇣
1 � (z � x

1

x

2

)2

(1 � x

2

1

)(1 � x

2

2

)

⌘i
,

(34)

where x

1

, x
2

and z are the cosines of the angles between q
1

and q
2

, q
1

and q
3

, and q
2

and
q
3

, respectively.
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3.3. Unpolarized Invariant Matrix Element Squared

3.3. Unpolarized Invariant Matrix Element Squared

The unpolarized invariant matrix element squared in the relativistic formalism reads

|M|2 = 1
2

ÿ

s,s

Õ
T

†
ss

ÕT
ss

Õ

= 1
2

ÿ

s,s

Õ
ū

(s)

1
≠F

ú
1

≠ (
/

q

2

+
/

q

3

)F ú
2

≠ (
/

q

2

≠
/

q

3

)F ú
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F ú
4

2
“

5

u

(s

Õ
)

◊ ū

(s

Õ
)

“

5

1
F

1

+ (
/

q

2

+
/

q

3

)F
2

+ (
/

q

2

≠
/

q

3

)F
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F
4

2
u

(s)

= 1
2Tr

5
/

p + m

N

2m

N

1
≠F

ú
1

≠ (
/

q

2

+
/

q

3

)F ú
2

≠ (
/

q

2

≠
/

q

3

)F ú
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F ú
4

2

◊≠
/

p

Õ + m

N

2m

N

1
F

1

+ (
/

q

2

+
/

q

3

)F
2

+ (
/

q

2

≠
/

q

3

)F
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F
4

2D

=
4ÿ

i,j=1

y

ij

4m

2

N

F

ú
i

F

j

(3.8)

with the weight functions y

ij

given by the trace over the respective Dirac structures

y

11

= ≠m

2

N

+ M

2

fi

≠ s + s

1

+ s

2

≠ t

1

≠ t

2

,

y

12

= ≠m

N

1
2m

2

N

+ 2s ≠ 2s

1

≠ 2s

2

+ t

1

+ t

2

2
,

y

13

= m

N

(≠t

1

+ t

2

) ,
y

14

= s(s
1

≠ s

2

) + s

2

(s
2

≠ t

1

) + M

2

fi

(t
1

≠ t

2

) + m

2

N

(s
1

≠ s

2

+ t

1

≠ t

2

) + s

1

(≠s

1

+ t

2

) ,
y

22

= ≠3m

4

N

+ 2M

4

fi

≠ M

2

fi

(3s + s

1

+ s

2

) + s(s + t

1

+ t

2

)

≠ m

2

N

1
3M

2

fi

+ 6s ≠ 4s

1

≠ 4s

2

+ t

1

+ t

2

2
,

y

23

= ss

1

≠ ss

2

+ s

1

t

1

≠ s

2

t

2

+ m

2

N

(≠s

1

+ s

2

≠ t

1

+ t

2

) + M

2

fi

(≠2s

1

+ 2s

2

≠ t

1

+ t

2

) ,

y

24

= m

N

1
m

2

N

+ 2M

2

fi

+ s ≠ s

1

≠ s

2

2
(2s

1

≠ 2s

2

+ t

1

≠ t

2

) ,

y

33

= 3m

4

N

≠ 2M

4

fi

≠ (s ≠ 2s

1

)(s ≠ 2s

2

+ t

1

) ≠ (s ≠ 2s

2

)t
2

≠ m

2

N

1
5M

2

fi

≠ 2s + 2s

1

+ 2s

2

+ t

1

+ t

2

2
+ M

2

fi

(3s ≠ 3s

1

≠ 3s

2

+ 2(t
1

+ t

2

)) ,

y

34

= ≠m

N

1
m

2

N

≠ 2M

2

fi

+ s ≠ s

1

≠ s

2

2 1
2m

2

N

+ 4M

2

fi

≠ 2s ≠ t

1

≠ t

2

2
,

y

44

=
1
m

2

N

+ s ≠ s

1

≠ s

2

2 1
(s

1

≠ s

2

)(≠s

1

+ s

2

≠ t

1

+ t

2

) +
1
≠m

2

N

+ s

2 1
≠m

2

N

+ s + t

1

+ t

2

22

+ M

2

fi

1
≠5s

2 + 4M

2

fi

1
≠M

2

fi

+ 2s

2
≠ s

2

1

+ 6s

1

s

2

≠ s

2

2

+ 2(s
1

≠ s

2

)(≠t

1

+ t

2

)

+m

2

N

1
3m

2

N

≠ 8M

2

fi

+ 6(s ≠ s

1

≠ s

2

) + 2(t
1

+ t

2

)
2

+ 2s(s
1

+ s

2

≠ t

1

≠ t

2

)
2

(3.9)
with y

ij

= y

ji

and where the four-products were rewritten in terms of the mandelstam variables
with

2p · q

1

= s ≠ m

2

N

≠ M

2

fi

, 2p · q

2

= s ≠ s

2

+ t

1

≠ M

2

fi

,
2p · q

3

= s ≠ s

1

+ t

2

≠ M

2

fi

, 2p · p

Õ = s

1

+ s

2

≠ s ≠ t

1

≠ t

2

+ m

2

N

+ M

2

fi

,
2q

1

· q

2

= 2M

2

fi

≠ t

1

, 2q

1

· q

3

= 2M

2

fi

≠ t

2

,
2q

1

· p

Õ = s + t

1

+ t

2

≠ m

2

N

≠ 3M

2

fi

, 2q

2

· q

3

= s ≠ s

1

≠ s

2

+ m

2

N

,
2q

2

· p

Õ = s

1

≠ m

2

N

≠ M

2

fi

, 2q

3

· p

Õ = s

2

≠ m

2

N

≠ M

2

fi

.

(3.10)
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Figure 4.2.: Kinematics for d‡

dM

2
fifi

, d‡

dt

, d‡

dt dM

2
fifi

and d‡

d cos ◊

Defining

Ê

23

= Ê

2

+ Ê

3

= M

2

fifi

+ s ≠ m

2

N

2
Ô

s

, (4.31)

where M

2

fifi

= q

2

23

= (q
2

+ q

3

)2 is the invariant mass of the dipion system and

t = (q
1

≠ q

2

≠ q

3

)2 = M

2

fi

+ M

2

fifi

≠ 2Ê

1

Ê

23

+ 2|q
1

||q
23

| cos – , (4.32)

one finally has

‡ = S
(4fi)4

T

fi

(T
fi

+ 2M

fi

)

⁄ dM

2

fifi

|q
23

|
⁄

dt

⁄
dÊ

2

fi⁄

0

d„

Õ |M|2 . (4.33)

The integration boundaries for Ê

2

are restricted to the overlap of the inteval [Ê≠
2

,Ê

+

2

] from Eq.
(4.17) and the interval [Ễ≠

2

,Ễ

+

2

] with

Ễ

±
2

= Ê

23

2 ±
Û

(Ê2

23

≠ M

2

fifi

)(M2

fifi

≠ 4M

2

fi

)
4M

2

fifi

. (4.34)

These boundaries are given by the constraint z

2 Æ 1 in

z

Ò
Ê

2

2

≠ M

2

fi

Ò
(Ê

23

≠ Ê

2

)2 ≠ M

2

fi

= Ê

2

Ê

23

≠ Ê

2

2

+ M

2

fi

≠ M

2

fifi

2 . (4.35)

The integration boundaries for t are

t

± = M

2

fi

+ M

2

fifi

≠ 2Ê

1

Ê

23

± 2|q
1

||q
23

| (4.36)

28

B. Heavy-baryon chiral perturbation theory

In the heavy-baryon framework, the spin structure of an amplitude is given by a combi-
nation of the non-commuting Pauli-Lubanski spin vectors S

µ

. In the case of ⇡N ! ⇡⇡N ,
the transition matrix can be written in terms of four invariant amplitudes A, B, C and D

which depend on the five momenta k, k0, q
1

, q
2

and q

3

and are defined via [34]

T

abc

ss

0 = ū

(s

0
)

v

�
S · q

1

A

abc + S · q
2

B

abc + S · q
3

C

abc + i✏
µ⌫↵�

q

µ

1

q

⌫

2

q

↵

3

v

�

D

abc

�
u

(s)

v

.

(28)

Here, the heavy-baryon spinor u

(s)

v

is given in the Pauli spinor representation

u

(s)

v

(p) = P

+

v

u

(s)(p) = N
✓
�

s

0

◆
. (29)

The normalization factor

N =

s
p

0 + m

N

2m
N

(30)

ensures the proper matching to the relativistic theory and has to be taken into account in
the 1/m

N

expansion,

NN 0 = 1 + O
✓

1

m

2

N

◆
. (31)

Thus, for a tree level calculation, the normalization factors can be set equal to 1. The isospin
decomposition is the same as in the relativistic case, namely

X

abc = �

†

N

0

�
⌧

a

�

bc

X

1

+ ⌧

b

�

ac

X

2

+ ⌧

c

�

ab

X

3

+ i✏abc

X

4

�
�

N

, X 2 {A,B,C,D} (32)

and thus the reduction in the five physically accessible channels is the same

I. ⇡

�

p ! ⇡

0

⇡

0

n : X =
p

2X
1

II. ⇡

�

p ! ⇡

+

⇡

�

n : X =
p

2(X
1

+ X

2

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : X =
p

2(X
2

+ X

3

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : X = X

3

+ X

4

V. ⇡

�

p ! ⇡

0

⇡

�

p : X = X

2

+ X

4

.

(33)

The unpolarized invariant matrix element squared in the heavy-baryon formalism reads

|M|2 =
1

2

X

s,s

0

T

†

ss

0T
ss

0

=
1

4

h
|A|2q2

1

+ |B|2q2

2

+ |C|2q2

3

+ (A⇤

B + AB

⇤)q
1

· q
2

+ (A⇤

C + AC

⇤)q
1

· q
3

+ (B⇤

C + BC

⇤)q
2

· q
3

+ 4|D|2q2

1

q2

2

q2

3

(1 � x

2

1

)(1 � x

2

2

)
⇣
1 � (z � x

1

x

2

)2

(1 � x

2

1

)(1 � x

2

2

)

⌘i
,

(34)

where x

1

, x
2

and z are the cosines of the angles between q
1

and q
2

, q
1

and q
3

, and q
2

and
q
3

, respectively.
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III. INVARIANT AMPLITUDES

In this section we discuss the decomposition of the T -matrix for the reaction ⇡N ! ⇡⇡N

in terms of the corresponding invariant amplitudes, following Ref. [35]. Throughout this
work, the kinematical variables are defined as follows:

⇡

a(q
1

)N(p = m

N

v + k) ! ⇡

b(q
2

) ⇡c(q
3

)N 0(p0 = m

N

v + k

0) , (21)

where N denotes a nucleon and ⇡

a a pion with the isospin quantum number a.

A. Relativistic chiral perturbation theory

In the relativistic case, the T -matrix can be expressed in terms of four invariant ampli-
tudes F

i

(i 2 {1, 2, 3, 4}) which depend on the five Mandelstam variables

s = (p+ q

1

)2 , s

1

= (q
2

+ p

0)2 , s

2

= (q
3

+ p

0)2 , t

1

= (q
2

� q

1

)2 , t

2

= (q
3

� q

1

)2 . (22)

The spin structure of the T -matrix can be parametrized in the following way

T

abc

ss

0 = iū(s

0
)

�

5

⇣
F

abc

1

+ (
/

q

2

+
/

q

3

)F abc

2

+ (
/

q

2

�
/

q

3

)F abc

3

+ (
/

q

2

/

q

3

�
/

q

3

/

q

2

)F abc

4

⌘
u

(s)

, (23)

where the superscripts on the spinors ū, u refer to the spin. The isospin decomposition of
the invariant amplitudes reads

F

abc

i

= �

†

N

0

�
⌧

a

�

bc

B

1

i

+ ⌧

b

�

ac

B

2

i

+ ⌧

c

�

ab

B

3

i

+ i✏abc

B

4

i

�
�

N

. (24)

Here, the B

i

’s have the following symmetry under exchange of the two outgoing particles

B

2

i

(s, s
1

, s

2

, t

1

, t

2

) = ✏

i

B

3

i

(s, s
2

, s

1

, t

2

, t

1

) , ✏

1,2

= 1 , ✏

3,4

= �1 . (25)

In the five physically accessible channels, the amplitudes contributing to each channel reduce
to

I. ⇡

�

p ! ⇡

0

⇡

0

n : F

i

=
p

2B1

i

II. ⇡

�

p ! ⇡

+

⇡

�

n : F

i

=
p

2(B1

i

+ B

2

i

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : F

i

=
p

2(B2

i

+ B

3

i

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : F

i

= B

3

i

+ B

4

i

V. ⇡

�

p ! ⇡

0

⇡

�

p : F

i

= B

2

i

+ B

4

i

.

(26)

The unpolarized invariant matrix element squared in the relativistic formalism has the form

|M|2 =
1

2

X

s,s

0

T

†

ss

0T
ss

0 =
4X

i,j=1

y

ij

4m2

N

F

⇤

i

F

j

, (27)

with the weight functions y

ij

= y

ji

given by the trace over the respective Dirac structures
(see Appendix A).

7

χ#D

:4χ#D

B. Heavy-baryon chiral perturbation theory

In the heavy-baryon framework, the spin structure of an amplitude is given by a combi-
nation of the non-commuting Pauli-Lubanski spin vectors S

µ

. In the case of ⇡N ! ⇡⇡N ,
the transition matrix can be written in terms of four invariant amplitudes A, B, C and D

which depend on the five momenta k, k0, q
1

, q
2

and q

3

and are defined via [34]

T

abc

ss

0 = ū

(s

0
)

v

�
S · q

1

A

abc + S · q
2

B

abc + S · q
3

C

abc + i✏
µ⌫↵�

q

µ

1

q

⌫

2

q

↵

3

v

�

D

abc

�
u

(s)

v

.

(28)

Here, the heavy-baryon spinor u

(s)

v

is given in the Pauli spinor representation

u

(s)

v

(p) = P

+

v

u

(s)(p) = N
✓
�

s

0

◆
. (29)

The normalization factor

N =

s
p

0 + m

N

2m
N

(30)

ensures the proper matching to the relativistic theory and has to be taken into account in
the 1/m

N

expansion,

NN 0 = 1 + O
✓

1

m

2

N

◆
. (31)

Thus, for a tree level calculation, the normalization factors can be set equal to 1. The isospin
decomposition is the same as in the relativistic case, namely

X

abc = �

†

N

0

�
⌧

a

�

bc

X

1

+ ⌧

b

�

ac

X

2

+ ⌧

c

�

ab

X

3

+ i✏abc

X

4

�
�

N

, X 2 {A,B,C,D} (32)

and thus the reduction in the five physically accessible channels is the same

I. ⇡

�

p ! ⇡

0

⇡

0

n : X =
p

2X
1

II. ⇡

�

p ! ⇡

+

⇡

�

n : X =
p

2(X
1

+ X

2

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : X =
p

2(X
2

+ X

3

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : X = X

3

+ X

4

V. ⇡

�

p ! ⇡

0

⇡

�

p : X = X

2

+ X

4

.

(33)

The unpolarized invariant matrix element squared in the heavy-baryon formalism reads

|M|2 =
1

2

X

s,s

0

T

†

ss

0T
ss

0

=
1

4

h
|A|2q2

1

+ |B|2q2

2

+ |C|2q2

3

+ (A⇤

B + AB

⇤)q
1

· q
2

+ (A⇤

C + AC

⇤)q
1

· q
3

+ (B⇤

C + BC

⇤)q
2

· q
3

+ 4|D|2q2

1

q2

2

q2

3

(1 � x

2

1

)(1 � x

2

2

)
⇣
1 � (z � x

1

x

2

)2

(1 � x

2

1

)(1 � x

2

2

)

⌘i
,

(34)

where x

1

, x
2

and z are the cosines of the angles between q
1

and q
2

, q
1

and q
3

, and q
2

and
q
3

, respectively.
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Observables - πN→ππN
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3.3. Unpolarized Invariant Matrix Element Squared

3.3. Unpolarized Invariant Matrix Element Squared

The unpolarized invariant matrix element squared in the relativistic formalism reads

|M|2 = 1
2

ÿ

s,s

Õ
T

†
ss

ÕT
ss

Õ

= 1
2

ÿ

s,s

Õ
ū

(s)

1
≠F

ú
1

≠ (
/

q

2

+
/

q

3

)F ú
2

≠ (
/

q

2

≠
/

q

3

)F ú
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F ú
4

2
“

5

u

(s

Õ
)

◊ ū

(s

Õ
)

“

5

1
F

1

+ (
/

q

2

+
/

q

3

)F
2

+ (
/

q

2

≠
/

q

3

)F
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F
4

2
u

(s)

= 1
2Tr

5
/

p + m

N

2m

N

1
≠F

ú
1

≠ (
/

q

2

+
/

q

3

)F ú
2

≠ (
/

q

2

≠
/

q

3

)F ú
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F ú
4

2

◊≠
/

p

Õ + m

N

2m

N

1
F

1

+ (
/

q

2

+
/

q

3

)F
2

+ (
/

q

2

≠
/

q

3

)F
3

+ (
/

q

2

/

q

3

≠
/

q

3

/

q

2

)F
4

2D

=
4ÿ

i,j=1

y

ij

4m

2

N

F

ú
i

F

j

(3.8)

with the weight functions y

ij

given by the trace over the respective Dirac structures

y

11

= ≠m

2

N

+ M

2

fi

≠ s + s

1

+ s

2

≠ t

1

≠ t

2

,

y

12

= ≠m

N

1
2m

2

N

+ 2s ≠ 2s

1

≠ 2s

2

+ t

1

+ t

2

2
,

y

13

= m

N

(≠t

1

+ t

2

) ,
y

14

= s(s
1

≠ s

2

) + s

2

(s
2

≠ t

1

) + M

2

fi

(t
1

≠ t

2

) + m

2

N

(s
1

≠ s

2

+ t

1

≠ t

2

) + s

1

(≠s

1

+ t

2

) ,
y

22

= ≠3m

4

N

+ 2M

4

fi

≠ M

2

fi

(3s + s

1

+ s

2

) + s(s + t

1

+ t

2

)

≠ m

2

N

1
3M

2

fi

+ 6s ≠ 4s

1

≠ 4s

2

+ t

1

+ t

2

2
,

y

23

= ss

1

≠ ss

2

+ s

1

t

1

≠ s

2

t

2

+ m

2

N

(≠s

1

+ s

2

≠ t

1

+ t

2

) + M

2

fi

(≠2s

1

+ 2s

2

≠ t

1

+ t

2

) ,

y

24

= m

N

1
m

2

N

+ 2M

2

fi

+ s ≠ s

1

≠ s

2

2
(2s

1

≠ 2s

2

+ t

1

≠ t

2

) ,

y

33

= 3m

4

N

≠ 2M

4

fi

≠ (s ≠ 2s

1

)(s ≠ 2s

2

+ t

1

) ≠ (s ≠ 2s

2

)t
2

≠ m

2

N

1
5M

2

fi

≠ 2s + 2s

1

+ 2s

2

+ t

1

+ t

2

2
+ M

2

fi

(3s ≠ 3s

1

≠ 3s

2

+ 2(t
1

+ t

2

)) ,

y

34

= ≠m

N

1
m

2

N

≠ 2M

2

fi

+ s ≠ s

1

≠ s

2

2 1
2m

2

N

+ 4M

2

fi

≠ 2s ≠ t

1

≠ t

2

2
,

y

44

=
1
m

2

N

+ s ≠ s

1

≠ s

2

2 1
(s

1

≠ s

2

)(≠s

1

+ s

2

≠ t

1

+ t

2

) +
1
≠m

2

N

+ s

2 1
≠m

2

N

+ s + t

1

+ t

2

22

+ M

2

fi

1
≠5s

2 + 4M

2

fi

1
≠M

2

fi

+ 2s

2
≠ s

2

1

+ 6s

1

s

2

≠ s

2

2

+ 2(s
1

≠ s

2

)(≠t

1

+ t

2

)

+m

2

N

1
3m

2

N

≠ 8M

2

fi

+ 6(s ≠ s

1

≠ s

2

) + 2(t
1

+ t

2

)
2

+ 2s(s
1

+ s

2

≠ t

1

≠ t

2

)
2

(3.9)
with y

ij

= y

ji

and where the four-products were rewritten in terms of the mandelstam variables
with

2p · q

1

= s ≠ m

2

N

≠ M

2

fi

, 2p · q

2

= s ≠ s

2

+ t

1

≠ M

2

fi

,
2p · q

3

= s ≠ s

1

+ t

2

≠ M

2

fi

, 2p · p

Õ = s

1

+ s

2

≠ s ≠ t

1

≠ t

2

+ m

2

N

+ M

2

fi

,
2q

1

· q

2

= 2M

2

fi

≠ t

1

, 2q

1

· q

3

= 2M

2

fi

≠ t

2

,
2q

1

· p

Õ = s + t

1

+ t

2

≠ m

2

N

≠ 3M

2

fi

, 2q

2

· q

3

= s ≠ s

1

≠ s

2

+ m

2

N

,
2q

2

· p

Õ = s

1

≠ m

2

N

≠ M

2

fi

, 2q

3

· p

Õ = s

2

≠ m

2

N

≠ M

2

fi

.

(3.10)
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2.3. Unpolarized Invariant Matrix Element Squared

Thus, in order to construct the full T -matrix, one has to give for the diagrams underlying the
symmetries in Eq. (2.9) only the six amplitudes A

1

, A

2

, A

4

, B

3

, D

1

and D

4

and for the other
diagrams the amplitudes B

1

, B

2

, B

4

and D

2

, in addition.

The five physically accessible channels are

I. fi

≠
p æ fi

0

fi

0

n

II. fi

≠
p æ fi

+

fi

≠
n

III. fi

+

p æ fi

+

fi

+

n

IV. fi

+

p æ fi

+

fi

0

p

V. fi

≠
p æ fi

0

fi

≠
p ,

(2.12)

where the physical pions fi

± and fi

0 are related to the cartesian ones by

|fi0Í = |fi3Í
|fi±Í = 1Ô

2
|fi1 ± ifi2Í (2.13)

and thus the amplitudes contributing to each of these channels are

I. X =
Ô

2X

1

II. X =
Ô

2(X
1

+ X

2

)
III. X =

Ô
2(X

2

+ X

3

)
IV. X = X

3

+ X

4

V. X = X

2

+ X

4

(2.14)

for X œ {A, B, C, D}.

2.3. Unpolarized Invariant Matrix Element Squared
If one is not interested in the polarization of the nucleons, neither in the initial nor in the final
state, then the transition matrix should be averaged over the initial states and summed over the
final states

|M|2 = 1
2

ÿ

s,s

Õ
T

†
ss

ÕT
ss

Õ , (2.15)

where the isospin indices are suppressed. The complex conjugate of

T

ss

Õ = ū

(s

Õ
)

v

T u

(s)

v

(2.16)

is given by

T

†
ss

Õ = ū

(s)

v

“

0

T “

0

u

(s

Õ
)

v

= ū

(s)

v

1
“

0

S

†
µ

“

0

(qµ

1

A

ú + q

µ

2

B

ú + q

µ

3

C

ú) ≠ i‘
µ‹–—

q

µ

1

q

‹

2

q

–

3

v

—

D

ú
2

u

(s

Õ
)

v

.
(2.17)

From the definition of S

µ

= i

2

“

5

‡

µ‹

v

‹ follows

“

0

S

†
µ

“

0

= S

µ

(2.18)

hence
T

†
ss

Õ = ū

(s)

v

1
S

µ

(qµ

1

A

ú + q

µ

2

B

ú + q

µ

3

C

ú) ≠ i‘
µ‹–—

q

µ

1

q

‹

2

q

–

3

v

—

D

ú
2

u

(s

Õ
)

v

(2.19)
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Figure 4.2.: Kinematics for d‡

dM

2
fifi

, d‡

dt

, d‡

dt dM

2
fifi

and d‡

d cos ◊

Defining

Ê

23

= Ê

2

+ Ê

3

= M

2

fifi

+ s ≠ m

2

N

2
Ô

s

, (4.31)

where M

2

fifi

= q

2

23

= (q
2

+ q

3

)2 is the invariant mass of the dipion system and

t = (q
1

≠ q

2

≠ q

3

)2 = M

2

fi

+ M

2

fifi

≠ 2Ê

1

Ê

23

+ 2|q
1

||q
23

| cos – , (4.32)

one finally has

‡ = S
(4fi)4

T

fi

(T
fi

+ 2M

fi

)

⁄ dM

2

fifi

|q
23

|
⁄

dt

⁄
dÊ

2

fi⁄

0

d„

Õ |M|2 . (4.33)

The integration boundaries for Ê

2

are restricted to the overlap of the inteval [Ê≠
2

,Ê

+

2

] from Eq.
(4.17) and the interval [Ễ≠

2

,Ễ

+

2

] with

Ễ

±
2

= Ê

23

2 ±
Û

(Ê2

23

≠ M

2

fifi

)(M2

fifi

≠ 4M

2

fi

)
4M

2

fifi

. (4.34)

These boundaries are given by the constraint z

2 Æ 1 in

z

Ò
Ê

2

2

≠ M

2

fi

Ò
(Ê

23

≠ Ê

2

)2 ≠ M

2

fi

= Ê

2

Ê

23

≠ Ê

2

2

+ M

2

fi

≠ M

2

fifi

2 . (4.35)

The integration boundaries for t are

t

± = M

2

fi

+ M

2

fifi

≠ 2Ê

1

Ê

23

± 2|q
1

||q
23

| (4.36)

28

B. Heavy-baryon chiral perturbation theory

In the heavy-baryon framework, the spin structure of an amplitude is given by a combi-
nation of the non-commuting Pauli-Lubanski spin vectors S

µ

. In the case of ⇡N ! ⇡⇡N ,
the transition matrix can be written in terms of four invariant amplitudes A, B, C and D

which depend on the five momenta k, k0, q
1

, q
2

and q

3

and are defined via [34]

T

abc

ss

0 = ū

(s

0
)

v

�
S · q

1

A

abc + S · q
2

B

abc + S · q
3

C

abc + i✏
µ⌫↵�

q

µ

1

q

⌫

2

q

↵

3

v

�

D

abc

�
u

(s)

v

.

(28)

Here, the heavy-baryon spinor u

(s)

v

is given in the Pauli spinor representation

u

(s)

v

(p) = P

+

v

u

(s)(p) = N
✓
�

s

0

◆
. (29)

The normalization factor

N =

s
p

0 + m

N

2m
N

(30)

ensures the proper matching to the relativistic theory and has to be taken into account in
the 1/m

N

expansion,

NN 0 = 1 + O
✓

1

m

2

N

◆
. (31)

Thus, for a tree level calculation, the normalization factors can be set equal to 1. The isospin
decomposition is the same as in the relativistic case, namely

X

abc = �

†

N

0

�
⌧

a

�

bc

X

1

+ ⌧

b

�

ac

X

2

+ ⌧

c

�

ab

X

3

+ i✏abc

X

4

�
�

N

, X 2 {A,B,C,D} (32)

and thus the reduction in the five physically accessible channels is the same

I. ⇡

�

p ! ⇡

0

⇡

0

n : X =
p

2X
1

II. ⇡

�

p ! ⇡

+

⇡

�

n : X =
p

2(X
1

+ X

2

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : X =
p

2(X
2

+ X

3

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : X = X

3

+ X

4

V. ⇡

�

p ! ⇡

0

⇡

�

p : X = X

2

+ X

4

.

(33)

The unpolarized invariant matrix element squared in the heavy-baryon formalism reads

|M|2 =
1

2

X

s,s

0

T

†

ss

0T
ss

0

=
1

4

h
|A|2q2

1

+ |B|2q2

2

+ |C|2q2

3

+ (A⇤

B + AB

⇤)q
1

· q
2

+ (A⇤

C + AC

⇤)q
1

· q
3

+ (B⇤

C + BC

⇤)q
2

· q
3

+ 4|D|2q2

1

q2

2

q2

3

(1 � x

2

1

)(1 � x

2

2

)
⇣
1 � (z � x

1

x

2

)2

(1 � x

2

1

)(1 � x

2

2

)

⌘i
,

(34)

where x

1

, x
2

and z are the cosines of the angles between q
1

and q
2

, q
1

and q
3

, and q
2

and
q
3

, respectively.

8

III. INVARIANT AMPLITUDES

In this section we discuss the decomposition of the T -matrix for the reaction ⇡N ! ⇡⇡N

in terms of the corresponding invariant amplitudes, following Ref. [35]. Throughout this
work, the kinematical variables are defined as follows:

⇡

a(q
1

)N(p = m

N

v + k) ! ⇡

b(q
2

) ⇡c(q
3

)N 0(p0 = m

N

v + k

0) , (21)

where N denotes a nucleon and ⇡

a a pion with the isospin quantum number a.

A. Relativistic chiral perturbation theory

In the relativistic case, the T -matrix can be expressed in terms of four invariant ampli-
tudes F

i

(i 2 {1, 2, 3, 4}) which depend on the five Mandelstam variables

s = (p+ q

1

)2 , s

1

= (q
2

+ p

0)2 , s

2

= (q
3

+ p

0)2 , t

1

= (q
2

� q

1

)2 , t

2

= (q
3

� q

1

)2 . (22)

The spin structure of the T -matrix can be parametrized in the following way

T

abc

ss

0 = iū(s

0
)

�

5

⇣
F

abc

1

+ (
/

q

2

+
/

q

3

)F abc

2

+ (
/

q

2

�
/

q

3

)F abc

3

+ (
/

q

2

/

q

3

�
/

q

3

/

q

2

)F abc

4

⌘
u

(s)

, (23)

where the superscripts on the spinors ū, u refer to the spin. The isospin decomposition of
the invariant amplitudes reads

F

abc

i

= �

†

N

0

�
⌧

a

�

bc

B

1

i

+ ⌧

b

�

ac

B

2

i

+ ⌧

c

�

ab

B

3

i

+ i✏abc

B

4

i

�
�

N

. (24)

Here, the B

i

’s have the following symmetry under exchange of the two outgoing particles

B

2

i

(s, s
1

, s

2

, t

1

, t

2

) = ✏

i

B

3

i

(s, s
2

, s

1

, t

2

, t

1

) , ✏

1,2

= 1 , ✏

3,4

= �1 . (25)

In the five physically accessible channels, the amplitudes contributing to each channel reduce
to

I. ⇡

�

p ! ⇡

0

⇡

0

n : F

i

=
p

2B1

i

II. ⇡

�

p ! ⇡

+

⇡

�

n : F

i

=
p

2(B1

i

+ B

2

i

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : F

i

=
p

2(B2

i

+ B

3

i

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : F

i

= B

3

i

+ B

4

i

V. ⇡

�

p ! ⇡

0

⇡

�

p : F

i

= B

2

i

+ B

4

i

.

(26)

The unpolarized invariant matrix element squared in the relativistic formalism has the form

|M|2 =
1

2

X

s,s

0

T

†

ss

0T
ss

0 =
4X

i,j=1

y

ij

4m2

N

F

⇤

i

F

j

, (27)

with the weight functions y

ij

= y

ji

given by the trace over the respective Dirac structures
(see Appendix A).
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χ#D

:4χ#D

B. Heavy-baryon chiral perturbation theory

In the heavy-baryon framework, the spin structure of an amplitude is given by a combi-
nation of the non-commuting Pauli-Lubanski spin vectors S

µ

. In the case of ⇡N ! ⇡⇡N ,
the transition matrix can be written in terms of four invariant amplitudes A, B, C and D

which depend on the five momenta k, k0, q
1

, q
2

and q

3

and are defined via [34]

T

abc

ss

0 = ū

(s

0
)

v

�
S · q

1

A

abc + S · q
2

B

abc + S · q
3

C

abc + i✏
µ⌫↵�

q

µ

1

q

⌫

2

q

↵

3

v

�

D

abc

�
u

(s)

v

.

(28)

Here, the heavy-baryon spinor u

(s)

v

is given in the Pauli spinor representation

u

(s)

v

(p) = P

+

v

u

(s)(p) = N
✓
�

s

0

◆
. (29)

The normalization factor

N =

s
p

0 + m

N

2m
N

(30)

ensures the proper matching to the relativistic theory and has to be taken into account in
the 1/m

N

expansion,

NN 0 = 1 + O
✓

1

m

2

N

◆
. (31)

Thus, for a tree level calculation, the normalization factors can be set equal to 1. The isospin
decomposition is the same as in the relativistic case, namely

X

abc = �

†

N

0

�
⌧

a

�

bc

X

1

+ ⌧

b

�

ac

X

2

+ ⌧

c

�

ab

X

3

+ i✏abc

X

4

�
�

N

, X 2 {A,B,C,D} (32)

and thus the reduction in the five physically accessible channels is the same

I. ⇡

�

p ! ⇡

0

⇡

0

n : X =
p

2X
1

II. ⇡

�

p ! ⇡

+

⇡

�

n : X =
p

2(X
1

+ X

2

)

III. ⇡

+

p ! ⇡

+

⇡

+

n : X =
p

2(X
2

+ X

3

)

IV. ⇡

+

p ! ⇡

+

⇡

0

p : X = X

3

+ X

4

V. ⇡

�

p ! ⇡

0

⇡

�

p : X = X

2

+ X

4

.

(33)

The unpolarized invariant matrix element squared in the heavy-baryon formalism reads

|M|2 =
1

2

X
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0

T

†
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0T
ss

0

=
1

4

h
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+ (A⇤
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⇤)q
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· q
2
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⇤)q
1

· q
3

+ (B⇤

C + BC

⇤)q
2

· q
3

+ 4|D|2q2

1

q2

2

q2

3

(1 � x

2

1

)(1 � x

2

2

)
⇣
1 � (z � x

1

x

2

)2

(1 � x

2

1

)(1 � x

2

2

)

⌘i
,

(34)

where x

1

, x
2

and z are the cosines of the angles between q
1

and q
2

, q
1

and q
3

, and q
2

and
q
3

, respectively.
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where we use the mean values in our analysis.
In ⇡N ! ⇡⇡N , isospin breaking is accounted for in a minimal way by shifting T

⇡

from
the isospin symmetric threshold to the physical threshold of each channel [3]

I. ⇡

�

p ! ⇡

0
⇡

0
n : �T

⇡

= �10.21 MeV

II. ⇡

�

p ! ⇡

+
⇡

�

n : �T

⇡

= +1.68 MeV

III. ⇡

+
p ! ⇡

+
⇡

+
n : �T

⇡

= +1.68 MeV

IV. ⇡

+
p ! ⇡

+
⇡

0
p : �T

⇡

= �5.95 MeV

V. ⇡

�

p ! ⇡

0
⇡

�

p : �T

⇡

= �5.95 MeV .

(36)

All fits described below are performed to ⇡N ! ⇡N and ⇡N ! ⇡⇡N simultaneously. In
this combined fit we minimize the sum

�

2 = �

2
⇡N

+ �

2
⇡⇡N

+ �

2
c

, �

2
c

=
X

i

(x
i

� x̄

i

)2

R

2
i

, (37)

where �

2
c

denotes additional optional gaussian constraints on the LECs x
i

. In ⇡N -scattering
we fit to the partial wave analyses (PWA) of the group at the George Washington University
[15] (GW) and the Karlsruhe-Helsinki collaboration [16] (KH). At order Q3 we fit to S and
P waves with T

⇡

< 65 MeV and at order Q4 we additionally fit to D waves from 40 MeV to
65 MeV. This corresponds to a fit of 72 data points in S and P waves and additionally to 16
data points in D waves. Because both PWA are given without error estimations we assign
a global relative statistical error of 5% to S, P and D waves. Due to the accuracy of the D

wave data, we introduce a systemtical error of 0.01 degree, which allows us, without being
too pedantic, to set the total relative error for D waves to 20% and for S and P waves to
5%. For the fit in single-pion production, we use the total cross section data with T

⇡

< 230
MeV, which are taken from the compilation [17] and from [18], [19] and [20]. In addition,
we also fit to the double-di↵erential cross sections with respect to ⌦2 and the pion kinetic
energy T2 = !2 � M

⇡

in the channel ⇡�

p ! ⇡

+
⇡

�

n at T

⇡

= 200 MeV and T

⇡

= 230 MeV,
which are reported in [21]. This corresponds to a total of 72 data points in ⇡N ! ⇡⇡N . It
should be emphasized that the � pole at T

⇡

= 190 MeV and the strong coupling of the �
to the ⇡N sector, forbids us to fit to higher energies in ⇡N scattering. The situation for
⇡N ! ⇡⇡N is in that sense di↵erent that the coupling of the � to the ⇡⇡N sector is very
weak compared to the coupling to the ⇡N sector. For once, this can be seen in the reported
decay channels of the � [22], where � ! ⇡N contributes to ⇠ 100%, whereas � ! ⇡⇡N is
not even listed. Also, the observables, e.g. total cross sections, studied in this work do not
show any pronounced structure in the energy region of the � pole. Thus, a priori, it seems
not impossible to fit in ⇡N ! ⇡⇡N in the delta region in deltaless ChPT.

The results of the fits at order Q3 and Q

4 are summarized in Table I and II, respectively.
At order Q3, the �2

⇡N

varies strongly from fit to fit from ⇠ 100 to ⇠ 240, whereas the �2
⇡⇡N

is
constantly ⇠ 170. Note that performing fits without any constraints on the LECs d10,11,12.13,
one would get rather large values (⇠ 20) for these LECs. This is why we made use of �2

c

and constrained them by setting the preferred mean values to zero and using R = 3. The
constrained �

2 only increases slightl by 10 compared to the unconstrained one. With this
additional constraint, the LECs in all four fits turn out to be between 1 and 10. We interpret
a natural LEC x

i

in the following way

|x
i

|qn = |x
i

|⇤n

⇣
q

⇤

⌘
n

<

⇣
q

⇤

⌘
n�1

) |x
i

| < 1

q⇤n�1
. (38)
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where we use the mean values in our analysis.
In ⇡N ! ⇡⇡N , isospin breaking is accounted for in a minimal way by shifting T

⇡

from
the isospin symmetric threshold to the physical threshold of each channel [3]

I. ⇡

�

p ! ⇡

0
⇡

0
n : �T

⇡

= �10.21 MeV

II. ⇡

�

p ! ⇡
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⇡
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⇡

= +1.68 MeV
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+
n : �T
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= +1.68 MeV
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p ! ⇡

+
⇡

0
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= �5.95 MeV

V. ⇡

�

p ! ⇡

0
⇡

�

p : �T

⇡

= �5.95 MeV .

(36)

All fits described below are performed to ⇡N ! ⇡N and ⇡N ! ⇡⇡N simultaneously. In
this combined fit we minimize the sum

�

2 = �

2
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+ �

2
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+ �

2
c

, �

2
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=
X

i
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i

)2
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i

, (37)

where �

2
c

denotes additional optional gaussian constraints on the LECs x
i

. In ⇡N -scattering
we fit to the partial wave analyses (PWA) of the group at the George Washington University
[15] (GW) and the Karlsruhe-Helsinki collaboration [16] (KH). At order Q3 we fit to S and
P waves with T

⇡

< 65 MeV and at order Q4 we additionally fit to D waves from 40 MeV to
65 MeV. This corresponds to a fit of 72 data points in S and P waves and additionally to 16
data points in D waves. Because both PWA are given without error estimations we assign
a global relative statistical error of 5% to S, P and D waves. Due to the accuracy of the D

wave data, we introduce a systemtical error of 0.01 degree, which allows us, without being
too pedantic, to set the total relative error for D waves to 20% and for S and P waves to
5%. For the fit in single-pion production, we use the total cross section data with T

⇡

< 230
MeV, which are taken from the compilation [17] and from [18], [19] and [20]. In addition,
we also fit to the double-di↵erential cross sections with respect to ⌦2 and the pion kinetic
energy T2 = !2 � M

⇡

in the channel ⇡�

p ! ⇡

+
⇡

�

n at T

⇡

= 200 MeV and T

⇡

= 230 MeV,
which are reported in [21]. This corresponds to a total of 72 data points in ⇡N ! ⇡⇡N . It
should be emphasized that the � pole at T

⇡

= 190 MeV and the strong coupling of the �
to the ⇡N sector, forbids us to fit to higher energies in ⇡N scattering. The situation for
⇡N ! ⇡⇡N is in that sense di↵erent that the coupling of the � to the ⇡⇡N sector is very
weak compared to the coupling to the ⇡N sector. For once, this can be seen in the reported
decay channels of the � [22], where � ! ⇡N contributes to ⇠ 100%, whereas � ! ⇡⇡N is
not even listed. Also, the observables, e.g. total cross sections, studied in this work do not
show any pronounced structure in the energy region of the � pole. Thus, a priori, it seems
not impossible to fit in ⇡N ! ⇡⇡N in the delta region in deltaless ChPT.

The results of the fits at order Q3 and Q

4 are summarized in Table I and II, respectively.
At order Q3, the �2

⇡N

varies strongly from fit to fit from ⇠ 100 to ⇠ 240, whereas the �2
⇡⇡N

is
constantly ⇠ 170. Note that performing fits without any constraints on the LECs d10,11,12.13,
one would get rather large values (⇠ 20) for these LECs. This is why we made use of �2

c

and constrained them by setting the preferred mean values to zero and using R = 3. The
constrained �

2 only increases slightl by 10 compared to the unconstrained one. With this
additional constraint, the LECs in all four fits turn out to be between 1 and 10. We interpret
a natural LEC x

i

in the following way

|x
i

|qn = |x
i

|⇤n

⇣
q

⇤

⌘
n

<

⇣
q

⇤

⌘
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. (38)
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�Fitting Procedure

where we use the mean values in our analysis.
In ⇡N ! ⇡⇡N , isospin breaking is accounted for in a minimal way by shifting T
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All fits described below are performed to ⇡N ! ⇡N and ⇡N ! ⇡⇡N simultaneously. In
this combined fit we minimize the sum
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where �

2
c

denotes additional optional gaussian constraints on the LECs x
i

. In ⇡N -scattering
we fit to the partial wave analyses (PWA) of the group at the George Washington University
[15] (GW) and the Karlsruhe-Helsinki collaboration [16] (KH). At order Q3 we fit to S and
P waves with T

⇡

< 65 MeV and at order Q4 we additionally fit to D waves from 40 MeV to
65 MeV. This corresponds to a fit of 72 data points in S and P waves and additionally to 16
data points in D waves. Because both PWA are given without error estimations we assign
a global relative statistical error of 5% to S, P and D waves. Due to the accuracy of the D

wave data, we introduce a systemtical error of 0.01 degree, which allows us, without being
too pedantic, to set the total relative error for D waves to 20% and for S and P waves to
5%. For the fit in single-pion production, we use the total cross section data with T

⇡

< 230
MeV, which are taken from the compilation [17] and from [18], [19] and [20]. In addition,
we also fit to the double-di↵erential cross sections with respect to ⌦2 and the pion kinetic
energy T2 = !2 � M
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+
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n at T
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= 200 MeV and T
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= 230 MeV,
which are reported in [21]. This corresponds to a total of 72 data points in ⇡N ! ⇡⇡N . It
should be emphasized that the � pole at T

⇡

= 190 MeV and the strong coupling of the �
to the ⇡N sector, forbids us to fit to higher energies in ⇡N scattering. The situation for
⇡N ! ⇡⇡N is in that sense di↵erent that the coupling of the � to the ⇡⇡N sector is very
weak compared to the coupling to the ⇡N sector. For once, this can be seen in the reported
decay channels of the � [22], where � ! ⇡N contributes to ⇠ 100%, whereas � ! ⇡⇡N is
not even listed. Also, the observables, e.g. total cross sections, studied in this work do not
show any pronounced structure in the energy region of the � pole. Thus, a priori, it seems
not impossible to fit in ⇡N ! ⇡⇡N in the delta region in deltaless ChPT.

The results of the fits at order Q3 and Q

4 are summarized in Table I and II, respectively.
At order Q3, the �2
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varies strongly from fit to fit from ⇠ 100 to ⇠ 240, whereas the �2
⇡⇡N

is
constantly ⇠ 170. Note that performing fits without any constraints on the LECs d10,11,12.13,
one would get rather large values (⇠ 20) for these LECs. This is why we made use of �2

c

and constrained them by setting the preferred mean values to zero and using R = 3. The
constrained �

2 only increases slightl by 10 compared to the unconstrained one. With this
additional constraint, the LECs in all four fits turn out to be between 1 and 10. We interpret
a natural LEC x
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m
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⇠ 770
MeV and get the following naturalness conditions for the LECs
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i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �

2
⇡N

at order Q

4 varies strongly from fit fo fit, whereas the value
for �

2
⇡⇡N

is constantly ⇠ 230 and thus significantly larger than at Q

3 . Note that we split
the �

2
⇡N

in two parts, �2
⇡N

= (�2
⇡N

)
S,P

+ (�2
⇡N

)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the

9

a natural LEC x

i

of energy dimension �n in the following way

|x
i

| =
|x̃

i

|
⇤n

⇠ Q

0

⇤n

<

Q

�1

⇤n

=
1

q⇤n�1
. (38)

We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �

2
⇡N

at order Q

4 varies strongly from fit fo fit, whereas the value
for �

2
⇡⇡N

is constantly ⇠ 230 and thus significantly larger than at Q

3 . Note that we split
the �

2
⇡N

in two parts, �2
⇡N

= (�2
⇡N

)
S,P

+ (�2
⇡N

)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the
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fi(2e
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≠ e
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)

(0.1)

mN Mfi Ffi gA l
1

l
2

l
3

l
4

938.27 139.57 92.4 1.27 ≠0.4 ± 0.6 4.3 ± 0.1 2.9 ± 2.4 4.4 ± 0.2

Table 0.1: Adopted values for the physical quantities. First five values are given in MeV, whereas the last
two are dimensionless.

f I
l±(s) = 1

16fi
Ô

s

1
(E + mN )

1
AI

l (s) + (
Ô

s ≠ mN )BI
l (s)

2

+(E ≠ mN )
1
≠AI

l±(s) + (
Ô

s + mN )BI
l±

22 (0.2)

Global Fit to ‡
tot

with Tfi < 250 MeV and to d

2‡
dÊ2d�2

L
e�

= L(2)

fifi + L(4)

fifi + L(1)

fiN + L(2)

fiN + L(3)

fiN (0.3)

1

�SU=<

I. TEST

LECs
HB Cov

KH GW RS KH GW RS

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.39 ± 0.02 -1.12 ± 0.08 -1.43 ± 0.07 -1.25 ± 0.02

c2 3.56 ± 0.12 3.35 ± 0.11 3.42 ± 0.04 3.49 ± 0.11 3.38 ± 0.10 3.57 ± 0.04

c3 -6.29 ± 0.08 -6.43 ± 0.07 -6.19 ± 0.03 -5.94 ± 0.08 -6.15 ± 0.07 -6.08 ± 0.03

c4 3.60 ± 0.04 3.64 ± 0.04 3.61 ± 0.02 3.35 ± 0.04 3.44 ± 0.04 3.48 ± 0.02

d1 + d2 3.67 ± 0.15 3.34 ± 0.13 3.30 ± 0.06 3.06 ± 0.12 2.98 ± 0.11 3.15 ± 0.05

d3 -4.14 ± 0.29 -3.10 ± 0.28 -3.30 ± 0.10 -2.46 ± 0.18 -1.97 ± 0.17 -2.48 ± 0.06

d4 -0.86 ± 2.15 -1.01 ± 2.14 -0.97 ± 2.18 4.44 ± 1.70 4.43 ± 1.70 4.48 ± 1.67

d5 0.66 ± 0.18 -0.02 ± 0.17 0.11 ± 0.05 0.00 ± 0.15 -0.49 ± 0.14 -0.26 ± 0.05

d10 -0.62 ± 1.84 -0.26 ± 1.86 -0.44 ± 1.86 -1.80 ± 1.91 -1.17 ± 1.93 -1.98 ± 1.88

d11 -2.65 ± 1.99 -2.30 ± 2.00 -2.46 ± 2.00 -2.24 ± 2.07 -1.99 ± 2.07 -2.41 ± 2.07

d12 3.85 ± 1.96 3.40 ± 1.99 3.38 ± 1.98 5.41 ± 1.80 4.73 ± 1.82 5.62 ± 1.77

d13 1.21 ± 2.06 1.08 ± 2.06 1.02 ± 2.07 -0.78 ± 2.02 -0.81 ± 2.02 -0.69 ± 2.02

d14 � d15 -6.92 ± 0.28 -5.95 ± 0.25 -5.88 ± 0.12 -5.02 ± 0.21 -4.50 ± 0.19 -4.92 ± 0.10

d16 1.62 ± 0.74 1.34 ± 0.74 1.55 ± 0.73 1.76 ± 0.70 1.64 ± 0.71 1.73 ± 0.69

�2
⇡N 170 131 159 242 98 166

�2
⇡⇡N 172 169 167 176 171 176

TABLE I: LECs determined from combined fits at order Q3.

1

4NOS-S;��7HP-:�)
(+



�Fits

a natural LEC x
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of energy dimension �n in the following way
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=
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. (38)

We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �
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at order Q
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for �
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)
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)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e
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⇠ 30, whereas in the
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q
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)
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)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the
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938.27 139.57 92.4 1.27 ≠0.4 ± 0.6 4.3 ± 0.1 2.9 ± 2.4 4.4 ± 0.2

Table 0.1: Adopted values for the physical quantities. First five values are given in MeV, whereas the last
two are dimensionless.

f I
l±(s) = 1

16fi
Ô

s

1
(E + mN )

1
AI

l (s) + (
Ô

s ≠ mN )BI
l (s)

2

+(E ≠ mN )
1
≠AI

l±(s) + (
Ô

s + mN )BI
l±

22 (0.2)

Global Fit to ‡
tot

with Tfi < 250 MeV and to d

2‡
dÊ2d�2

L
e�

= L(2)

fifi + L(4)

fifi + L(1)

fiN + L(2)

fiN + L(3)

fiN (0.3)

1

�SU=<

LECs
HB Cov

KH GW KH GW

c1 -1.49 ± 0.20 -1.62 ± 0.24 -1.02 ± 0.19 -1.63 ± 0.20

c2 0.10 ± 0.59 1.22 ± 0.74 1.54 ± 0.40 1.15 ± 0.39

c3 -1.77 ± 0.11 -2.63 ± 0.10 -2.52 ± 0.16 -3.45 ± 0.15

c4 1.79 ± 0.09 2.25 ± 0.07 2.08 ± 0.08 2.41 ± 0.06

d1 + d2 1.27 ± 0.15 1.00 ± 0.14 1.48 ± 0.16 1.26 ± 0.15

d3 -1.95 ± 0.22 -0.82 ± 0.21 -2.46 ± 0.31 -2.08 ± 0.27

d4 2.75 ± 2.22 2.55 ± 2.14 -0.15 ± 2.19 -1.70 ± 2.14

d5 0.76 ± 0.17 -0.05 ± 0.16 0.83 ± 0.19 0.43 ± 0.17

d10 -2.65 ± 2.17 -0.59 ± 2.39 -1.87 ± 2.26 -1.21 ± 2.23

d11 -0.55 ± 2.28 -0.57 ± 2.29 -1.12 ± 2.21 0.63 ± 2.21

d12 -2.06 ± 2.12 -1.90 ± 2.17 0.44 ± 2.06 -0.78 ± 2.05

d13 -0.52 ± 2.48 -2.52 ± 2.80 -0.1 ± 2.27 0.44 ± 2.07

d14 � d15 -2.49 ± 0.27 -1.29 ± 0.25 -3.11 ± 0.28 -2.30 ± 0.26

d16 3.96 ± 0.78 4.51 ± 0.78 3.05 ± 0.70 1.93 ± 0.74

e10 0.52 ± 5.07 0.69 ± 4.97 0.83 ± 5.15 0.15 ± 5.00

e11 -1.24 ± 5.22 -1.62 ± 5.09 -0.08 ± 4.73 1.24 ± 4.41

e12 -1.90 ± 3.75 -3.17 ± 3.91 -1.40 ± 3.85 -0.61 ± 3.79

e13 -1.57 ± 4.29 -2.95 ± 4.41 -1.58 ± 3.58 -1.76 ± 3.42

e14 0.63 ± 0.11 0.75 ± 0.10 0.37 ± 0.14 1.28 ± 0.13

e15 -5.66 ± 0.72 0.36 ± 0.70 -1.55 ± 0.47 1.14 ± 0.47

e16 6.81 ± 2.21 -1.04 ± 2.69 -0.55 ± 0.80 -1.75 ± 0.80

e17 -0.42 ± 0.11 -0.50 ± 0.11 -0.11 ± 0.09 -0.55 ± 0.09

e18 1.47 ± 0.50 -1.22 ± 0.40 -0.23 ± 0.28 -1.32 ± 0.22

e34 0.69 ± 4.92 1.28 ± 4.95 0.72 ± 4.82 0.89 ± 4.78

�2
⇡N 131 + 69 79 + 73 128 + 6 69 + 47

�2
⇡⇡N 176 178 180 181

TABLE II: LECs determined from combined fits at order Q4.

g⇡N� g1

1.35 2.29

TABLE III: LECs from the pion-nucleon sector. The values are given in 1/GeV.

2

larg
e N

c

LECs
HB Cov

KH GW RS KH GW RS

c1 -1.29 ± 0.08 -1.61 ± 0.07 -1.35 ± 0.02 -0.93 ± 0.08 -1.26 ± 0.07 -0.98 ± 0.02

c2 1.50 ± 0.12 1.34 ± 0.11 1.29 ± 0.04 1.44 ± 0.11 1.39 ± 0.10 1.34 ± 0.04

c3 -2.52 ± 0.08 -2.70 ± 0.08 -2.25 ± 0.03 -2.34 ± 0.08 -2.65 ± 0.08 -2.16 ± 0.03

c4 1.84 ± 0.04 1.90 ± 0.04 1.77 ± 0.02 1.62 ± 0.04 1.74 ± 0.04 1.61 ± 0.02

d1 + d2 0.57 ± 0.15 0.32 ± 0.14 -0.13 ± 0.06 0.42 ± 0.13 0.46 ± 0.12 0.05 ± 0.05

d3 -1.64 ± 0.29 -0.74 ± 0.27 -0.77 ± 0.10 -1.16 ± 0.18 -0.79 ± 0.17 -0.66 ± 0.06

d4 -1.16 ± 2.37 -1.18 ± 2.36 -0.97 ± 2.40 0.04 ± 2.21 0.24 ± 2.12 0.28 ± 2.15

d5 0.90 ± 0.18 0.26 ± 0.17 0.55 ± 0.05 0.66 ± 0.15 0.18 ± 0.14 0.32 ± 0.05

d10 -0.59 ± 1.93 -0.32 ± 1.93 -0.51 ± 1.93 0.29 ± 2.09 0.62 ± 2.08 0.62 ± 2.08

d11 -3.07 ± 2.00 -2.83 ± 2.00 -3.14 ± 2.00 -0.20 ± 2.06 -0.09 ± 2.05 -0.07 ± 2.06

d12 1.01 ± 2.05 0.67 ± 2.06 0.51 ± 2.05 0.66 ± 1.95 0.44 ± 1.94 0.06 ± 1.94

d13 -2.51 ± 2.05 -2.61 ± 2.05 -2.80 ± 2.05 -2.53 ± 1.99 -2.56 ± 1.98 -2.59 ± 1.99

d14 � d15 -1.66 ± 0.28 -0.82 ± 0.26 0.02 ± 0.12 -0.89 ± 0.22 -0.59 ± 0.20 0.11 ± 0.10

d16 -0.32 ± 0.70 -0.43 ± 0.71 -0.39 ± 0.68 0.97 ± 0.70 0.82 ± 0.70 0.88 ± 0.69

�2
⇡N 123 205 19 126 154 12

�2
⇡⇡N 183 180 188 189 186 187

TABLE II: LECs determined from combined fits at order Q3 + �1.
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
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| ⇠ 1.0 < 3.0 < 5.5 , |d
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| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.
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d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs
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| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.
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c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04
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d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73
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contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d
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⇠ 25 and e
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LECs
HB Cov

KH GW RS KH GW RS

c1 -0.77 ± 0.11 -0.96 ± 0.11 -0.94 ± 0.08 -0.90 ± 0.14 -1.18 ± 0.13 -1.02 ± 0.09

c2 2.96 ± 0.32 3.96 ± 0.31 2.84 ± 0.27 3.52 ± 0.32 3.73 ± 0.31 3.35 ± 0.23

c3 -3.97 ± 0.10 -4.89 ± 0.08 -4.06 ± 0.11 -5.26 ± 0.12 -6.00 ± 0.11 -5.23 ± 0.11

c4 2.87 ± 0.09 3.39 ± 0.07 2.90 ± 0.12 3.48 ± 0.08 3.83 ± 0.06 3.47 ± 0.10

d1 + d2 4.46 ± 0.14 4.23 ± 0.13 4.76 ± 0.08 5.18 ± 0.15 4.94 ± 0.14 5.09 ± 0.07

d3 -4.00 ± 0.21 -2.98 ± 0.20 -3.82 ± 0.08 -5.65 ± 0.28 -5.13 ± 0.25 -5.01 ± 0.12

d4 0.71 ± 2.04 0.17 ± 1.97 0.61 ± 1.88 -2.26 ± 1.88 -2.87 ± 1.76 -2.32 ± 1.88

d5 0.18 ± 0.16 -0.57 ± 0.15 -0.37 ± 0.05 0.69 ± 0.18 0.24 ± 0.16 0.07 ± 0.06

d10 -5.94 ± 1.72 -4.17 ± 1.76 -6.08 ± 1.66 -7.19 ± 1.79 -5.65 ± 1.81 -6.22 ± 1.79

d11 -2.39 ± 1.97 -2.50 ± 1.97 -2.43 ± 1.95 -2.47 ± 2.00 -1.34 ± 1.99 -2.14 ± 1.99

d12 6.10 ± 1.71 6.20 ± 1.73 6.32 ± 1.64 8.82 ± 1.78 7.28 ± 1.76 7.75 ± 1.70

d13 -2.27 ± 2.07 -3.69 ± 2.07 -2.32 ± 2.02 -1.14 ± 1.97 -1.32 ± 1.92 -1.30 ± 1.92

d14 � d15 -8.00 ± 0.24 -6.89 ± 0.23 -8.23 ± 0.12 -9.54 ± 0.26 -8.77 ± 0.24 -8.93 ± 0.12

d16 6.33 ± 0.70 7.55 ± 0.71 6.45 ± 0.69 -0.70 ± 0.65 -0.89 ± 0.63 -0.72 ± 0.64

e10 -3.54 ± 4.58 -4.18 ± 4.54 -4.21 ± 4.52 -3.73 ± 4.42 -4.91 ± 4.33 -3.69 ± 4.42

e11 0.36 ± 4.74 0.41 ± 4.72 0.68 ± 4.65 2.58 ± 4.10 3.30 ± 3.92 2.65 ± 4.09

e12 1.62 ± 3.73 0.61 ± 3.83 1.85 ± 3.66 1.80 ± 3.52 2.27 ± 3.51 1.70 ± 3.51

e13 -0.87 ± 3.80 -1.19 ± 3.85 -1.43 ± 3.75 -2.21 ± 3.36 -3.20 ± 3.27 -2.50 ± 3.34

e14 1.41 ± 0.11 1.42 ± 0.10 1.18 ± 0.10 0.32 ± 0.12 1.09 ± 0.11 0.40 ± 0.12

e15 -12.73 ± 0.64 -6.41 ± 0.56 -13.55 ± 0.61 -5.36 ± 0.39 -3.37 ± 0.36 -5.50 ± 0.34

e16 6.77 ± 1.27 -0.80 ± 1.22 8.29 ± 1.10 0.92 ± 0.60 -1.48 ± 0.55 1.28 ± 0.47

e17 -0.48 ± 0.11 -0.43 ± 0.11 -0.46 ± 0.11 0.47 ± 0.09 0.02 ± 0.09 0.32 ± 0.10

e18 5.05 ± 0.49 1.96 ± 0.39 6.10 ± 0.61 1.15 ± 0.28 0.08 ± 0.22 1.57 ± 0.35

e34 0.29 ± 4.84 0.43 ± 4.85 0.51 ± 4.82 0.86 ± 4.77 1.22 ± 4.75 0.95 ± 4.77

�2
⇡N 187 + 160 125 + 169 41 + 200 147 + 6 79 + 56 31 + 34

�2
⇡⇡N 244 250 257 234 238 228

TABLE III: LECs determined from combined fits at order Q4.
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs
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where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.
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KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �

2
⇡N

at order Q

4 varies strongly from fit fo fit, whereas the value
for �

2
⇡⇡N

is constantly ⇠ 230 and thus significantly larger than at Q

3 . Note that we split
the �

2
⇡N

in two parts, �2
⇡N

= (�2
⇡N

)
S,P

+ (�2
⇡N

)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the

9

a natural LEC x

i

of energy dimension �n in the following way

|x
i

| =
|x̃

i

|
⇤n

⇠ Q

0

⇤n

<

Q

�1

⇤n

=
1

q⇤n�1
. (38)

We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
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| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73
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Q4 +δ
1

LECs
HB Cov

KH GW RS KH GW RS

c1 -1.12 ± 0.17 -1.60 ± 0.24 -1.28 ± 0.11 -1.00 ± 0.20 -1.67 ± 0.21 -1.14 ± 0.11

c2 1.30 ± 0.50 1.30 ± 0.76 1.36 ± 0.36 1.58 ± 0.42 1.07 ± 0.40 1.44 ± 0.24

c3 -1.70 ± 0.11 -2.62 ± 0.10 -1.95 ± 0.12 -2.51 ± 0.16 -3.48 ± 0.15 -2.55 ± 0.12

c4 1.81 ± 0.09 2.25 ± 0.07 2.12 ± 0.12 2.08 ± 0.08 2.41 ± 0.06 2.19 ± 0.10

d1 + d2 1.29 ± 0.15 1.01 ± 0.14 1.21 ± 0.09 1.48 ± 0.16 1.27 ± 0.15 1.07 ± 0.07

d3 -1.82 ± 0.23 -0.80 ± 0.21 -1.39 ± 0.08 -2.42 ± 0.32 -2.10 ± 0.28 -1.79 ± 0.13

d4 -0.19 ± 3.65 2.54 ± 2.64 -0.41 ± 3.60 0.56 ± 2.11 -1.29 ± 2.20 0.24 ± 2.12

d5 0.65 ± 0.17 -0.07 ± 0.16 0.18 ± 0.05 0.81 ± 0.19 0.44 ± 0.17 0.41 ± 0.06

d10 -1.46 ± 2.27 -0.44 ± 2.41 -1.00 ± 2.22 -1.68 ± 2.27 -1.18 ± 2.23 -1.15 ± 2.26

d11 -1.07 ± 2.19 -0.50 ± 2.24 -0.91 ± 2.18 -1.36 ± 2.20 0.38 ± 2.20 -0.95 ± 2.19

d12 -0.19 ± 2.06 -1.73 ± 2.18 -0.61 ± 2.02 0.48 ± 2.06 -0.91 ± 2.04 -0.39 ± 2.02

d13 -4.58 ± 2.51 -3.98 ± 2.82 -4.84 ± 2.38 -1.08 ± 2.30 -0.22 ± 2.09 -0.95 ± 2.16

d14 � d15 -2.45 ± 0.27 -1.30 ± 0.25 -1.84 ± 0.13 -3.11 ± 0.28 -2.31 ± 0.26 -2.00 ± 0.13

d16 5.76 ± 0.74 6.40 ± 0.80 6.06 ± 0.75 0.69 ± 0.72 -0.34 ± 0.75 0.54 ± 0.72

e10 -0.32 ± 5.11 0.92 ± 4.90 -0.35 ± 5.10 0.98 ± 5.17 0.28 ± 5.02 0.97 ± 5.17

e11 0.86 ± 5.12 -1.66 ± 5.06 0.75 ± 5.13 -0.64 ± 4.87 0.79 ± 4.54 -0.45 ± 4.82

e12 1.02 ± 3.84 -3.54 ± 3.97 0.78 ± 3.84 -1.59 ± 3.88 -0.69 ± 3.82 -1.71 ± 3.87

e13 2.49 ± 3.73 -3.47 ± 4.46 2.18 ± 3.73 -1.48 ± 3.65 -1.49 ± 3.45 -1.72 ± 3.58

e14 0.58 ± 0.11 0.75 ± 0.10 0.52 ± 0.10 0.35 ± 0.15 1.30 ± 0.13 0.59 ± 0.12

e15 -4.84 ± 0.71 0.41 ± 0.71 -3.05 ± 0.63 -1.60 ± 0.48 1.23 ± 0.48 -0.84 ± 0.37

e16 2.48 ± 1.91 -1.32 ± 2.78 1.13 ± 1.38 -0.64 ± 0.82 -1.60 ± 0.83 -1.07 ± 0.51

e17 -0.42 ± 0.11 -0.50 ± 0.11 -0.52 ± 0.11 -0.10 ± 0.09 -0.56 ± 0.09 -0.40 ± 0.10

e18 1.37 ± 0.50 -1.22 ± 0.40 0.13 ± 0.64 -0.22 ± 0.28 -1.33 ± 0.22 -0.59 ± 0.36

e34 -0.94 ± 4.82 1.51 ± 4.95 -0.85 ± 4.82 0.62 ± 4.83 0.75 ± 4.79 0.73 ± 4.83

�2
⇡N 130 + 69 78 + 74 9 + 80 129 + 6 69 + 47 3 + 38

�2
⇡⇡N 179 174 180 177 177 175

TABLE IV: LECs determined from combined fits at order Q4 + �1.
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� Backup



Q4

a natural LEC x

i

of energy dimension �n in the following way

|x
i

| =
|x̃

i

|
⇤n

⇠ Q

0

⇤n

<

Q

�1

⇤n

=
1

q⇤n�1
. (38)

We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �

2
⇡N

at order Q

4 varies strongly from fit fo fit, whereas the value
for �

2
⇡⇡N

is constantly ⇠ 230 and thus significantly larger than at Q

3 . Note that we split
the �

2
⇡N

in two parts, �2
⇡N

= (�2
⇡N

)
S,P

+ (�2
⇡N

)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the
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contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the
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a natural LEC x

i

of energy dimension �n in the following way

|x
i

| =
|x̃
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|
⇤n
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0

⇤n
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Q
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=
1

q⇤n�1
. (38)

We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �

2
⇡N

at order Q

4 varies strongly from fit fo fit, whereas the value
for �

2
⇡⇡N

is constantly ⇠ 230 and thus significantly larger than at Q

3 . Note that we split
the �

2
⇡N

in two parts, �2
⇡N

= (�2
⇡N

)
S,P

+ (�2
⇡N

)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the

9

LECs
HB Cov

no D waves with D waves no D waves with D waves

c1 -0.93 ± 0.08 -0.94 ± 0.08 -1.00 ± 0.10 -1.02 ± 0.09

c2 2.93 ± 0.27 2.84 ± 0.27 3.28 ± 0.32 3.35 ± 0.23

c3 -4.25 ± 0.11 -4.06 ± 0.11 -5.17 ± 0.16 -5.23 ± 0.11

c4 3.08 ± 0.12 2.90 ± 0.12 3.53 ± 0.12 3.47 ± 0.10

d1 + d2 4.94 ± 0.08 4.76 ± 0.08 5.08 ± 0.08 5.09 ± 0.07

d3 -3.93 ± 0.08 -3.82 ± 0.08 -5.01 ± 0.12 -5.01 ± 0.12

d4 0.32 ± 1.81 0.61 ± 1.88 -2.33 ± 1.88 -2.32 ± 1.88

d5 -0.42 ± 0.05 -0.37 ± 0.05 0.08 ± 0.06 0.07 ± 0.06

d10 -6.36 ± 1.64 -6.08 ± 1.66 -6.11 ± 1.81 -6.22 ± 1.79

d11 -2.46 ± 1.93 -2.43 ± 1.95 -2.13 ± 2.00 -2.14 ± 1.99

d12 6.67 ± 1.62 6.32 ± 1.64 7.50 ± 1.74 7.75 ± 1.70

d13 -2.23 ± 2.00 -2.32 ± 2.02 -1.19 ± 1.93 -1.30 ± 1.92

d14 � d15 -8.50 ± 0.13 -8.23 ± 0.12 -8.86 ± 0.13 -8.93 ± 0.12

d16 6.71 ± 0.69 6.45 ± 0.69 -0.78 ± 0.65 -0.72 ± 0.64

e10 -4.91 ± 4.48 -4.21 ± 4.52 -3.69 ± 4.43 -3.69 ± 4.42

e11 1.10 ± 4.57 0.68 ± 4.65 2.66 ± 4.08 2.65 ± 4.09

e12 2.04 ± 3.60 1.85 ± 3.66 1.69 ± 3.52 1.70 ± 3.51

e13 -1.78 ± 3.70 -1.43 ± 3.75 -2.54 ± 3.34 -2.50 ± 3.34

e14 -3.26 ± 1.97 1.18 ± 0.10 -2.30 ± 2.25 0.40 ± 0.12

e15 -3.88 ± 3.88 -13.55 ± 0.61 -0.58 ± 3.80 -5.50 ± 0.34

e16 3.63 ± 1.82 8.29 ± 1.10 -0.62 ± 1.22 1.28 ± 0.47

e17 2.34 ± 3.50 -0.46 ± 0.11 1.09 ± 2.31 0.32 ± 0.10

e18 2.44 ± 3.50 6.10 ± 0.61 0.61 ± 1.93 1.57 ± 0.35

e34 0.62 ± 4.81 0.51 ± 4.82 0.96 ± 4.77 0.95 ± 4.77

�2
⇡N 24 41+200 31 31+34

�2
⇡⇡N 270 257 227 228

TABLE VII: LECs determined from combined fits at order Q4 to RS phase shifts.
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a natural LEC x
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=
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
⇡N

171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �

2
⇡N

at order Q

4 varies strongly from fit fo fit, whereas the value
for �

2
⇡⇡N

is constantly ⇠ 230 and thus significantly larger than at Q

3 . Note that we split
the �

2
⇡N

in two parts, �2
⇡N

= (�2
⇡N

)
S,P

+ (�2
⇡N

)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the
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a natural LEC x
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of energy dimension �n in the following way
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| =
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. (38)

We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
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171 132 242 98
�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �
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at order Q
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for �
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the �
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)
S,P
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)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d
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⇠ 25 and e
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⇠ 30, whereas in the
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We estimate q by the incoming pion energy in the center of mass system, which is typical
for the respective fitting region. In ⇡N ! ⇡N , we have !

CMS

< 190 MeV, whereas in
⇡N ! ⇡⇡N we have !

CMS

< 290 MeV. We estimate the break down scale as ⇤ ⇠ m

⇢

⇠ 770
MeV and get the following naturalness conditions for the LECs

|c
i

| ⇠ 1.0 < 3.0 < 5.5 , |d
i

| ⇠ 1.5 < 4.0 < 7.0 , |e
i

| ⇠ 2.0 < 5.5 < 9.0 , (39)

where the first and second less-than signs refer to the ⇡N ! ⇡⇡N and ⇡N ! ⇡N fitting
regions, respectively. Thus, except of c3, all LECs fulfill the naturalness conditions in the
fitting region of ⇡N -scattering, whereas in the fitting region of the single-pion production
the LECs c2,3,4 and d14�15 are too large. In the covariant fit, the LECs d4,11 also do not fulfill
our naturalness condition.

LECs
HB Cov

KH GW KH GW

c1 -1.27 ± 0.08 -1.60 ± 0.07 -1.12 ± 0.08 -1.43 ± 0.07
c2 3.55 ± 0.12 3.35 ± 0.11 3.49 ± 0.11 3.38 ± 0.10
c3 -6.28 ± 0.08 -6.42 ± 0.07 -5.94 ± 0.08 -6.15 ± 0.07
c4 3.59 ± 0.04 3.64 ± 0.04 3.35 ± 0.04 3.44 ± 0.04

d1 + d2 3.65 ± 0.15 3.32 ± 0.13 3.05 ± 0.12 2.98 ± 0.11
d3 -4.18 ± 0.29 -3.14 ± 0.28 -2.47 ± 0.18 -1.98 ± 0.17
d4 -0.74 ± 2.12 -0.89 ± 2.11 4.41 ± 1.70 4.40 ± 1.70
d5 0.69 ± 0.18 0.01 ± 0.17 0.01 ± 0.15 -0.49 ± 0.14
d10 -1.09 ± 1.83 -0.71 ± 1.85 -1.86 ± 1.91 -1.23 ± 1.93
d11 -2.35 ± 1.98 -2.01 ± 1.99 -2.27 ± 2.07 -2.02 ± 2.07
d12 3.61 ± 1.95 3.18 ± 1.99 5.41 ± 1.80 4.72 ± 1.82
d13 1.55 ± 2.05 1.42 ± 2.05 -0.73 ± 2.02 -0.75 ± 2.02

d14 � d15 -6.88 ± 0.27 -5.92 ± 0.25 -5.02 ± 0.21 -4.50 ± 0.19
d16 2.73 ± 0.76 2.42 ± 0.76 1.86 ± 0.72 1.74 ± 0.73

�2
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�2

⇡⇡N

172 169 176 170

TABLE I: LECs determined from combined fits at order Q3.

Like in the Q

3 fit, the �

2
⇡N

at order Q

4 varies strongly from fit fo fit, whereas the value
for �

2
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is constantly ⇠ 230 and thus significantly larger than at Q

3 . Note that we split
the �

2
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in two parts, �2
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= (�2
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)
S,P

+ (�2
⇡N

)
D

. The part contributing to S and P waves
is comparable in size to the ones from the Q

3 fit and in most cases even smaller. The part
contributing to D waves is way larger for the HB approach (⇠ 170) than for the covariant
one (< 60). Note that we again made use of gaussian constraints on the LECs d10,11,12,13

with R = 3 and additionally on the LECs e10,11,12,13,34 with R = 5. Unconstrained, these
LECs in the HB approach come out of the size of d

i

⇠ 25 and e

i

⇠ 30, whereas in the
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Q4 +δ
1

LECs
HB Cov

no D waves with D waves no D waves with D waves

c1 -1.33 ± 0.13 -1.28 ± 0.11 -1.10 ± 0.12 -1.14 ± 0.11

c2 1.22 ± 0.42 1.36 ± 0.36 1.58 ± 0.34 1.44 ± 0.24

c3 -2.05 ± 0.12 -1.95 ± 0.12 -2.58 ± 0.17 -2.55 ± 0.12

c4 2.21 ± 0.12 2.12 ± 0.12 2.31 ± 0.13 2.19 ± 0.10

d1 + d2 1.32 ± 0.09 1.21 ± 0.09 1.04 ± 0.08 1.07 ± 0.07

d3 -1.45 ± 0.08 -1.39 ± 0.08 -1.77 ± 0.13 -1.79 ± 0.13

d4 -0.18 ± 4.10 -0.41 ± 3.60 0.05 ± 2.11 0.24 ± 2.12

d5 0.16 ± 0.05 0.18 ± 0.05 0.41 ± 0.06 0.41 ± 0.06

d10 -1.28 ± 2.24 -1.00 ± 2.22 -1.06 ± 2.26 -1.15 ± 2.26

d11 -0.79 ± 2.19 -0.91 ± 2.18 -1.03 ± 2.18 -0.95 ± 2.19

d12 -0.80 ± 2.04 -0.61 ± 2.02 -0.27 ± 2.02 -0.39 ± 2.02

d13 -4.33 ± 2.48 -4.84 ± 2.38 -1.10 ± 2.17 -0.95 ± 2.16

d14 � d15 -2.00 ± 0.13 -1.84 ± 0.13 -1.99 ± 0.14 -2.00 ± 0.13

d16 6.12 ± 0.77 6.06 ± 0.75 0.44 ± 0.72 0.54 ± 0.72

e10 -0.44 ± 5.13 -0.35 ± 5.10 0.91 ± 5.15 0.97 ± 5.17

e11 0.54 ± 5.22 0.75 ± 5.13 -0.35 ± 4.79 -0.45 ± 4.82

e12 0.39 ± 3.95 0.78 ± 3.84 -1.75 ± 3.86 -1.71 ± 3.87

e13 1.99 ± 3.80 2.18 ± 3.73 -1.84 ± 3.57 -1.72 ± 3.58

e14 -1.83 ± 2.12 0.52 ± 0.10 0.55 ± 2.33 0.59 ± 0.12

e15 1.91 ± 4.12 -3.05 ± 0.63 -0.57 ± 3.96 -0.84 ± 0.37

e16 -0.63 ± 1.88 1.13 ± 1.38 -1.54 ± 1.23 -1.07 ± 0.51

e17 -0.43 ± 3.56 -0.52 ± 0.11 -1.50 ± 2.51 -0.40 ± 0.10

e18 -0.42 ± 3.56 0.13 ± 0.64 -0.05 ± 2.07 -0.59 ± 0.36

e34 -0.78 ± 4.83 -0.85 ± 4.82 0.78 ± 4.82 0.73 ± 4.83

�2
⇡N 7 9+80 1 3+38

�2
⇡⇡N 179 180 175 175

TABLE VIII: LECs determined from combined fits at order Q4 + �1 to RS phase shifts.

g⇡N� g1

1.35 2.29

TABLE IX: LECs from the pion-nucleon sector. The values are given in 1/GeV.
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