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Introduction

Introduction

@ Wilson Loops (WL) are an important class of gauge invariant
non-local operators.

Wa(C) = TrrP exp (z /C A) J

@ The expectation value measures the effective action of an external
particle; order parameter for confinement.

@ The Liischer term as quantum corrections to the QCD string (linear
potential) — Quantum Corrections in N =4.
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Half BPS Wilson Loops in N' =4 SYM

@ Coupling of an external probe to the multiplet (AM,QSI,)\ﬁ):

» Curve C in superspace, parameterized by (z/(s),y’(s),0%(s)),
» Representation R of SU(N), corresponding to the charge of the
particle.

@ We consider only bosonic operators with 6% = 0:

Wr(C) = TrgP exp (z /C ds (Aud" + m‘/)) J

@ SUSY forces C to be a timelike straight line with y? = 1.

Wi = TrrP exp <z / dt (Ao + ¢1)) J
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Half BPS Wilson Loops in A/ = 4 SYM

Localization proves the Matrix Model Conjecture (Pestun)
e Want [exp(S):

/ exp(S) — / exp (S + 1QV)

%/exp (S+tQV) = 0 (1)

Independence of ¢, take t — oo —— Classical plus one-loop.
Localizes on a Gaussian action.

2
are 5

S = rea (2)

2
9y m
a is a constant matrix coming from ¢’.

7 is the radius of S
@ Compare to the diagrammatic intuition of Drukker-Gross,
Erickson-Semenoff-Zarembo.
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Matrix Model: Fundamental

@ The Matrix Model computation gives

1 A
<WD>circle = NL}Vfl (_ ) 6)\/8N

4N
2 A A2
~ ﬁ11(\/X) + W12(\/X) + WI“(\/X) ER
2
=~ ﬁ]l(\/X)

1
xexp(\/X—iln)\—2ln72r+...>
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Half BPS Wilson Loops in A/ = 4 SYM

Gravity Side: Beyond the leading order

@ Forste-Ghoshal-Theisen 9903042, Drukker-Gross-Tseytlin 0001204,
Kruczenski-Tirziu 0803.0315, Buchbinder-Tseytlin 1404.4952.

(W) = exp(-I), =Ty+1T1y,
1. [det(—=V?+2)]3[det(—V?)]°
o= gh [det(—V2 4+ 1R(?) 4+ 1)]8 3

o Five massless modes (55); three massive modes AdSy C AdSs.

(Wo)circle = €Xp (\/X—% In(27) + .. ) J
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WL beyond the leading order: Problem/Opportunity

3

1. m
<WD>circle = exp (\/_—4 In\ — 5 In E + .. )

(Wo)circle = €xp (\/X—; In(27) + .. )

@ Missing the In(\) term on the gravity side (zero modes, more later..).

@ Numerical discrepancy is not an error: Drukker-Gross-Tseytlin
0001204, Kruczenski-Tirziu 0803.0315, Buchbinder-Tseytlin
1404.4952.
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Higher dimensional representations

Looking for a knob or an extra parameter

@ Drukker & Fiol '05 recognized that the D3 captured the leading
behavior of multiply wrapped WL.

@ The WL in the antisymmetric representation of SU(N) is described
by a D5 brane (Yamaguchi '06).

@ A complete dictionary was proposed by Gomis & Passerini '06 for all
half-BPS WL in arbitrary representations.

| Configuration | Representation of SU(N) |

F1 Fundamental
D3 Symmetric
D5 Antisymmetric
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Higher Representations: Beyond the leading order

Z = /dMeXp (—?T&“(Mﬂ) : (4)

o M isa N x N matrix, A is the 't Hooft coupling. Work in the
eigenvalue basis: M = diag{m1, ma, ms,...,my}.

o VEV for k-th symmetric and antisymmetric representations use the
generating functions for the relevant polynomials:
Fa(t) = [T, (1 + te™) and Fs(t) = [T}, (1 — te™) ™!
[Hartnoll-Kumar].

N N
(Fas(t) = %/H[dmj]AQ(m)FA’S exp (—g Zm?) , (5)

Jj=1
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Gauge theory beyond leading order
Large N

@ Continuous distribution, Wigner semi-circle:

p(m):% A —m?, —VA<m <V
77

@ VEV of WL in the rank-k representation using the residue theorem.

(Wsa) = 5{4;{;/ dz exp
1
(:FN[E/ dx \/1—w2log( z+z)ﬂ:f\/_z
T™J-1
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Symmetric beyond the leading order

20N
= IN (6)

(Ws,) = exp (2]\7 [m/ 1+ K2 + sinh ™! /{}

4 i ) (7)
— N —--].
2 1+ kK?
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Antisymmetric WL beyond the leading order

= 0;, — sin 0}, cos 0y,. (8)

k
0. : —
k 7TN

INV 1

(Wy,) = exp 3 sin® Gk—§ Insind; |,
T
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Holographic Description of Wilson Loops

@ According to the dictionary a Wilson Loop in the k-symmetric
representation of SU(N) is dual to a single D3 brane with & units of
fundamental string charge dissolved in it.

@ In the probe approximation the D3 brane is described by an
AdSy x S? geometry with k units of flux (Drukker & Fiol, '05).

@ The bosonic D3 brane action is

Sp = TD3/d4cr\/det (ga,g + 2Wa/Fag) = TD3/C(4) J

Tension Ty = %;
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5
Ang, x S

e The AdSs x S® 1IB background is described by
545, x5 = A5%hqs, + L7d23
F(5) = (1 -+ *) dO(4)

_ —% (1+ +) vol (AdSs)

@ We work in the following coordinate system:

ds?qus = L* (cosh? (u)dsi‘dsz + sinh?(u)dQ3 + du?)

1
Cuy = ALY f(u) 2 Nel ne2 A ed flu) = % sinh(4u) — g
AdS» 52
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Holographic Description of Wilson Loops

@ The solution dual to the BPS WL is

u = ug o = 9(%) 2na/ F = iL? cosh(ug)e2 A el
AdSs x S? worldvolume with electric flux
ds®> = L* (cosh2(uk)ds?4d52 + SinhQ(uk)dﬁg) )

VA _

Slnh(’LLk) = W K.

k is the fundamental string charge dissolved on the brane.
@ The solution preserves the same bosonic symmetries as the field
theory operator:
» SL(2,R) x SO(3) are realized as isometries of the worldvolume.
» SO(5) corresponds to rotations around a fixed point on S°.
o It also preserves half of the AdS5 x S° supersymmetries
0Sp(4*]4) D SL(2,R) x SO(3) x SO(5).
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Holographic Description of Wilson Loops

Comparison with Matrix Model

@ For the circle we find, after properly considering boundary terms,

Son—shell = —2N </m/ 1+ k2 + sinh™* n) circle J

@ This correctly reproduces the matrix model calculation in the large A
limit.
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D3 brane action

@ Bosonic action:

SB:TD3/d4O' \/det(g—|—27ra’F)—TD3/P[C’4]. J

e Fermionic action (Martucci et al. '05):

- - -
Sp = 53 /d4a V/det (g +21a’F)© (1 — T p3) M*’T3D,0.
Mop = gap + 21’ Fopl’  T'=T" @03

1 .
D, =V,+ 1—6F(5)Fm ® (202) .

I'p3: k-symmetry projector.
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Holographic compuation using branes

Action for the fluctuations

@ Expanding to quadratic order we find:

» Bosons
Tps coth(u v 4 i
5 = mf(k) / a0 \/55°7 (0200503 + 00050 )

Tps coth(u =B A
S¢(12) — D*Q’T(k)/d‘lg\/gg ﬁg’yéfa'yfﬂ&

Six massless scalars and a massless gauge field in AdSs x S2.

» Fermions

T h A
Sg) _ 1ps CO; (ux) /d40—\/§@Y7@.

Four massless Weyl fermions in AdSs x S2.
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Holographic compuation using branes

o Putting everything together,

1 13 1 11 1
6 x (m)—i—lx (—%)+4x§x (ﬁ>—2x (@)—O

/ [\

Vv Vv Vv
6 scalars 1 vector 4 Weyl fermions ghosts

@ The contribution to the partition function from non-zero modes
vanishes! Must consider zero modes.
» There are only vector zero modes on AdSy x S2.

@ This results coincides with an alternative calculation of
Buchbinder-Tseytlin [1404.4952].

/exp (—Sp3) = exp (QN [/m/ 1+ k2 +sinh™? /@}

1 K3
_21HT—|—/§2> . (9)

Leo Pando Zayas (ICTP/Michigan) Holographic Wilson loops TFI 2015 19 / 32



Holographic k-antisymmetric WL

Holographic k-antisymmetric WL

e D5 on AdS; x S* with flux agreement with matrix model at leading
order [Yamaguchi '06]. The flux k fixes the angle 0y:

k .
= 0y, — sin 0y, cos 0. (10)

@ The spectrum for the AdSs x S* D5 brane; agrees with expected
OSp(4*]4) structure [A.Faraggi, W. Miick LPZ 1112.5028].

o Heat kernels on AdSs x S* [A.Faraggi, W. Miick and LPZ 1112.5028].
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Quadratic fluctuations of D5

_ TD5 6 a 2
5B = 2sin0k/d§\/§[ {(VaV L2)
4
(V Ve + ﬁ) 5 §fuyf,tw - fuaf,uoa
1
_§faﬁfoc,3 - IX5€aﬂfoc,3:|a
Tps 6 A | ra 1 L6789
Sy = S5 dy d’¢\/gO|T Va+ZF o, (11)

o \' — triplet: AdSs C AdSs; a x° — singlet (S* C S°);
o f.p gauge field.
o Evil coupling x°€® f,5.
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Holographic k-antisymmetric WL

Holographic k-antisymmetric at one loop

/exp (—Sps) = exp (QZ\Q/X sin® Gk—% In sin 9k> .
T
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Comparison

k-symmetric at one loop: a factor of -1

/exp (—Sp3) = exp (2N [/4;\/ 1+ k2 4 sinh™? /f.;}

BT ) (12)
2 Vi+kZ)

(Ws,) = exp (2N [m/ 14 K2 + sinh ™! /@}

s ) (13)
— N ——= ).
2 V14 k2
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Comparison

k-antisymmetric at one loop: a factor of 3

2N 1
/eXP (—Sps) = exp ( 37\T/X sin® Ok—g In sin 9k> .

VA

2N 1
(Wa,)Saddie = exp ( sin® Hk—§ In sin 9k> ,

Leo Pando Zayas (ICTP/Michigan) Holographic Wilson loops TFI 2015 24 / 32



Comparison

Back to the detective story about the fundamental ...

e The AdS/CFT formula:

<W(C) >crr=< V(2 = C) >string (14)

What we are doing:

< Sting — Correlator > giring~ €xp(—Seiass) “Det” (15)

@ We are missing aspects of string perturbation theory: Ghost zero
modes, etc.

= Compare configurations with the same world sheet topology!
The 1/4 BPL Wilson beyond the leading order.
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The 1/4 BPS WL at One Loop

1
W(C) = TrPexp ]4 (iAi" + |#0D7)dr. (16)
o Contour
z#(r) = (acosT,asinT,0,0),
O; = (sinfpcosT,sinfysin T, cosbp,0,0,0). (17)

@ In the planar limit

(W(0) = —=L(VN), (18)

2
VN

where X = X cos? 6.
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Holographic 1/4 BPS WL

e The EAdS5 metric is written as a foliation over EAdSy x S?:

ds?
% = cosh?(u) (alp2 + sinh? pd’(/)2)

+ sinh?(u) (d9? + sin® 9 dp?) + du? .
@ The metric on S° is taken to be

dQ?

S = df* + sin® 0 dp* + cos® 0 (dx* + cos® y da® + sin® x d?) .
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_ /4BPSWLIn N = dSYM |
Holographic 1/4 BPS WL

@ Classical solution — Ansatz:

1
Y =T, sinh p = — ,
sinh o
u=>0
1
=T, sinf =

cosh (o9 + o)’

@ Classical solution — World-sheet metric:

1 1
ds® = + dr? + do?). 19
i (Sinh20' cosh?(og — a)) (dr ) (19)
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1/4 BPS WL in N’ = 4 SYM

Fluctuations

o A. Faraggi, LPZ, G. Silva and D. Trancanelli; see also
Forini-Giangreco-Griguolo-Seminaro-Vescovi.

@ The quadratic action for the bosonic fluctuations is

Sy = Z_f / drdo (6ab8a<1>8b<1>+2sinh2p<1>2) , (20)
2 .

S50 = 5= / drdo (6D, ®(Dy®)" - 2m*(0)|02) . (21)

Sis0) = 4—‘/5 / drdo <5abaa<1>ab<1> - 2sin29<1>2) , (22)

@ Note the less symmetric splitting with respect to 1/2 BPS
(3,5) = (3,2,3).
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1/4 BPS WL in N’ = 4 SYM

Symmetries of fluctuations

e The SO(2) x SO(3) x SO(3) C SU(2|2) invariance of the spectrum
is obvious.

@ The fluctuations x2, x2 and x% can be written as a scalar field action
in AdSy with mass term m?2 = 2.

o The “mass’ terms for x2 and x&, and xZ, x& and X2 all vanish in the
limit 6p — 0,

@ The 6y — 0 limit recovers the
SL(2,R) x SO(3) x SO(5) C OSp(4*|4) bosonic symmetry of the
half-BPS solution.
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1/4 BPS WL in N’ = 4 SYM

@ Stay tuned for the final comparison (A. Faraggi, LPZ, G. Silva and D.
Trancanelli)!

@ What other precision tests are there?
» ABJM theories: C' = 2/(m2k)

1 2m k 7
W = 4 os¢ <7> Ai[C™3(N — 51~ 37 (23)
» Fundamental representations with the same topology and different
susy: 1/2 versus 1/4
» Considering higher representations in ABJM holographically.
» D2 (symmetric) and D6 (antisymmetric) branes with fluxes beyond the
leading term (Faraggi, Miick, PZ, Rathee)
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Conclusions

Parting words

@ Gauge theory can, in principle, consider different orders of limits:
(N, )\ k)

@ Saddle point always takes N — oo first. Corrections to Wigner
distribution.

o Gravity is more rigid in its expansion: The gravitational description
expansion parameters are: 1/4/A (F1), 1/N+/X (D5) and 1/N (D3)

@ String theory zero modes and powers of \; we will learn something
important about quantum string theory on AdSs x S°.

@ Take this lessons to computing corrections in QCD-like models
(Bigazzi, Cotrone, Martucci, PZ '04).
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