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Motivations and summary
We study expectation values of susy Wilson Loops in 3d realizations of
AdS/CFT correspondence

BPS Wilson loops
gauge invariant non–protected observables. Their value non-trivially
interpolates between the weak and strong coupling descriptions
they can often be computed exactly by using localization techniques

3d CSM models
imaginary contributions in the localization results
indications pointing to the a role played by framing regularization, but still
poorly understood

Main Goals
understand imaginary contributions in terms of framing in non–topological
CSM models
give a prescription to identify framing in the localization results
a physical interpretation of framing?
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THE MODEL, THE OBSERVABLE AND THE
LOCALIZATION RESULT
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1/6 BPS Wilson loop in ABJM theory

ABJ(M) theory

N = 6 superconformal 3d model

U(N1)k ×U(N2)−k Chern-Simons
coupled to bifundamental matter

in the perturbative regime, dual to
type IIA strings on AdS4 ×CP3

U (N1) U (N2)A Â

CI, ψ̄I

C̄I, ψ
I

1/6 BPS Wilson loop [Drukker, Plefka, Young 08]
[Chen, Wu 08 ]
[Rey,Suyama,Yamaguchi 08]

W1/6 = Tr◻P exp( − i∮ (Aµẋ
µ
−

2πi

k
∣ẋ∣M I

JCIC̄
J
))

M I
J = diag(1,1,−1,−1) xµ = (0, cos τ, sin τ)
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Localization in ABJ models [Kapustin, Willett, Yaakov 09]

Partition function of ABJ localizes to a non–gaussian matrix model

ZABJ =N∫
N1

∏
i

dµi
2π

N2

∏
j

dνj
2π

e
ik
4π
(∑i µ

2
i−∑j ν

2
j )
∏i<j (2 sinh (µi−µj2

) )2(2 sinh ( νi−νj
2
) )2

∏i,j (2 cosh (µi−νj2
) )2

1/6 BPS Wilson loop can be localized

⟨W1/6⟩ = ⟨Tr eµi⟩MM

The Wilson Loop matrix integral can be solved exactly (in a implicit form)
[Drukker, Marino, Putrov 11]

Matrix Model solution can be expanded at weak/strong regimes

↕

Weak/strong coupling computation of the field/string theory description
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Weak coupling expansion

The matrix model expansion at weak coupling: [Marino, Putrov 09]

⟨W1/6⟩MM = e
iπλ1 (1 −

π2

6
(λ2

1 − 6λ1λ2) − i
π3

2
λ1λ

2
2 +O(λ4

))

QFT perturbative computation: [Rey, Suyama, Yamaguchi 09]

⟨W1/6⟩ = 1 −
π2

6
(λ2

1 − 6λ1λ2) +O(λ4
)

How can we interpret the mismatch?

Partial explanation: eiπλ1 is the framing factor of topological CS theory
[Kapustin, Willett, Yaakov 09]

No attempt to explain the other immaginary terms.

Andrea Mauri (Milano-Bicocca) Framing and localization in CS theories with matter



FRAMING IN PURE CS MODELS
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Chern-Simons U(N)k models [Witten 89]

ZCS = ∫ DA exp(
ik

4π
∫
M

Tr(A ∧ dA + 2
3
A ∧A ∧A))

⟨WCS⟩ = ⟨ Tr◻P exp(−i∫
Γ
dxµAµ(x))⟩

The action and WL definitions are topological (crucial to make a connection to
2d CFT and knot invariants) . . .

. . .but general covariance is broken at the quantum level

Can we choose a regularization preserving metric invariance?

This can be done introducing a framing ↝ exact and topological results for
the framed ZCS and ⟨WCS⟩

How does framing work?
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Framing in perturbation theory [Guadagnini, Martellini, Mintchev 90]

⟨WCS⟩ =
∞
∑
n=0

Tr P ∫
Γ
dxµ1

1 . . . dxµnn ⟨Aµ1(x1) . . .Aµn(xn)⟩

One loop: Landau gauge: ⟨Aµ(x)Aν(y)⟩ ∼
εµνρ(x−y)ρ

[(x−y)2]
3
2

The result is metric and Γ dependent

Introducing the frame, point splitting regularization of singularities

Γf ∶ yµ(τ) → yµ(τ) + αnµ(τ)

∣n(τ)∣ = 1 n ⋅ ẏ = 0 No twists 1 twist

taking α → 0 one gets a topological result, Gauss integral

⟨WCS⟩
(1)
= −iπλχ(Γ,Γf) λ =

N

k

χ(Γ,Γf) =
1

4π
∮

Γ
dxµ ∮

Γf
dyν εµνρ

(x − y)ρ

∣x − y∣3
= linking #
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Higher loops: [Alvarez, Labastida 93]

collapsible propagators are the only source of framing dependence

gauge propagator does not receive quantum corrections

⇒ framing dependent contributions factorizes and exponentiates

⟨WCS⟩ = e
−iπλχ(Γ,Γf )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
framing phase

⋅

topological series
³¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹µ
ρ(Γ, λ)
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Framing and localization in ABJ model

⟨W1/6⟩MM =

pure CS framing
­

eiπλ1 (1 −
π2

6
(λ2

1 − 6λ1λ2)−i
π3

2
λ1λ

2
2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
???

+O(λ4
))

Susy localization is sensible to framing! It gives the result at χ(Γ,Γf) = −1

Susy forces the contour and its
frame to wrap two different Hopf
fibers of S3

Additional terms? They are not present in the standard field theory result . . .
⇒ framing analysis should be revised in CSM theories

Guess: gauge propagator gets quantum corrections due to matter . . .
⇒ quantum correction to framing factor
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ADDING MATTER, A REVISION OF FRAMING
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Gauge propagator: two–loop corrections

Diagram Color Diagram Color

(a) λ2
2 (e) 2λ2

2 − λ1λ2

(b) λ2
2 (f) λ1λ2

(c) λ1λ2 (g) λ1λ2 − λ
2
2

(d) λ1λ2 (h) λ2
2

Planar perturbative computation using DRED scheme

The two–loop correction is finite (non–trivial cancelation of divergences)

= −(
iπ2

4k
)[λ2

2 + λ1λ2 (
1

4
+

2

π2
)] εµνρ

(x − y)ρ

[(x − y)2]
3
2

This has to be inserted into the WL
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Color sector λ1λ2
2

Ð→ ⟨W1/6⟩
(3)∣λ1λ2

2
= iπ

3

2
λ1λ

2
2 χ(Γ,Γf)

⟨W1/6⟩MM =

pure CS framing
­

eπiλ1 (1 −
π2

6
(λ2

1 − 6λ1λ2) −i
π3

2
λ1λ

2
2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
matter framing

+O(λ4
))

3 the correction is a framing χ(Γ,Γf) = −1 contribution due to matter!

3
factorization and exponentiation
still work for corrected propaga-
tors

⟨W1/6⟩MM = e
iπ

framing function
³ ¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹· ¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(λ1−π

2

2 λ1λ
2
2+O(λ5))χ(Γ,Γf ) (1 −

π2

6
(λ2

1 − 6λ1λ2) +O(λ4
))
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Color sector λ2
1λ2

Ð→ ⟨W⟩(3)∣λ2
1λ2
= iπ

3

2
λ2

1λ2 ( 1
4
+ 2
π2 ) χ(Γ,Γf)

7 it has a lower transcendentality term
7 it is not present in the matrix model expansion

⟨W⟩ = eπiλ1 (1 −
π2

6
(λ2

1 − 6λ1λ2) − i
π3

2
λ1λ

2
2 +O(λ4

))

. . . but we have non vanishing con-
tributions from vertex type diagrams
which should cancel it

Remark: Assuming cancelation, vertex type diagrams must give framing
dependent results

3 Numerical check of linear dependence on the linking number
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CONCLUSIONS AND OUTLOOK
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Conclusions and outlook
We explained the framing origin of imaginary terms in the expansion of the
Matrix Model result for the 1/6 BPS WL operator in ABJ theory

Novel features of framing in CSM models

the need to consider a non–trivial framing function
vertex diagrams can be framing dependent
a conjecture for ABJM [Bianchi, Griguolo, Leoni, Penati, Seminara 14]

B1/2(λ) =
1

8π
tan Φ1/6(λ) ⟨W1/6⟩ = e

iπΦ1/6(λ)ρ(λ)

following our analysis Φ1/6(λ) is the framing function!
Physical interpretation of the framing phase

Open problems:

analytical study of vertex diagrams
framing for fermionic 1/2 BPS Wilson loops
framing in N = 4 CSM theories (in progress)
framing at strong coupling?
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