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Introduction

• Calculations at finite density of fermions often encounter sign problems
• In the 2D lattice Thirring model the sign problem can be solved with
• Massless fermions
• Open spatial boundary conditions

• Similar to QCD
• Asymptotically free
• Dynamically generated fermion mass
• Massless boson
• But no chiral symmetry breaking[1]

• Useful as a benchmark for testing other solutions to sign problems[2]

Model

We study the lattice Thirring model with the action

S =
∑
x ,y

χ̄x

(
DKS
x ,y (µ)

)
χy + U

∑
x ,ν

χ̄xχxχ̄x+νχx+ν (1)

DKS
x ,y =

1

2
ηx ,νe

µδν,0δy ,x+ν −
1

2
η†x ,νe

−µδν,0δy , x − ν (2)

ηx ,ν = (−1)
∑

µ>ν xµ (3)

Fermion bag representation:[3]

• Expand partition function

Z =

∫
d χ̄dχe−S =

∫
d χ̄dχe−

∑
x ,y χ̄xD

KS
x ,y (µ)χy

∏
x ,ν

(1 + Uχ̄xχxχ̄x+νχx+ν) (4)

=
∑

[d ]

UNd

∫
d χ̄dχ (χ̄xχxχ̄x+νχx+ν)dx ,ν e−

∑
x ,y∈[f ] χ̄xD

KS
x ,yχy (5)

=
∑

[d ]

UNd det (W ([f ], µ)) (6)

• New dimer variable dx ,ν
• Determinant only over free sites
• Local updates, calculate change in determinant

Worldline Representation of the Determinant

det (W ([f ], µ)) (7)

=
∏
x∈[f ]

(∫
d χ̄xdχx

)
exp

− ∑
x ,y∈[f ]

[
1

2
ηx ,νe

µδν,0χ̄xχx+ν −
1

2
η†x ,νe

−µδν,0χ̄x+νχx

] (8)

=
∑

[l ]

∏
loop∈l

− ∏
x ,α∈loop

e±µδ±α,0
ηx ,α

2

 . (9)

• lx ,ν are worldline variables of fermions
• Worldlines form closed loops because fermion

number is conserved

Sign problems are absent with open boundary conditions
• Open boundary conditions: χ̄x=0 = χx=0 = χ̄x=Nx

= χx=Nx
= 0

• All loops can be generated from simple ones using two deformations:

(a) does not change the sign or the
volume

(b) changes the sign and the enclosed
volume

Two classes of loops:
• Time wrapping loops
• Non-wrapping loops

Only even volumes can be enclosed
→ only positive signs

• Update with an efficient worm algorithm
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(a) Periodic boundary conditions
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(b) Anti-periodic boundary conditions
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(c) Open boundary conditions
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(d) Average sign with periodic and
anti-periodic boundary conditions

Measurements of < Nf > with U = 0.3, LX = 6 and LT = 48. The solid lines shows the value of 〈Nf 〉 at U = 0.

Results

U 2− η
〈
Q2
χ

〉
mf mLX=32

b mLX=32
f

0 0 0 0 0.067393 0.045(5)
0.1 0.90(1) 0.499(7) 0.0098(4) 0.061(4) 0.0705(6)
0.2 1.201(4) 0.61(1) 0.081(1) 0.06(1) 0.1397(3)
0.3 1.303(4) 0.780(8) 0.183(1) 0.066(7) 0.247(2)
0.4 1.371(7) 0.895(4) 0.290(1) 0.060(3) 0.356(1)
0.5 1.393(3) 0.972(3) 0.395(3) 0.057(2) 0.465(1)
0.6 1.423(4) 1.024(3) 0.491(1) 0.049(5) 0.557(2)
1.0 1.467(4) 1.128(2) 0.793(1) 0.050(4) 0.842(2)
∞ 1.5 1.208(8) ∞ 0.0476(9) ∞

• Fermion number

〈Nf 〉 =

〈∑
x∈S

ηx ,α
2

[
eµψ̄xψx+α − e−µψ̄x+αψ

]〉
=

〈∑
x∈S

lx ,t̂ − lx+t̂,−t̂

〉
(10)

• Fermion mass mf

• First jump in 〈Nf 〉 on an anisotropic lattice
• On a large square lattice 〈Nf 〉 = max(a (µ−mf ) , 0)

• Fermion number susceptibility

χ =
U

V

∑
x ,y

〈
ψ̄xψxψ̄yψy

〉
(11)

which scales as

χ = AL2−η, (12)

• Boson mass

χ(LT ) = χ(∞)− ce−mbLT (13)

• Chiral charge 〈
Q2
χ

〉
=

〈(∑
x

εxψ̄xψx+t̂ − εxψ̄x+t̂ψx

)2〉
(14)
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The fermion number at U = 0.3 and LX = 12 (left) and 32 (right)

0 0.2 0.4 0.6 0.8
µ

0

0.1

0.2

0.3

0.4

<
N

f/L
>

L=10

L=40

L=64

Fermion number density on square lattices

0.06 0.08 0.1 0.12 0.14 0.16 0.18
U

0

0.01

0.02

0.03

0.04

m
f

m
f
=0.49 exp( -π / (8U) )

Fermion mass as a function of U . The
solid line is the continuum 1-loop formula
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