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Phase diagram of QCD
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Universality classes 
 of QCD critical points

What are the universality classes of the high-density critical point?

Universality class High-temperature High-density

Static 3D Ising ?

Dynamic
Model H 
H. Fujii (2003),  

D. T. Son and M. A. Stephanov (2004)
?



Dynamic universality class
Microscopic theory
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・ Order parameters 
・ Conserved densities 
・ Nambu-Goldstone modes

Hydrodynamic variables:

Effective theoryMicroscopic theory

Dynamic universality class

⇠ ! 1

Integrating out



⇠ ! 1

Hydrodynamic variables:

Same Symmetries

Classification based on hydrodynamic variables and symmetries

Effective theoryMicroscopic theory

Dynamic universality class

・ Order parameters 
・ Conserved densities 
・ Nambu-Goldstone modes

Integrating out



Conventional classification

P. C. Hohenberg and B. I. Halperin (1977)



Universality class High-temperature High-density

Static 3D Ising 3D Ising

Dynamic
Model H 
H. Fujii (2003),  

D. T. Son and M. A. Stephanov (2004)
New class

New dynamic universality class beyond the conventional classification

Universality classes 
 of QCD critical points



Critical phenomena of  
high-density QCD critical point

Ginzburg-Landau theory

Hydrodynamic variables1

Static critical phenomena2

Langevin theory

Dynamic critical phenomena3



Hydrodynamic variables

•Chiral condensate: 

• Baryon number density: 

• Superfluid phonon:     defined by    hqqi ⇠ ei✓
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• Energy density: 

• Momentum density:  
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Ginzburg-Landau theory

•Near critical point       Small order parameter 

• Interested in long-range behavior       Derivative expansion 

• QCD symmetries       constrains on the expansion

chiral symmetry,  baryon number symmetry,  CPT symmetries
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Ginzburg-Landau theory

•Superfluid phonon    is irrelevant to the statics.
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the time reversal symmetry 

derivative coupling 
due to U(1) symmetry



Ginzburg-Landau theory

•Statics
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Same static universality class as that of high-temperature critical point



Langevin equation

ẋi(r, t) = ��ij
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• Time reversal symmetry of correlation functions  

• Poisson brackets

dissipative term reversible term



Langevin equation
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Hydrodynamic modes
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Dynamic critical phenomena
• Speed of superfluid phonon

“critical slowing down”

New dynamic universality class beyond Hohenberg and Halperin’s classification 
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Why the universality class is new?

Superfluidity
Interplay between  

chiral condensate and  
superfluid phonon

  High-μB QCD critical point ✔ ✔

  High-T QCD critical point (Model H)

  Superfluid transition of 4He (Model F) ✔
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Future heavy-ion collisions

• Dynamic critical phenomena can distinguish the high-temperature and 
high-density critical points in QCD. (static critical phenomena can not.) 

• Observation of the high-density critical point would provide  
    the indirect evidence of the superfluidity in QCD.  



Conclusion
• We found the new dynamic universality class beyond the 

conventional Hohenberg and Halperin’s classification.

Universality class High-temperature High-density

Static 3D Ising 3D Ising 
NS, N. Yamamoto (2017)

Dynamic
Model H 
H. Fujii (2003),  

D. T. Son and M. A. Stephanov (2004)

New class 
NS, N. Yamamoto (2017)



Back up slides



•QCD at finite density 

• Low-energy effective theory

Consequence of gauge symmetry
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Nonlinear dynamics

⇠�z ⇠ Dq2

� ⇠ ⇠x�

• In high-density QCD critical point,      does NOT depend on any kinetic 
coefficients even if the energy and momentum densities are included.  

• Nonlinear dynamics is irrelevant.

cs

Diffusion rate:  

z = 4� ⌘ � x� (x� = 0.946)

Kinetic coefficient: 

• Renormalization of kinetic coefficients 
    e.g. Model H    P. C. Hohenberg and B. I. Halperin (1977)
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Dynamic critical exponent:



Superfluid phonon 4He

cs =
r

⇢s
cp

⇢s ⇠ ⇠�1stiffness constant:

Note:
F [�] =

Z
dr

1

2
|r�|2

=

Z
dr


1

2
(rh)2 +

⇢s
2
(r✓)2

�

� ⌘ hei✓ ⇢s ⌘ h2

Here


