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Current determination (Planck 2013, 68% CL)
 Ωch2=0.120±0.003, i.e. Ωc~0.27

Goal: compute the current value of 
number to entropy density ratio, Y0

 We shall first provide a heuristic argument for the simplest (yet powerful!) 
toy-model evolution equation for Y
 We shall use this equation in different regimes to elucidate different classes 
(not all!) of DM candidates
 We’ll come back to a “microscopic” derivation/interpretation of the equation 
we started with.
 Some generalizations will be briefly discussed.

Observationally

Phenomenologically

Caveat: matching ΩX is one condition for a good DM candidate, not the only one! 
Remember lecture I (collisionless, right properties for LSS structures...) 
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The following equation has the right limiting behaviours

for now, symbolic only

must be 
quadratic,
 for binary
processes
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Rewriting in terms of Y and x

 B. W. Lee and S. Weinberg,
“Cosmological Lower Bound on Heavy 
Neutrino Masses,'' PRL   39, 165 (1977).
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Define x=m/T (m arbitrary mass, either MX or not); for an iso-entropic expansion one has
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Neutrino Masses,'' PRL   39, 165 (1977).
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Rewriting in terms of Y and x

Define x=m/T (m arbitrary mass, either MX or not); for an iso-entropic expansion one has

 B. W. Lee and S. Weinberg,
“Cosmological Lower Bound on Heavy 
Neutrino Masses,'' PRL   39, 165 (1977).

More in general (arbitrary s(t) and H(t)):

M. Srednicki, R. Watkins and K. A. Olive,
“Calculations of Relic Densities in the Early Universe,”
Nucl. Phys. B  310, 693 (1988)

P. Gondolo and G. Gelmini,
“Cosmic abundances of stable particles: Improved analysis,”
Nucl. Phys. B  360, 145 (1991).



Freeze-out

The previous equation is a Riccati equation: no closed form solution exist!
Approximate analytical solutions exist for different hypotheses/regimes

(In the following, we shall assume the choice m=MX)
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Freeze-out

The previous equation is a Riccati equation: no closed form solution exist!
Approximate analytical solutions exist for different hypotheses/regimes

If Γeq >> H the particle starts from equilibrium condition at sufficiently small x (high-T), when 
relativistic. Crucial variable to determine the Yfinal is the freeze-out epoch xF  from condition

(In the following, we shall assume the choice m=MX)

For heff ~ const., we can re-write

Γeq = �σv�neqwith
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Relativistic freeze-out

If the solution to this condition yields xF<<1, then (Lecture 1) 
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Today’s abundance of such a relativistic freeze-out relic is thus

Γeq(xF ) = H(xF )
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Today’s abundance of such a relativistic freeze-out relic is thus

For the neutrino case, heff=10.75, g×{ }=3/2, thus

Inconsistent with DM for current upper limits!

Γeq(xF ) = H(xF )
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Freeze-out: non-relativistic case

which also writes 

namely

i.e.

Thus one obtains

(Note the important result Y(xF)~ 1/<σv>)

Γeq(xF ) = H(xF )to determine xF
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Non-relativistic freeze-out: interpretation

makes sense, in the Boltzmann suppressed tail:
The more it interacts, the later it decouples, the 
fewer particles around.
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Non-relativistic freeze-out: interpretation

makes sense, in the Boltzmann suppressed tail:
The more it interacts, the later it decouples, the 
fewer particles around.

=⇒ ΩXh2 � 0.1 pb

�σv�

Also, plugging numbers (typically xF~30), one has

�σv� ∼ α2

m2
� 1 pb

�
200GeV

m

�2
dimensionally, for electroweak scale masses 
and couplings, one gets the right value!

But the pre-factor depends from widely different cosmological parameters (Hubble 
parameter, CMB temperature) and the Planck scale. Is this match simply a coincidence?

Dubbed sometimes “Weakly Interacting Massive Particle” (WIMP) Miracle



Exercise

Apply the previous formalism to baryons, with mb~1 GeV & <σv>~ 1/mπ2 

What is the current energy density of baryons? 

Is this a plausible mechanism behind their abundance?



WIMPs & Particle Physics Models: caveats

 Sometimes, one interprets it very strongly as “Dark Matter” favours (or implies) new 
weakly interacting particles (at electroweak scale). Beware of pushing that too far!

 I would rather interpret the other way around: the appeal of TeV scale new physics 
models is greater if they can “elegantly” solve the DM nature puzzle. But disproving the 
former (e.g. weak scale natural SUSY) should not be taken as a “punch” to DM itself!

 Within PP models, can be used to constrain parameters of the theory or theories 
themselves (as in original Lee-Weinberg model): theories predicting too large relic 
values for a (meta)stable candidate are disfavoured/excluded.

 Requiring a WIMP DM candidate has even been used as guideline in TeV-scale BSM 
model-building! (e.g. split SUSY, Minimal Dark Matter...)

 In actual models, often many particles and parameters contribute. And the final 
results may not be “as elegant” or “as natural” as the previous toy model. 



Care should be taken when one deals with...

K. Griest and D. Seckel,
“Three exceptions in the calculation of relic abundances,''
 Phys. Rev. D  43, 3191 (1991).

* i.e., whenever σ(s) is a strongly varying function of the center-of-mass energy s
(one recently popular example is the “Sommerfeld Enhancement”)

• cohannihilations with other particle(s) close in mass
• resonant annihilations*
• thresholds*

J. Edsjo and P. Gondolo,
“Neutralino relic density including coannihilations,”
  Phys. Rev. D  56, 1879 (1997) [hep-ph/9704361].

For a pedagogical overview
of generalization in presence of
coannihilations (and decays), see
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MicrOMEGAs: a code for the calculation
of Dark Matter Properties

including the relic density, direct and indirect rates 
in a general supersymmetric model
and other models of New Physics 

Geneviève Bélanger, Fawzi Boudjema, Alexander Pukhov and Andrei Semenov
http://www.physto.se/~edsjo/darksusy/

Nowadays, relic density calculations have reached a certain degree of 
sophistication and are automatized with publicly available software.
But if you have a theory with “unusual” features... better to check!

J. Edsjo and P. Gondolo,
“Neutralino relic density including coannihilations,”
  Phys. Rev. D  56, 1879 (1997) [hep-ph/9704361].

For a pedagogical overview
of generalization in presence of
coannihilations (and decays), see

http://lapth.in2p3.fr/micromegas/
http://lapth.in2p3.fr/micromegas/
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Link with colliders

new particle

• If one has a strong prior for new TeV scale physics (~with ew. strength coupling) due 
to the hierarchy problem, precision ew data (e.g. from LEP) suggest that tree-level 
couplings SM-SM-BSM should be avoided!

we want to avoid!

• Straightforward solution (not unique!) is to impose a discrete “parity” symmetry e.g.: 
SUSY R-parity, K-parity in ED, T-parity in Little Higgs. New particles only appear in pairs!

we want it!

➡ Automatically makes lightest new particle stable! 
➡ May have other benefits (e.g. respect proton stability bounds...)
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• If one has a strong prior for new TeV scale physics (~with ew. strength coupling) due 
to the hierarchy problem, precision ew data (e.g. from LEP) suggest that tree-level 
couplings SM-SM-BSM should be avoided!

we want to avoid!

• Straightforward solution (not unique!) is to impose a discrete “parity” symmetry e.g.: 
SUSY R-parity, K-parity in ED, T-parity in Little Higgs. New particles only appear in pairs!

we want it!

➡ Automatically makes lightest new particle stable! 
➡ May have other benefits (e.g. respect proton stability bounds...)

In a sense, some WIMP DM (too few? too much?) is “naturally” expected for 
consistency of the currently favored framework for BSM physics at EW scale. 

Beware of the reverse induction: 
LHC is now testing this paradigm, but if no new physics is found at EW scale 

it is at best the WIMP scenario to be disfavored, not the “existence of DM” 



WIMP (not generic DM!) “discovery program”

W+, Z, γ, g, H, q+, l+

W -, Z, γ, g, H, q -,l -

ECM ≈ 
102±2 GeV

New
physics

X=χ, B(1),… 

New
physics

X

Early universe and indirect detection

Direct 
detection
(recoils on 
nuclei)

Collider Searches

multimessenger 
approach

 demonstrate that astrophysical DM is made of particles (locally, via DD; remotely, via ID)
 
 Possibly, create DM candidates in the controlled environments of accelerators

 Find a consistency between properties of the two classes of particles. Ideally, we would 
like to calculate abundance and DD/ID signatures → link with cosmology/test of production
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DM@colliders: The model-dependent way

Either one can limit oneself to processes involving 
“chains” ending with large    , which allow at most 
to check if a “stable” particle (on detector scale!) 
has been produced, and in some cases to 
constrain its mass (scale).

∄

For a review, Barr & Lester 1004.2732

Dark Matter studies at LHC are mostly model-dependent.
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DM@colliders: The model-dependent way

Either one can limit oneself to processes involving 
“chains” ending with large    , which allow at most 
to check if a “stable” particle (on detector scale!) 
has been produced, and in some cases to 
constrain its mass (scale).

∄

For a review, Barr & Lester 1004.2732

Dark Matter studies at LHC are mostly model-dependent.

Alternative Strategy: Pick “benchmark” models 
(e.g. in CMSSM), derive bounds on DM from 
bounds on “observable” object and theoretical 
relations, with plots  e.g. in  m0-m1/2 for different 
tan β... hope to learn “generic lessons”

For a review, Ellis & Olive 1001.3651
(results now outdated...)

WMAP preferredaµ



DM production at colliders, EFT approach
From the “WIMP paradigm” it follows that one can produce DM “as in the early 
universe”, via 

(SM)(SM) → XX

✤ Main problem: the dominating channel (SM)(SM) → XX is obviously invisible.
✤ One may consider the “large    ”  channel (SM)(SM) → XXY  with Y= γ, jet(s) 
unavoidably produced at least by initial state leptons/quarks. 

∄
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✤ Map the effective operators into signatures of missing energy+jet(s) as well as DD cross 
sections. Remarkable bounds already now!

✤ Of course breaks down when/if BSM physics at low scale is present, hence it is 
complementary to explicit models (troublesome already @ LHC-7 TeV!)

Incomplete list:
Beltran, Hooper, Kolb, Krusberg, Tait, 1002.4137 Bai,Fox, Harnik, 1005.3797
Goodman et al, 1005.1286 (majorana)   Goodman et al, 1008.1783 (dirac, scalar)
M. Buckley, 1104.1429 (EFT for asymmetric DM) ...

✤ One can parameterize DM-SM interactions in an EFT approach. E.g., for a Dirac fermion:



Well practiced at LHC...
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Figure 4: Comparison of the 90% CL upper limits on the dark matter-nucleon scattering

cross section versus mass of dark matter particle for the (left) spin-independent and (right)

spin-dependent models with results from CMS using monophoton signature [14], CDF [15],

XENON100 [16], CoGeNT [17], COUPP[18], CDMS II [19, 20], Picasso [21], SIMPLE [22], Ice-

Cube [23], and Super-K [24] collaborations.

Table 6: Observed 90% CL limits on the dark matter-nucleon cross section and effective contact

interaction scale Λ for the spin-dependent and spin-independent interactions.

Spin-dependent Spin-independent

Mχ (GeV/c2) Λ (GeV) σχN (cm2) Λ (GeV) σχN (cm2)

0.1 754 1.03 × 10−42 749 2.90 × 10−41

1 755 2.94 × 10−41 751 8.21 × 10−40

10 765 8.79 × 10−41 760 2.47 × 10−39

100 736 1.21 × 10−40 764 2.83 × 10−39

200 677 1.70 × 10−40 736 3.31 × 10−39

300 602 2.73 × 10−40 690 4.30 × 10−39

400 524 4.74 × 10−40 631 6.15 × 10−39

700 341 2.65 × 10−39 455 2.28 × 10−38

1000 206 1.98 × 10−38 302 1.18 × 10−37

Table 7: Observed and expected 95% CL lower limits on the ADD model parameter MD (in

TeV/c2) as a function of δ, with and without NLO K-factors applied.

LO NLO

δ Exp. Limit Obs. Limit Exp. Limit Obs. Limit

(TeV/c2) (TeV/c2) (TeV/c2) (TeV/c2)

2 3.81 4.08 4.20 4.54

3 3.06 3.24 3.32 3.51

4 2.69 2.81 2.84 2.98

5 2.44 2.52 2.59 2.71

6 2.28 2.38 2.40 2.51
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Figure 5. Inferred 90% CL ATLAS limits on spin-independent WIMP-nucleon scattering. Cross
sections are shown versus WIMP mass mχ. In all cases the thick solid lines are the observed
limits excluding theoretical uncertainties; the observed limits corresponding to the WIMP-parton
cross section obtained from the −1σtheory lines in figure 4 are shown as thin dotted lines. The
latter limits are conservative because they also include theoretical uncertainties. The ATLAS limits
for operators involving quarks are for the four light flavours assuming equal coupling strengths
for all quark flavours to the WIMPs. For comparison, 90% CL limits from the XENON100 [70],
CDMSII [71], CoGeNT [72], CDF [19], and CMS [21] experiments are shown.

scattering cross sections is done using equations (3) to (6) of ref. [32], and the results are

shown in figures 5 and 6.6 As in ref. [32] uncertainties on hadronic matrix elements are

neglected here. The spin-independent ATLAS limits in figure 5 are particularly relevant in

the low mχ region (< 10 GeV) where the XENON100 [70], CDMSII [71] or CoGeNT [72]

limits suffer from a kinematic suppression. Should DM particles couple exclusively to

gluons via D11, the collider limits would be competitive up to mχ of about 20 GeV, and

remain important over almost the full mχ range covered. The spin-dependent limits in

figure 6 are based on D8 and D9, where for D8 the M∗ limits are calculated using the D5

acceptances (as they are identical) together with D8 production cross sections. Both the

D8 and D9 cross-section limits are significantly smaller than those from direct-detection

experiments.

As in figure 4, the collider limits can be interpreted in terms of the relic abundance

6There is a typographical error in equation (5) of ref. [32] (cross sections for D8 and D9). Instead of

9.18 × 10−40cm2 the pre-factor should be 4.7× 10−39cm2.
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Figure 7. Inferred ATLAS 95% CL limits on WIMP annihilation rates 〈σ v〉 versus mass mχ.
〈σ v〉 is calculated as in ref. [15]. The thick solid lines are the observed limits excluding theoretical
uncertainties. The observed limits corresponding to the WIMP-parton cross section obtained from
the −1σtheory lines in figure 4 are shown as thin dotted lines. The latter limits are conservative
because they also include theoretical uncertainties. The ATLAS limits are for the four light quark
flavours assuming equal coupling strengths for all quark flavours to the WIMPs. For comparison,
high-energy gamma-ray limits from observations of Galactic satellite galaxies with the Fermi-LAT
experiment [75] for Majorana WIMPs are shown. The Fermi-LAT limits are scaled up by a factor
of two to make them comparable to the ATLAS Dirac WIMP limits. All limits shown here assume
100% branching fractions of WIMPs annihilating to quarks. The horizontal dashed line indicates
the value required for WIMPs to make up the relic abundance set by the WMAP measurement.

sensitive to annihilation to light and heavy quarks, whereas ATLAS probes mostly WIMP

couplings to lighter quarks and sets cross-section limits that are superior at WIMP masses

below 10 GeV for vector couplings and below about 100 GeV for axial-vector couplings. At

these low WIMP masses, the ATLAS limits are below the value needed for WIMPs to make

up the cold dark matter abundance (labelled Thermal relic value in figure 7), assuming

WIMPs have annihilated exclusively via the particular operator to SM quarks while they

were in thermal equilibrium in the early universe. In this case WIMPs would result in

relic densities that are too large and hence incompatible with the WMAP measurements.

For masses of mχ ≥ 200 GeV the ATLAS sensitivity worsens substantially compared to the

Fermi-LAT one. This will improve when the LHC starts operation at higher centre-of-mass

energies in the future.

– 28 –

1206.5663

1210.4491



Well practiced at LHC...
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Figure 4: Comparison of the 90% CL upper limits on the dark matter-nucleon scattering

cross section versus mass of dark matter particle for the (left) spin-independent and (right)

spin-dependent models with results from CMS using monophoton signature [14], CDF [15],

XENON100 [16], CoGeNT [17], COUPP[18], CDMS II [19, 20], Picasso [21], SIMPLE [22], Ice-

Cube [23], and Super-K [24] collaborations.

Table 6: Observed 90% CL limits on the dark matter-nucleon cross section and effective contact

interaction scale Λ for the spin-dependent and spin-independent interactions.

Spin-dependent Spin-independent

Mχ (GeV/c2) Λ (GeV) σχN (cm2) Λ (GeV) σχN (cm2)

0.1 754 1.03 × 10−42 749 2.90 × 10−41

1 755 2.94 × 10−41 751 8.21 × 10−40

10 765 8.79 × 10−41 760 2.47 × 10−39

100 736 1.21 × 10−40 764 2.83 × 10−39

200 677 1.70 × 10−40 736 3.31 × 10−39

300 602 2.73 × 10−40 690 4.30 × 10−39

400 524 4.74 × 10−40 631 6.15 × 10−39

700 341 2.65 × 10−39 455 2.28 × 10−38

1000 206 1.98 × 10−38 302 1.18 × 10−37

Table 7: Observed and expected 95% CL lower limits on the ADD model parameter MD (in

TeV/c2) as a function of δ, with and without NLO K-factors applied.

LO NLO

δ Exp. Limit Obs. Limit Exp. Limit Obs. Limit

(TeV/c2) (TeV/c2) (TeV/c2) (TeV/c2)

2 3.81 4.08 4.20 4.54

3 3.06 3.24 3.32 3.51

4 2.69 2.81 2.84 2.98

5 2.44 2.52 2.59 2.71

6 2.28 2.38 2.40 2.51
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Figure 5. Inferred 90% CL ATLAS limits on spin-independent WIMP-nucleon scattering. Cross
sections are shown versus WIMP mass mχ. In all cases the thick solid lines are the observed
limits excluding theoretical uncertainties; the observed limits corresponding to the WIMP-parton
cross section obtained from the −1σtheory lines in figure 4 are shown as thin dotted lines. The
latter limits are conservative because they also include theoretical uncertainties. The ATLAS limits
for operators involving quarks are for the four light flavours assuming equal coupling strengths
for all quark flavours to the WIMPs. For comparison, 90% CL limits from the XENON100 [70],
CDMSII [71], CoGeNT [72], CDF [19], and CMS [21] experiments are shown.

scattering cross sections is done using equations (3) to (6) of ref. [32], and the results are

shown in figures 5 and 6.6 As in ref. [32] uncertainties on hadronic matrix elements are

neglected here. The spin-independent ATLAS limits in figure 5 are particularly relevant in

the low mχ region (< 10 GeV) where the XENON100 [70], CDMSII [71] or CoGeNT [72]

limits suffer from a kinematic suppression. Should DM particles couple exclusively to

gluons via D11, the collider limits would be competitive up to mχ of about 20 GeV, and

remain important over almost the full mχ range covered. The spin-dependent limits in

figure 6 are based on D8 and D9, where for D8 the M∗ limits are calculated using the D5

acceptances (as they are identical) together with D8 production cross sections. Both the

D8 and D9 cross-section limits are significantly smaller than those from direct-detection

experiments.

As in figure 4, the collider limits can be interpreted in terms of the relic abundance

6There is a typographical error in equation (5) of ref. [32] (cross sections for D8 and D9). Instead of

9.18 × 10−40cm2 the pre-factor should be 4.7× 10−39cm2.
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Figure 7. Inferred ATLAS 95% CL limits on WIMP annihilation rates 〈σ v〉 versus mass mχ.
〈σ v〉 is calculated as in ref. [15]. The thick solid lines are the observed limits excluding theoretical
uncertainties. The observed limits corresponding to the WIMP-parton cross section obtained from
the −1σtheory lines in figure 4 are shown as thin dotted lines. The latter limits are conservative
because they also include theoretical uncertainties. The ATLAS limits are for the four light quark
flavours assuming equal coupling strengths for all quark flavours to the WIMPs. For comparison,
high-energy gamma-ray limits from observations of Galactic satellite galaxies with the Fermi-LAT
experiment [75] for Majorana WIMPs are shown. The Fermi-LAT limits are scaled up by a factor
of two to make them comparable to the ATLAS Dirac WIMP limits. All limits shown here assume
100% branching fractions of WIMPs annihilating to quarks. The horizontal dashed line indicates
the value required for WIMPs to make up the relic abundance set by the WMAP measurement.

sensitive to annihilation to light and heavy quarks, whereas ATLAS probes mostly WIMP

couplings to lighter quarks and sets cross-section limits that are superior at WIMP masses

below 10 GeV for vector couplings and below about 100 GeV for axial-vector couplings. At

these low WIMP masses, the ATLAS limits are below the value needed for WIMPs to make

up the cold dark matter abundance (labelled Thermal relic value in figure 7), assuming

WIMPs have annihilated exclusively via the particular operator to SM quarks while they

were in thermal equilibrium in the early universe. In this case WIMPs would result in

relic densities that are too large and hence incompatible with the WMAP measurements.

For masses of mχ ≥ 200 GeV the ATLAS sensitivity worsens substantially compared to the

Fermi-LAT one. This will improve when the LHC starts operation at higher centre-of-mass

energies in the future.
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Freeze-in
 We assumed that at small x (T>>m), RHS→ 0, i.e. Y follows it’s equilibrium value 
 If, however, DM extremely weakly coupled, 
some production can take place via ff → XX
but Y may never attain equilibrium. In this case:

dY

dx
=

xs(x)�σv�
H(m)

Y
2
eq,f
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x0

dx
�x

�
s(x�)�σv�
H(m)
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Freeze-in
 We assumed that at small x (T>>m), RHS→ 0, i.e. Y follows it’s equilibrium value 
 If, however, DM extremely weakly coupled, 
some production can take place via ff → XX
but Y may never attain equilibrium. In this case:

Assuming negligible initial abundance 
(otherwise it’s not produced via freeze-in!)

dY

dx
=

xs(x)�σv�
H(m)

Y
2
eq,f
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Figure 2: The dark matter abundance as a function of the temperature for different
values of gs. The solid orange line shows Yeq. In this figure Mχ = 100 GeV, MH2

=
150 GeV and sinα = 10−2.

freeze-in mechanism is easily satisfied for all the values of gs considered in the
figure.

The dependence of Y on the dark matter mass is illustrated in figure 3,
which shows Y as a function of the temperature for different values of Mχ.
In it we set gs = 10−8, sinα = 10−2, and MH2

= 150 GeV. This value of
MH2

implies that only for the two smallest values of Mχ (10 GeV and 70 GeV)
〈σv〉 can be enhanced thanks to the H2 resonance –via diagram (c). From the
figure we see that it makes a huge difference in the value of Y whether this
resonant enhancement can take place or not. In fact, models that benefit from
the enhancement have an abundance about six orders of magnitude larger than
those that do not –see the lines for Mχ = 70 GeV and Mχ = 80 GeV. Note that
the freeze-in temperature does depend on Mχ, and it is given by Tf.i. ∼ Mχ

at large masses (see the bottom line). For masses below 10 GeV or so, the
abundance becomes independent of the dark matter mass so the line for Mχ =
10 GeV (upper one) can actually be interpreted as valid for any Mχ < 10 GeV.
At the other end of the spectrum, we see that the abundance decreases as the
dark matter mass in increased –compare Mχ = 100 GeV (magenta line) with
Mχ = 1 TeV (blue dotted-line).

Figure 4 displays the dependence of Y withMH2
. The other parameters were

taken as gs = 10−8, sinα = 10−2 and Mχ = 300 GeV. Again we notice a huge
difference in Y between models where dark matter can be produced resonantly
(two upper lines) and those where it cannot (three lower lines). As expected,
the freeze-in temperature is determined by Mχ and does not depend on MH2

.
We also observed from the figure that Y increases with MH2

.
In the previous figures, we have considered dark matter masses in the GeV-

7

M. Klasen and C. E. Yaguna, “Warm and cold fermionic 
dark matter via freeze-in,”   JCAP 1311, 039 (2013)

 Requires typically small couplings 
(harder to test...)
 It is more model dependent

Note that now



Boltzmann equation



∂f

∂t
+ ẋ · ∂f

∂x
+ ṗ · ∂f

∂p
= 0

Boltzmann equation
Start from Boltzmann equation for the phase-space distr. function f

In absence of collision, volume in phase space preserved, otherwise some non-
vanishing RHS, depending on f only under some assumption (molecular chaos...)

along trajectories of hamiltonian flow



∂f

∂t
+ ẋ · ∂f

∂x
+ ṗ · ∂f

∂p
= 0

m
∂f

∂ t
+ p · ∂f

∂ x
+ F · ∂f

∂ p
= 0

Boltzmann equation
Start from Boltzmann equation for the phase-space distr. function f

In absence of collision, volume in phase space preserved, otherwise some non-
vanishing RHS, depending on f only under some assumption (molecular chaos...)

along trajectories of hamiltonian flow

Using the EOM, this is equivalent to:

L̂[f ] = Ĉ[f ]

which we can rewrite symbolically as (Liouville operator acting at the LHS)

At RHS, the Collisional operator accounts for sources or sinks of particles in phase space. 
Since these are typically quantum phenomena, most likely you rather encountered it 

written down in “relativistic/quantum realm” courses



L̂[f ] = Ĉ[f ]

L̂[f ] =
df

dλ
(xµ(λ), pµ(λ))

L̂[f ] =
∂f

∂ xµ

d xµ

dλ
+

∂f

∂ pµ
d pµ

dλ
= Ĉ[f ]

Boltzmann equation in GR

Liouville operator Collisional operator

In relativistic case, similar relation along geodesics

in general, affine parameter λ
to parametrize world-line



L̂[f ] = Ĉ[f ]

L̂ → pµ
∂

∂xµ
− pαpβΓµ

αβ

∂

∂pµ

L̂[f ] =
df

dλ
(xµ(λ), pµ(λ))

L̂[f ] =
∂f

∂ xµ

d xµ

dλ
+

∂f

∂ pµ
d pµ

dλ
= Ĉ[f ]

Boltzmann equation in GR

Liouville operator Collisional operator

In relativistic case, similar relation along geodesics

in general, affine parameter λ
to parametrize world-line

Just like in classical theory the derivative of momentum is proportional to the “Force” (~ 
gradient of potential) in GR it can be expressed in terms of first-derivative of the metric 
gµν, via the so-called Christoffel symbols (no need to be more specific, here)



f(xµ, pµ, t) = f(E, t) L̂ → E

�
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− ȧ

a
p
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L̂[f ] = m
∂f

∂ t
+ p · ∂f

∂ x
+ F · ∂f

∂ p
= 0

Boltzmann equation in GR
thanks to homogeneity and isotropy in FLRW (cosmological principle)

compare with the classical operator



f(xµ, pµ, t) = f(E, t) L̂ → E
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+ p · ∂f
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+ F · ∂f

∂ p
= 0

L̂[f ]

E
=

Ĉ[f ]

E

Boltzmann equation in GR
thanks to homogeneity and isotropy in FLRW (cosmological principle)

compare with the classical operator

Now, let us take, for the specific case of FLRW metric:

And letʼs check that we obtain our “heuristic” equation
for relic calculations, when we integrate over the energy.

This will also provide a “microscopic” expression for the C
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Y ≡ n/s

a3 s = const.

Left-hand side...
Integrate over phase space 

integrate 2nd term by parts: f vanishes 
at boundary, deriving p3 get factor 3...

where we introduced as customary the 
comoving density & entropy density

if relativistic d.o.f. do not change
(isoentropic expansion)

recognize perhaps (twice) the 
relativistic invariant phase-space
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d3�pa
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−
�

dΠadΠbdΠ1dΠ2(2π)
4δ(4)(pa + pb − p1 − p2)|M|2[fafb(1± f1)(1± f2)− f1f2(1± fa)(1± fb)]

dΠa ≡ ga
d3�pa

2Ea(2π)3

...Right-hand side
+ bosons 
- fermions 

assumes 
T-invariance

factor 1/2 to avoid double counting 
when we integrate over all momenta
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� −
�

dΠadΠbdΠ1dΠ2(2π)
4δ(4)(pa + pb − p1 − p2)|M|2[fafb − f1f2]

f1,2 = f eq
1,2 ≈ exp(−E1,2/T )

dΠa ≡ ga
d3�pa

2Ea(2π)3

...Right-hand side
+ bosons 
- fermions 

assumes 
T-invariance

~ ok for non-relativistic 
particles (in absence of bose 
cond. or degeneracy)

Thermal equilibrium & 
~Maxwell-Boltzmann distributions

factor 1/2 to avoid double counting 
when we integrate over all momenta
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...Right-hand side
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- fermions 

assumes 
T-invariance

~ ok for non-relativistic 
particles (in absence of bose 
cond. or degeneracy)

Thermal equilibrium & 
~Maxwell-Boltzmann distributions

detailed balance (enforce 
E-conservation)

no asymm. assumed

factor 1/2 to avoid double counting 
when we integrate over all momenta
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~ ok for non-relativistic 
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Thermal equilibrium & 
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E-conservation)

no asymm. assumed

thermally averaged annihilation cross section

factor 1/2 to avoid double counting 
when we integrate over all momenta



Do we ever “need” full Boltzmann equation?

I mean, apart from microscopic formula to compute relevant cross-sections?
Depending on the DM candidate, retaining the full dependence from the 

momentum can be crucial. Notable example: sterile neutrinos

We saw that neutrinos “almost work” as DM candidate.

Add a more massive neutrino with weaker than weak interaction 
(decouples earlier/more “non-relativistic”)

A better candidate would:  
• contribute more to energy density
• be “colder”



�
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µ− � − (λ�v)2

M

Preliminary: 1 slide on see-saw...

δL = N̄i∂µγ
µ
N − λ�HN̄L

� − M

2
N̄

c
N + h.c.

Add at least 1 SM singlet, mixing with at least 1 active ν, plus its Majorana mass term

seesaw 
mechanism

after EW breaking can write mass matrix for L,R components in the compact form

whose eigenvalues are

If

µ± =
M ±

�
M2 + 4λ2

�v
2

2



λ�v/M ∼ 10−5 M ∼ 10 keV

∼ Γw × θ2

θ ∼

Dodelson-Widrow warm sterile neutrino 
  S. Dodelson and L. M. Widrow,  “Sterile-neutrinos as dark matter,”   PRL 72, 17 (1994) [hep-ph/9303287]

In the previous framework, for a small mixing and keV masses, say

The lightest active neutrino has sub-eV mass (Ok) and the “heavy” one is 
produced via oscillations, suppressed by the small mixing. 

�
Ĉ

E

�
∼ Γint

Remarkable that parameters 
can be chosen “right”!
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for the neutrinos are then10:

L = µ

(

φ

v

)

ν̄LνR + MνRνR + h.c. (1)

where φ is the standard model Higgs field with 〈φ〉 = v. The usual HDM case,

wherein the active neutrinos constitute the dark matter, corresponds to
{

µ = 92h2eV, M # µ
}

or
{

µ2/M = 92h2eV, M $ µ
}

. When sterile neutrinos are the dark matter, the

relevant mass is M . At tree-level, νR couples only to νL and therefore the most

efficient way to produce sterile neutrinos11,12,13 is via oscillations νL → νR. The

probability of observing a right-handed neutrino after a time t given that one starts

with a pure monoenergetic left-handed neutrino is sin2 2θM sin2 vt/L where θM is

the ‘mixing angle’, L is the oscillation length, and v is the velocity of the neutrinos.

In vacuum, and with µ # M (see-saw model) θM = µ/M and L = 4E/
(

M2 − µ2
)

where E is the energy of the neutrinos. In the early Universe, the observation

time t is replaced by the interaction time for the left-handed neutrinos. Recent

work14,15,16 has fine-tuned this picture taking into account the effect of finite den-

sity and temperature on the mixing angle.

Here we are interested in the case where the right-handed neutrinos are pro-

duced at temperatures of order 100 MeV though the production rate is never so

fast that they equilibrate. We begin with the Boltzmann equation for the sterile

neutrinos:
(

∂

∂t
− HE

∂

∂E

)

fS(E, t) =

[

1

2
sin2(2θM (E, t)) Γ(E, t)

]

fA(E, t) (2)

where fS and fA are the distribution functions of the sterile and active neutrinos.

In the epoch under consideration (T $ 1 MeV) the left-handed neutrinos are in

thermal equilibrium so that fA =
(

eE/T + 1
)−1

'
(

ep/T + 1
)−1

. The quantity

in square brackets is the probability per time of an active neutrino converting

into a sterile one16 where we have used the fact that for parameters of interest,

the collision time is always much greater than the oscillation time (i.e. sin2 vt/L

averages to 1/2). The mixing angle and the collision rate are17

sin2(2θM ) =
µ2

µ2 + [(cΓE/M) + (M/2)]2
; Γ '

7π

24
G2

FermiT
4E (3)

where c ' 4 sin2(2θW )/15α ' 26.

4

the assumption that g∗ is constant. Using ∂fS/∂t = −HT∂fS/∂T and the identity

T

(

∂fS

∂T

)

E
+ E

(

∂fS

∂E

)

T
= T

(

∂fS

∂T

)

E/T
(7)

and changing the integration variable from T to x one finds

fS

fA
=

7.7

g
1/2
∗

( µ

eV

)2
(

keV

M

)

y

∞
∫

x

dx′

(1 + y2x′2)2
(8)

where y ≡ E/T . In general, the right hand side of Eq. (8) is a complicated function

of E and therefore will have a different energy dependence than fA. There is no

reason to expect otherwise: high energy and low energy neutrinos oscillate at

different rates. Moreover, these rates change with temperature. HOWEVER, for

T # Tmax the lower limit of the integral can be set to zero and the right hand side

of (8) becomes independent of E and T . In this limit, the integral is easily done

and we find

fS =
(

6.0/g1/2
∗

)

(µ/ eV)2 (keV/M) fA. (9)

fS has the same functional form as fA and therefore ΩS/Ων = (M/mν) (fS/fA).

From the relation mν/Ων $ 92h2 eV we find that ΩS = 1 for µ = 0.22h eV

where we have again set g∗ = 10.8. Finally, we note that the contribution of

sterile neutrinos to the energy density of the Universe at the time of primordial

nucleosynthesis18 must be <∼ 0.5 times the contribution of a light neutrino species

if standard big bang nucleosynthesis19 is to be believed. This in turn implies that

M >∼ 200h2eV; that is, if sterile neutrinos are the dark matter then they are

necessarily more massive than the standard HDM.

How do perturbations evolve when a sterile neutrino species is the dark matter?

Several guiding principles help us understand the processed power spectrum. First,

structure within the horizon grows only after the dominant component of matter

becomes nonrelativistic and therefore the size of the horizon at matter-radiation

equality λH(a = aeq) ≡ aeq
∫ aeq

0 dt′/a(t′), defines a characteristic scale. Second,

perturbations on scales smaller than the Jeans length λJ ≡ (πv2
sm

2
Planck/ρ)1/2

6

under some approx., one can compute 
the non-thermal spectrum analytically

x~ T3/M
y~ E/T



Extra complications & features
•The mixing matrix gets modified in the medium (mixing in matter, see PP lectures).
•The spectrum can be “quasi-thermal” or relatively far from equilibrium one. νs’s are 
“relatively warmer” candidates, free-streaming length comparable with dwarf-Galaxies 
Jeans mass length: can suppress non-linear structures at sub-kpc scales
• With ν/anti-ν asymmetry, resonant production can happen (enhancement of lower-
energy part) on their self-refraction potential. Corresponding  DM “closer to cold DM”.

 X.-D. Shi and G. M. Fuller, “A New dark matter candidate: Nonthermal sterile neutrinos,” PRL 82, 2832 (1999) 
K. Abazajian, G. M. Fuller and M. Patel, “Sterile neutrino hot, warm, and cold dark matter,'' PRD 64, 023501 (2001)



Extra complications & features
•The mixing matrix gets modified in the medium (mixing in matter, see PP lectures).
•The spectrum can be “quasi-thermal” or relatively far from equilibrium one. νs’s are 
“relatively warmer” candidates, free-streaming length comparable with dwarf-Galaxies 
Jeans mass length: can suppress non-linear structures at sub-kpc scales
• With ν/anti-ν asymmetry, resonant production can happen (enhancement of lower-
energy part) on their self-refraction potential. Corresponding  DM “closer to cold DM”.

 X.-D. Shi and G. M. Fuller, “A New dark matter candidate: Nonthermal sterile neutrinos,” PRL 82, 2832 (1999) 
K. Abazajian, G. M. Fuller and M. Patel, “Sterile neutrino hot, warm, and cold dark matter,'' PRD 64, 023501 (2001)

 can be searched for via X-ray line (rare loop-suppressed decay)
 can be embedded in a “minimal extension” of the SM with 3 right-handed 
 neutrinos (two GeV-ish ones explaining baryon asymmetry...)

for a review, A. Boyarsky, O. Ruchayskiy and M. Shaposhnikov,
  Ann. Rev. Nucl. Part. Sci. 59, 191 (2009)

Note: no physics above the 
electroweak scale is required

Some features:
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Those “details” matter!
A. Boyarsky, J. Lesgourgues, O. Ruchayskiy and M. Viel,
“Realistic sterile neutrino dark matter with keV mass 
does not contradict cosmological bounds,”
  PRL  102, 201304 (2009) [arXiv:0812.3256].

M=3 keV

L6=16×10-6

Momentum distribution should be 
calculated for different choices of 
particle parameters 
(mixing, asymmetry, mass...)

The momentum shape influences 
the spatial power-spectrum, again 
computed numerically.

Main feature: cutoff beyond some k
(“free-streaming” effect)
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Free streaming length estimate

Divide integral in pieces, with key times: 
tNR: time at which the particle becomes non relativistic, i.e. 3 TX~ MX, 

before which v~1; after that, it scales as 1/a
tEQ: time of matter-radiation equality, a(t) changes regime.

What comes first depends on the model details. If we assume tNR< tEQ

If I did not  make mistakes:

or, numerically:

But one has a “mix” of species, actual observable is P(k) ... one needs to solve Boltzmann eq.



Conclusions / 2

✤ We have introduced the Boltzmann equation to describe species evolution 
& DM production

✤ For most applications (including e.g. neutrino contribution to DM!) their 
integrated form is sufficient.

✤ This includes the popular WIMP class of candidates, rich in collider, direct 
and indirect signatures and thus extremely well studies.

✤ We saw at least one alternative to WIMP freeze-out: freeze-in

✤ In some cases, momentum-dependent equations are needed: case of 
sterile neutrino, which in many respects is one of the minimal scenarios to 
extend the SM while obtaining a DM candidate.


