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GW150914

⌫ ⌘ m1m2

(m1 + m2)2
= 0.2466

GW150914 parameters:

Symmetric mass ratio

2

m1 = 35.7M�

m2 = 29.1M�

Mf = 61.8M�

a1 ⌘ S1/(m2
1) = 0.31+0.48

�0.28

a2 ⌘ S2/(m2
2) = 0.46+0.48

�0.42

af ⌘
Jf

M2
f

= 0.67

q ⌘ m1

m2
= 1.27

strain =
�L

L
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HOW TO MEASURE: MATCHED FILTERING!

To extract/do parameter estimation of the GW signal from detector’s output 
(lost in broadband noise             )Sn(f)

�output|htemplate⇥ =
�

df

Sn(f)
o(f)h�template(f)

Detector’s output Template of
expected 
GW signal

Need waveform templates!

3
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THE THEORY...
Is needed to compute waveform templates for characterizing
the source (GWs were detected...but WHAT was detected?)

Theory is needed to study the 2-body problem in General Relativity
(dynamics & gravitational wave emission)

Theory:  SYNERGY between 

                          Analytical and Numerical General Relativity
                                              (AR/NR)

4

Rµ⌫ �
1
2
gµ⌫R =

8⇡G

c4
Tµ⌫
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BBHS: WAVEFORM OVERWIEV
h+ � ih⇥ =

1
r

X

�m

h�m �2Y�m(�,⇥)
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e.g: equal-mass BBH, aligned-spins
�1 = �2 = +0.98

•SXS (Simulating eXtreme Spacetimes) collaboration
•www.blackholes.org
•Free catalog of waveforms (downloadable)

(quasi-adiabatic) inspiral:
2 BHs, quasi-circular orbit

plunge
(nonadiabatic)

merger (1 BH forms)

ringdown (1BH is oscillating)

ringdown

merger
plunge

h
�
m1, m2, ⇧S1, ⇧S2

⇥
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BINARY NEUTRON STARS (BNS)
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See:
Damour, 1983
Damour,Soffel,Xu, 1999-2001
Flanagan&Hinderer, PRD 2008
Damour&Nagar, PRD 2009
Damour&Nagar, PRD 2010
Damour,Nagar et al., PRL 2011
Bini,Damour&Faye, PRD2012
Bini&Damour, PRD 2014
Bernuzzi, Nagar, et al, PRL 2014
Bernuzzi, Nagar, Dietrich, PRL 2015
Bernuzzi, Nagar, Dietrich & Damour,PRL, 2015

•Tidal effects

•Love numbers (tidal “polarization” constants)

•EOS dependence & “universality”

All BNS need is Love!
(also ECO need love...)
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Brady, Craighton & Thorne, 1998

Numerical Relativity: >= 2005 (F. Pretorius, Campanelli et al., Baker et al.)
Most accurate data: Caltech-Cornell spectral code: M. Scheel et al., 2008  (SXS collaboration)

Effective-One-Body (Buonanno & Damour (2000))

Inspiral (PN methods) Ringdown 
(perturbation theory)

Merger: 
Numerical Relativity

Spectral code
Extrapolation (radius & 
resolution)

Phase error:
< 0.02 rad (inspiral)
<0.1    rad (ringdown)

TEMPLATES FOR GWS FROM BBH COALESCENCE
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EFFECTIVE ONE BODY (EOB): 2000

8

Numerical Relativity was not working (yet...)
EOB formalism was predictive, qualitatively and semi-quantitatively correct (10%)

•Blurred transition from inspiral to plunge
•Final black-hole mass
•Final black hole spin
•Complete waveformA. Buonanno & T. Damour, PRD 59 (1999) 084006

A. Buonanno & T. Damour, PRD 62 (2000) 064015

⌫ =
m1m2

(m1 + m2)2
=

µ

M> 2005: Developing EOB & interfacing with NR
             2 groups did (and do) it
- A.Buonanno et al. (AEI)
- T.Damour & AN + (>2005)
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IMPORTANCE OF AN ANALYTICAL FORMALISM

9

Theoretical: physical understanding of the coalescence process, especially in 
complicated situations (e.g., precessing spins).

Practical: need many thousands of accurate GWs templates for detection and 
data analysis. Need analytical templates:                    

Solution: synergy between analytical & numerical relativity

Perturbation Theory
Post-Newtonian (PN)

Strong-field information

      EOBNR models

Numerical Relativity:
(SUPERCOMPUTERS)

h
�
m1, m2, ⇧S1, ⇧S2

⇥

Resummed 
PN theory:

EOB (LAPTOP)

Complementary route: IMRPhenom models
PN_glue_NR, EOB_glue_NR hybrids (glued waveforms) 
to build phenomenological templates [Khan et al., 2015] 

v2

c2 ⌧ 1
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BBH & BNS COALESCENCE: NUMERICAL RELATIVITY

10

Multi-patch grid structure
(Llama FD code, Pollney & Reisswig)

•Formulation of Einstein equations (BSSN, harmonic, Z4c,...)
•Setting up initial data (solution of the constraints)
•Gauge choice
•Numerical approach (finite-differencing (FD, e.g. Llama) vs spectral (SpEC,SXS))
•High-order FD operators
•Treatment of BH singularity (excision vs punctures)
•Wave extraction problem on finite-size grids (Cauchy-Characteristic vs extrapolation)
•Huge computational resources (mass-ratios 1:10; spin)
•Adaptive-mesh-refinement
•Error budget (convergence rates are far from clean...)
•For BNS: further complications due to GR-Hydrodynamics for matter
•Months of running/analysis to get one accurate waveform....

Numerical relativity is complicated & computationally expensive:
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[PRL 111 (2013) 241104]

But (more than) 250.000 templates were used...
•www.blackholes.org
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ANALYTICALLY: MOTION AND GW IN GR

Hamiltonian: conservative part of the dynamics

Radiation reaction: mechanical energy/angular momentum goes away in GWs and 
                              backreacts on the system. 

                              The (closed) orbit CIRCULARIZES and SHRiNks with time

Waveform

12

General Relativity is NONLINEAR!

Post-Newtonian (PN) approximation: expansion in 
v2

c2
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PROBLEM OF MOTION IN GENERAL RELATIVITY

13

‣post-Minkowskian (Einstein 1916)
‣post-Newtonian (Droste 1916)
‣Matching of asymptotic expansions: body zone/near zone/wave zone
‣Numerical Relativity  

Approximation
methods

One-chart versus Multi-chart approaches

Coupling between Einstein field equations and equations of motion

Strongly self-gravitating bodies: neutron stars or black holes 

Skeletonized:               point-masses  ? delta-functions in GR

Multipolar Expansion

Need to go to very high-orders of approximation

Use a “cocktail”: PM, PN, MPM, MAE, EFT,an. reg., dim. reg.,...

Tµ⇥

QFT-like
calculations
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POST-NEWTONIAN HAMILTONIAN (C.O.M)

q = q1 � q2

p = p1 = �p2
14

...and 4PN too, [Damour, Jaranowski&Schaefer 2014/2015] - 4 loop calculation

Newton     (0PN)

(1PN, 1938)               - [Einstein-Infeld-Hoffman]      

(2PN, 1982/83)                 - [Damour-Deruelle]

(3PN, 2000)     - [Damour, Jaranowski,Schaefer]
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                    EOBNR

FLUX & WAVEFORM (3.5PN)

15
C = �E = 0.5772156649...

dE

dt
= �L balance equation

Mechanical loss GW luminosity

Newtonian 
quadrupole

x = (M�)2/3 � v2/c2
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EFFECTIVE-ONE-BODY (EOB)
approach to the general relativistic two-body problem

16
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STRUCTURE OF THE EOB FORMALISM

EOB Hamiltonian

Resummed (BD99)

PN dynamics
(DD81,D82,DJS01,IF03,BDIF04)

EOB Rad. Reac. force

F̂�HEOB

Factorized waveform

h⇧m = h(N,⇥)
⇧m ĥ(⇥)

⇧m

ĥ(⇥)
⇧m = Ŝ(⇥)

effT⇧mei��m�⇧
⇧m

Resummed (DN07,DIN08)Resummed (DIS98)

BH perturbations 
RW57, Z70, Z72

hEOB
�m = �(tm � t)hinsplunge

�m (t) + �(t� tm)hringdown
�m (t)

hringdown
⇤m (t) =

�

N

C+
Ne��+

N (t�tm)

EOB waveform

PN waveform
BD89, B95&05,ABIQ04,

PN rad losses
WW76, BDIWW95, BDEFI 
05

Matching at merger time

⇥N = �N + i⇤N

QNMs spectrum

BNS: tides
(Love numbers)

17
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EXPLICIT FORM OF THE EOB HAMILTONIAN

18

EOB Hamiltonian

All Functions are a   -dependent deformation of the Schwarzschild ones�

A(r) = 1� 2u + 2�u3 + a4�u4

u = GM/(c2R)

Ĥe� �

⇧⌅⌅⇤p2
r� + A(r)

�
1 +

p2
�

r2
+ z3

p4
r�

r2

⇥

Contribution at 3PN

Simple effective Hamiltonian:

a4 =
94
3
� 41

32
�2 ⇥ 18.6879027

A(r)B(r) = 1� 6�u2 + 2(3� � 26)�u3

Crucial EOB radial potential

pr� =
�

A

B

⇥1/2

pr

HEOB = M

⇤
1 + 2�

�
Ĥe� � 1

⇥
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EFFECTIVE POTENTIALS

19

Newtonian gravity (any mass ratio): 
circular orbits are always stable. No plunge.

Test-body on Schwarzschild black hole: 
last stable orbit (LSO) at r=6M; plunge

EOB, Black-hole binary, any mass ratio: 

last stable orbit (LSO) at r<6M plunge

W e↵
Newt = 1� 2

r
+

p2
'

r2

W e↵
Schwarzschild =

✓
1� 2

r

◆ 
1 +

p2
'

r2

!

W e↵
EOB = A(r; ⌫)

 
1 +

p2
'

r2

!
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-deformation of the Schwarzschild case!⌫
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HAMILTON’S EQUATIONS & RADIATION REACTION

‣The system must radiate angular momentum
‣How?Use PN-based (Taylor-expanded) radiation 
   reaction force (ang-mom flux)
‣Need flux resummation

 Plus horizon contribution [AN&Akcay2012]

Ĥ0
e�(r, p�; �) =

⇧⌅⌅⇤A(r; �)

�
1 +

p2
�

r2

⇥

Circular orbit

     Last-Stable-Orbit (LSO): r < 6M

Plunge

F̂Taylor
� = �32

5
��5r4

�F̂Taylor(v�)
Resummation multipole by multipole
(Damour&Nagar 2007,
 Damour, Iyer & Nagar 2008,
 Damour & Nagar, 2009)

ṙ =
�

A

B

⇥1/2 ⇥ĤEOB

⇥pr�

�̇ =
⇥ĤEOB

⇥p�
⇥ �

ṗr� = �
�

A

B

⇥1/2 ⇥ĤEOB

⇥r
+ F̂r�

ṗ� = F̂�

20
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MULTIPOLAR WAVEFORM RESUMMATION 

Newtonian x PN x NQC
Next-to-quasi-circular correction

PN-correction

  Resummation of the waveform (and flux) multipole by multipole (CRUCIAL!)
  [Damour&Nagar 2007, Damour, Iyer, Nagar 2008, Pan et al. 2011 (spin)]

ĥ(⇥)
⇤m = Ŝ(⇥)

e� T⇤mei��m�⇤
⇤m

The “Tail factor”

Effective source:
EOB (effective) energy (even-parity modes)
EOB angular momentum (odd-parity modes)

T⇥m =
�(⇥ + 1� 2iˆ̂k)

�(⇥ + 1)
e�̂̂ke2iˆ̂k ln(2kr0)

Resums an infinite number of leading logarithms 
in tail effects (hereditary contributions) 

Remnant phase and 
modulus corrections:
“improved” PN series

21

venerdì 20 maggio 16



A. Nagar - 18 May 2016 - GGI 

EFFECTIVENESS OF FLUX RESUMMATION

22

Test-mass 
(Comparing fluxes, 
circular orbits)

Equal-mass 
(Comparing non-resummed & EOB-
resummed amplitudes to Caltech-Cornell 
BBH data)

F⇥ ⇥ �
1

8��

⇤max�

⇤=2

⇤�

m=1

(m�)2|Rh(�)
⇤m|2
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4PN analytically complete + 5PN logarithmic term in the A(u) function:
[Damour 2009, Blanchet et al. 2010, Barack, Damour & Sago  2010, Le Tiec et al. 2011, Barausse et al. 2011,Akcay et al. 2012,
  Bini& Damour2013, DamourJaranowski&Schaefer 2014].

NEED ONE “effective” 5PN parameter from NR waveform data:

State-of-the-art EOB potential (5PN-resummed):

THE KNOWLEDGE OF THE CENTRAL A POTENTIAL TODAY

alog

5

=

64

5

ac
5

= ac
50

+ ⇥ac
51

ac
50

= �4237

60

+

2275

512

⇤2

+

256

5

log(2) +

128

5

�

ac
51

= �221

6

+

41

32

⇤2

alog

6

= �7004

105

� 144

5

⇥

A(u; �, ac
6

) = P 1

5

[ATaylor

5PN

(u; �, ac
6

)]

1PN 2PN 3PN 4PN 5PN

} 4PN fully known ANALYTICALLY! 

5PN logarithmic term (analytically known)

ATaylor

5PN

= 1� 2u + 2�u3 +
✓

94
3
� 41

32
⇥2

◆
�u4 + �[ac

5

(�) + aln

5

lnu]u5 + �[ac
6

(�) + aln

6

lnu]u6

ac
6(�)
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THE EOB[NR] POTENTIAL

24
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A(r ; ν = 0.25) [equal-mass case]
Schwarzschild: A(r ; ν = 0) = 1 − 2M/r

ac
6(�) = 3097.3�2 � 1330.6� + 81.3804

TAKE AWAY:
system is more bound, smaller “separation” and higher frequencies!

From EOB/NR-fitting:

Years of analytical and numerical 
work to get this strong-field difference!

NDRP, arXiv:1506.08457
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RESULTS: EOBNR/NR WAVEFORMS (NO SPIN)
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26

Nagar, Damour, Reisswig & Pollney, arXiv:1506.08457equal-mass case

equal-mass BBH, nonspinning
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ENERGETICS - NONSPINNING
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q = 1, (χ1,χ2) = (0, 0)

Binding energy vs angular momentum (Llama NR data)

Eb =
E �Mc2

µ
EEOB

b � ENR
b

27
Nagar, Damour, Reisswig & Pollney, PRD 93 (2016), 044046

Merger
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SPINNING BBHS

28

Spin-orbit & spin-spin couplings
(i) Spins aligned with L: repulsive (slower)  L-o-n-g-e-r INSPIRAL

(ii) Spins anti-aligned with L: attractive (faster) Shorter   INSPIRAL

(iii) Misaligned spins: precession of the orbital plane (waveform modulation)
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Damour&Nagar, PRD90 (2014), 024054
Damour&Nagar, PRD90 (2014), 044018
Nagar,Damour, Reisswig & Pollney, PRD 93 (2016), 044046

EOB/NR agreement: sophisticated (though
rather simple) model for spin-aligned binaries

�1,2 =
cS1,2

Gm2
1,2
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q = 1, (χ1,χ2) = (−0.95,−0.95)

better

worse

29
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EOBNR MODEL USED FOR GW150914
Different EOB Hamiltonian [Barausse & Buonanno11, Taracchini et al.12]
SEOBNRv2: Taracchini, Buonanno et al., PRD 89, 061502 (R), 2014
SEOBNRv2_ROM_DoubleSpin: M. Puerrer, CQG 31, 195010 (2014)

30
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NR
EOB

(q, χ1, χ2) = (1, +0.98, +0.98)

Effectively used to get the masses:
SEOBNRv2_ROM_DoubleSpin
IMRPhenom (Khan et al., 2015)

just AFTER, the best choices
were cross checked with NR simulations!
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IHES EOBNR MODEL

31

Nagar,Damour, Reisswig & Pollney, PRD 93 (2016), 044046

SEOBNR_IHES model WAS NOT used for parameter estimation: 
EOB/EOBNR UNFAITHFULNESS (40 NR SXS dataset)

8
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FIG. 8: EOBNR time-domain phasing comparison for q = 1,
(χ1, χ2) = (+0.98, +0.98). The EOBNR difference at merger
(dashed vertical line) is well compatible with the correspond-
ing NR uncertainty ∼ 2 rad (see Table I).

and X2 = 1 − X1. The quality of the fit is quantita-
tively assessed by measuring the EOB-NR phase differ-
ence at NR merger after that the EOB waveforms was
aligned (in time and phase) to the NR waveform during
the early inspiral. Such differences are listed as ∆φEOBNR

mrg

in Table I. The same table also clearly illustrates the
compatibility of the EOBNR model with the numerical
phase uncertainties δφNR

mrg at merger all over the wave-
form sample considered. Figure 8 shows, for the case
χ1 = χ2 = +0.98, the typical agreement, well within the
error bar, that is obtained performing the usual time-
domain comparison. Analogous plots are found for all
other configurations, for which we just give the represen-
tative value of the phase difference at merger in Table I.

To further demonstrate the high-quality of the EOB
model presented here, and to give a clearer physical
meaning to the phase differences quoted above, we also
measured the agreement between the EOB waveforms
and all the available NR ones by computing the EOB/NR
unfaithfulness

F̄ ≡ 1 − max
t0,φ0

〈hEOB
22 , hNR

22 〉
||hEOB

22 ||||hNR
22 ||

, (19)

where t0 and φ0 are the initial time and phase, ||h|| ≡
√

〈h, h〉, and the inner product between two waveforms

is defined as 〈h1, h2〉 ≡ 4%
∫ ∞

fmin
h̃1(f)h̃∗

2(f)/Sn(f) df ,

where Sn(f) is the zero-detuned, high-power noise spec-
tral density of advanced LIGO and fmin is the starting
frequency of the NR waveform (after the junk radiation
initial transient).

Similarly to Ref. [3] both EOB and NR waveforms
are tapered so to reduce high-frequency oscillations in
the corresponding Fourier transforms. Figure 9 shows

the unfaithfulness as a function of the total mass of the
binary for all configurations we considered. The max-
imum of F̄ is also listed, for convenience, in the last
column of Table I. One sees that for all (but one, see
below) configurations considered the value of F̄ is well
below 1% (actually, most configurations range between
0.1% and 0.01%) for total mass of the binary ranging
from 20 to 200M#. Such a waveform quality implies a
negligible loss in event rate due to the modeling uncer-
tainty. The worst global unfaithfulness, corresponding
to max F̄ ≈ 0.01 is due to the configuration with q = 8,
(χ1,χ2) = (+0.5, 0). We note that (see Table I) this
NR data set is affected by a very large phase uncertainty
(3 rad accumulated at merger) and, moreover, has ec-
centricity 3.73 × 10−3, which yield visible oscillations in
the EOB/NR phase difference. Once aligned during the
early inspiral, the EOB/NR phase difference at merger
accumulates a mere −1.1 rad up to merger (see Fig. 10)
while the phase uncertainty at merger is 3 rad. In view
of the good performance of the EOBNR model presented
here on all the other BBH configurations, it is likely that
the larger value of F̄ that we obtain in this case is not
really meaningful, but is due to inaccuracies in the NR
simulation rather than to limitations of the analytical
modeling. Still, new simulations with reduced error bars
will be needed to firm up this conjecture. Figure 9 high-
lights in color the same particular configurations that
were highlighted in Fig. 1 of Ref. [3], so as to prompt an
easy and direct comparison. It is interesting to note that
the configuration (q,χ1,χ2) = (1, +0.6, +0.6) delivers a
value of F̂ ≈ 10−3, that remains practically constant all
over the total mass range consider. The corresponding
data of Ref. [3] were actually grazing the 1% level for
M ∼ 50M#. This observation proves quantitatively that
our model is able to improve existing results. We shall
discuss more these and other aspects of our unfaithfulness
comparison in the Conclusions (see in particular Fig. 22
and related discussion there).

VI. ENERGETICS FOR SPINNING
COALESCENCES

A. Energetics of spinning Llama data

Let us finally discuss the energetics yielded by our
newly calibrated EOB model. We start doing this with
Llama data and we will cross check our results with SXS
data in the next Section. Figure 11 contrasts the NR and
EOB curves with χ1 = χ2 = (±0.2,±0.4,±0.6), with the
EOB-NR difference shown in each bottom subpanel. As
before, the EOB (red) and NR (black) mergers are indi-
cated by markers. One sees that the differences are of
the order of 10−4 (or less) during the inspiral, to grow
up to approximately the 10−3 level around merger. One
also notices that the disagreement between NR and EOB
merger quantities depends on the configuration.

An estimate of the NR uncertainty is necessary to in-
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(dashed vertical line) is well compatible with the correspond-
ing NR uncertainty ∼ 2 rad (see Table I).
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phase uncertainties δφNR

mrg at merger all over the wave-
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error bar, that is obtained performing the usual time-
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where t0 and φ0 are the initial time and phase, ||h|| ≡
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〈h, h〉, and the inner product between two waveforms

is defined as 〈h1, h2〉 ≡ 4%
∫ ∞

fmin
h̃1(f)h̃∗

2(f)/Sn(f) df ,

where Sn(f) is the zero-detuned, high-power noise spec-
tral density of advanced LIGO and fmin is the starting
frequency of the NR waveform (after the junk radiation
initial transient).

Similarly to Ref. [3] both EOB and NR waveforms
are tapered so to reduce high-frequency oscillations in
the corresponding Fourier transforms. Figure 9 shows

the unfaithfulness as a function of the total mass of the
binary for all configurations we considered. The max-
imum of F̄ is also listed, for convenience, in the last
column of Table I. One sees that for all (but one, see
below) configurations considered the value of F̄ is well
below 1% (actually, most configurations range between
0.1% and 0.01%) for total mass of the binary ranging
from 20 to 200M#. Such a waveform quality implies a
negligible loss in event rate due to the modeling uncer-
tainty. The worst global unfaithfulness, corresponding
to max F̄ ≈ 0.01 is due to the configuration with q = 8,
(χ1,χ2) = (+0.5, 0). We note that (see Table I) this
NR data set is affected by a very large phase uncertainty
(3 rad accumulated at merger) and, moreover, has ec-
centricity 3.73 × 10−3, which yield visible oscillations in
the EOB/NR phase difference. Once aligned during the
early inspiral, the EOB/NR phase difference at merger
accumulates a mere −1.1 rad up to merger (see Fig. 10)
while the phase uncertainty at merger is 3 rad. In view
of the good performance of the EOBNR model presented
here on all the other BBH configurations, it is likely that
the larger value of F̄ that we obtain in this case is not
really meaningful, but is due to inaccuracies in the NR
simulation rather than to limitations of the analytical
modeling. Still, new simulations with reduced error bars
will be needed to firm up this conjecture. Figure 9 high-
lights in color the same particular configurations that
were highlighted in Fig. 1 of Ref. [3], so as to prompt an
easy and direct comparison. It is interesting to note that
the configuration (q,χ1,χ2) = (1, +0.6, +0.6) delivers a
value of F̂ ≈ 10−3, that remains practically constant all
over the total mass range consider. The corresponding
data of Ref. [3] were actually grazing the 1% level for
M ∼ 50M#. This observation proves quantitatively that
our model is able to improve existing results. We shall
discuss more these and other aspects of our unfaithfulness
comparison in the Conclusions (see in particular Fig. 22
and related discussion there).

VI. ENERGETICS FOR SPINNING
COALESCENCES

A. Energetics of spinning Llama data

Let us finally discuss the energetics yielded by our
newly calibrated EOB model. We start doing this with
Llama data and we will cross check our results with SXS
data in the next Section. Figure 11 contrasts the NR and
EOB curves with χ1 = χ2 = (±0.2,±0.4,±0.6), with the
EOB-NR difference shown in each bottom subpanel. As
before, the EOB (red) and NR (black) mergers are indi-
cated by markers. One sees that the differences are of
the order of 10−4 (or less) during the inspiral, to grow
up to approximately the 10−3 level around merger. One
also notices that the disagreement between NR and EOB
merger quantities depends on the configuration.

An estimate of the NR uncertainty is necessary to in-
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SO WHAT?
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BINARY NEUTRON STARS (BNS)
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SLy EOS
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See:
Damour, 1983
Damour,Soffel,Xu, 1999-2001
Flanagan&Hinderer, PRD 2008
Damour&Nagar, PRD 2009
Damour&Nagar, PRD 2010
Damour,Nagar et al., PRL 2011
Bini,Damour&Faye, PRD2012
Bini&Damour, PRD 2014
Bernuzzi, Nagar, et al, PRL 2014
Bernuzzi, Nagar, Dietrich, PRL 2015
Bernuzzi, Nagar, Dietrich & Damour,PRL, 2015

•Tidal effects

•Love numbers (tidal “polarization” constants)

•EOS dependence & “universality”

All BNS need is Love!
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MEASURING LOVE NUMBERS

34
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IMPORTANT RESULT (Damour ,Nagar, Villain 2012)

Tidal polarizability parameters 
can actually be measured  by 
adv LIGO with a reasonable 
SNR=16 

Use EOB controlled, accurate, 
description of the phasing 
up to BNS merger!

Confermed by Bayesian analysis:
Del Pozzo+ 2013 Agathos+2015

<2012. Inspiral only; not very promising [Hinderer et al. + 2008]
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THREE RESULTS

35

1. Numerical-relativity matches effective-one-body (EOB) analytical-relativity
waveforms and dynamics essentially up to merger. Method to compute GW
templates  for LIGO/Virgo to measure EOS out of tidal effects
S. Bernuzzi, A. Nagar, T. Dietrich & T. Damour, PRL 114 (2015), 161103
“Modeling the Dynamics of Tidally Interacting Binary Neutron Stars up to Merger”
[Consistency with Hotokezaka et al., PRD 91 (2015) 6, 064060, notably with reduced eccentricity.
 With ourselves with improved simulations (unpublished) & Hinderer et al. 2016 (see AB talk)]

2. Quasi-universality in BNS merger (binding energy, angular momentum, GW 
frequency vs tidal coupling constant): explained using EOB theory
S. Bernuzzi, A. Nagar, S. Balmelli, T. Dietrich & M. Ujevic, PRL 112 (2014), 201101
“Quasiuniversal properties of neutron star mergers”

3. Quasi-universality of post-merger             frequency vs tidal coupling constant
S. Bernuzzi, T. Dietrich & A. Nagar, PRL 115 (2015), 091101
“Towards a description of the complete gravitational wave spectrum of neutron star mergers”
Unifying description of inspiral, merger and post-merger phases

Mf2
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LOVE NUMBERS IN GENERAL RELATIVITY
Relativistic star in an external gravito-electric & gravito-magnetic (multipolar)  tidal field

  

€ 

2k

≡ (2 −1)!!

Gµ


R
2+1

j

≡ (2 −1)!!

4( + 2)

 −1

Gσ


R
2+1

The star acquires induced gravito-electric and gravito-magnetic multipole moments

M (A)
L = µA

⇤ G(A)
L

S(A)
L = ⇥A

⇤ H(A)
L

Linear tidal polarization
Induced 
multipole 
moments

External
multipolar
field

Actual calculation based on star perturbation theory: Love numbers are obtained as 
boundary conditions (matching interior to exterior perturbations)

Dimensionless relativistic
“second” Love numbers

Gµ� = [length]2�+1

G⇥� = [length]2�+1

36
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                    EOBNR

RELATIVISTIC LOVE NUMBERS (POLYTROPIC EOS)

Newtonian
values

Newtonian
values

Relativistic
values

“rest-mass polytrope” (solid lines)

“energy polytrope” (dashed lines)
p = Ke�

p = Kµ�

e = µ +
p

� � 1

M (A)
L = µA

⇤ G(A)
L

2k⇤ ⇥ (2⇧� 1)!!
Gµ⇤

R2⇤+1

Tidal polarization parameters
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TIDAL EFFECTS IN EOB FORMALISM
Tidal extension of EOB formalism: nonminimal worldline couplings

�Snonminimal =
�

A

1
4
µA

2

⇥
dsA (uµu⌅Rµ�⌅⇥)2 + . . .

Damour&Esposito-Farèse96, Goldberger&Rothstein06, TD&AN09

Modifications of the EOB effective metric... 

A(r) = A0
r + Atidal(r)

Atidal(r) = �⇥T
2 u6

�
1 + �̄1u + �̄2u

2 + . . .
⇥

+ . . .

And tidal modifications of GW waveform & radiation reaction  

•Need analytical theory for computing

•(?)Need accurate NR simulations to “calibrate” the higher-order PN tidal
    contributions, that may be quite important during the late inspiral

µ2, ⇥T
2 , �̄1 . . .

Relativistic
Love number
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TIDAL INTERACTION POTENTIAL

Function of: masses, compactnesses and relativistic Love numbers

A(u) = A0(u) + Atidal

Atidal =
�

��2

��T
� u2�+2Âtidal

� (u)

Tidal “coupling constant”:

In the dynamics:

NLO & NNLO tidal PN corrections known analytically 
[Bini, Damour& Faye 2011]

�T
2 � 100

“Newtonian” (LO) part
+ PN corrections (NLO, NNLO, ...)

�T
2 =

1
8

k2

C5

Âtidal
2 = 1 +

5
4
u +

85
14

u2

MA = MB

� = 2

kA
2 = kB

2

XA,B �MA,B/M
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RESUMMED TIDAL INTERACTION

40

Bini&Damour (2015) resummed expression forÂtidal
`

Presence of a pole: potential strongly attractive @ mrg
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S. Bernuzzi, A. Nagar, T. Dietrich & T. Damour, PRL 114 (2015), 161103
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Waveform
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ECO?

43

Exotic Compact  Objects (ECO)   [why not BIO ( B? I? Objects)]

t/M
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Effect of spins? ECO EOS? Whatever you want...

There are compensating effects during inspiral. No very evident and catchy “smoking guns”...
Actual differences might be very small...(“..subtle is the Lord...”)

Post-merger might be different...(e.g. different post-merger and “QNMs”)

Tides + objects more
massive than NS

Insplunge: (⌫, T
2 , S1, S2)
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STRONG FIELD: EOB/NR SCATTERING ANGLE 
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NR uncertainties on scattering angles are still large 
to firmly distinguish one A function to the other.
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Ē/M (bNR = 9.6M )
HEOB(J̄)/M : 1PN
HEOB(J̄)/M : 2PN
HEOB(J̄)/M : 3PN
HEOB(J̄)/M : 4PN
HEOBNR(J̄)/M : 5PNlog

Damour, Guercilena, Hinder, Hopper, Nagar and Rezzolla, PRD 89, 
081503 (R), 2014

Damour&Nagar, wip
44
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WHAT NEXT: FLUX (SPIN)

45

Nagar & Shah, in preparation. Test particle + Kerr black hole. Residual wave amplitudes.
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Numerical
3PN: P2

1 [ρ
orb]ρ̂S

4PN: P2
2 [ρ

orb]ρ̂S

5PN: P3
2 [ρ

orb]ρ̂S

6PN: P4
2 [ρ

orb]ρ̂S

7PN: P5
2 [ρ

orb]ρ̂S

8PN: P6
2 [ρ

orb]ρ̂S

9PN: P7
2 [ρ

orb]ρ̂S

19PN: ρorbρ̂S

â = +0.99

Standard [Pan et al., 2011]

Orbital factorization + further resummation

Take away: waveform & radiation reaction 
in current EOB[NR] models will need to 
be revisited/improved. WIP
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RWZ/TEUKOLSKY WAVEFORMS

‣Quasi-circular initial data
‣EOB-resummed (5PN-accurate) radiation reaction
‣4th/6th-order numerical method
‣High-order multipoles (l=8)
‣Hyperboloidal-layer method & extraction at null-infinity

46

T. Damour, AN, & A. Tartaglia, 2006
T. Damour & AN, 2007
S. Bernuzzi & AN, 2010
S. Bernuzzi, AN, A. Zenginoglu, 2010
S. Bernuzzi, AN, A. Zenginoglu, 2011
E. Harms, S. Bernuzzi, AN, Zenginoglu 2014 (spin)

�2
t �(e/o)

�m � �2
r��

(e/o)
�m + V (e/o)

� �(e/o)
�m = S(e/o)

�m
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CONCLUSION

47

The wave(s) have passed....

...and we were (reasonably) prepared!

Though more work to improve modelization further is needed!

Matlab EOB code (working for BNS [& spin, C++] too...), free download: https://eob.ihes.fr. 
More infos:  https://gravitational_waves.ihes.fr/
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