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Motivation

m Brief review of Operator Product Expansion at high-energy

Operator Product Expansion at high-energy with sub-eikonal
corrections

m Quark propagator with sub-eikonal corrections

Leading Order Impact Factor for sub-eikonal spin correction

m Conclusions
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m Unpolarized DIS at low-xg: dynamics is driven by gluon structure functions
m gluon structure function grows as (1/xz)* with A > 1.

m Polarized DIS at low-xg: polarized gluon structure function grows as
(1/xp)* with X close to 0.

m This implies that polarized quark and gluon structure functions are equally
relevant.

m At Electron lon Collider low-xz spin TMDs and g; structure function are
relevant
m Highly polarized (~ 70%) electron and nucleon beams

m Understand how the proton’s spin arises from the intrinsic and orbital
angular momenta of the constituent quarks and gluons.
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m Unpolarized DIS at low-xg: dynamics is driven by gluon structure functions
m gluon structure function grows as (1/xz)* with A > 1.

m Polarized DIS at low-xg: polarized gluon structure function grows as
(1/xp)* with X close to 0.

m This implies that polarized quark and gluon structure functions are equally
relevant.

m At Electron lon Collider low-xz spin TMDs and g; structure function are
relevant

m Highly polarized (~ 70%) electron and nucleon beams

m Understand how the proton’s spin arises from the intrinsic and orbital
angular momenta of the constituent quarks and gluons.

m Compare with results obtained in the Leading Log approximation by
Bartels-Ermolaev-Ryskin-(1995-1996) and recent work in Saturation
formalism obtained by Kovchegov-Pytoniak-Sievert (20016-2017)
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Unpolarized vs. Polarized DIS at low-x

m DGLAP: resums (as In %)n BFKL: resums (as In XLB)"

n
m overlap region resums (as In x—; In g—j)
m Scattering amplitude with fermion in t-channel in Regge limit we have
n
(ozs In? XLB) contributions
m such contribution not included in DGLAP asymptotic xz — 0

m Double Log of energy of quark distribution

m unpolarized case: are not relevant since are suppressed by gluon
distribution

m polarized case: are relevant Bartels-Ermolaev-Ryskin-(1995-1996)
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DGLAP vs BFKL dynamics

m DGLAP dynamics m BFKL dynamics

y*

% . -

m life-time gg-pair 7 ~ (myxp)~!

m Coherent (multiple)
m Incoherent interactions interactions

. 2
m x; fixed; resum In % m xz — 0:resum In L
) XB

G. A. Chirilli (University of Regensburg) OPE with sub-eikonal spin corrections QCD@work - June 27, 2018 5/20



Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

; R S O3
Boost of the fields Xe = \/5x X = /3" Xt =12
Ae(Xe, X, — )\A.()f'x.,)\x*,,u)
Ay (Xey X, X — )f'A*(/\fl,\‘../\,\‘*.,\l)
Al (Xe,Xi,X1) — AL(/\”,\‘.. AXy, X1 )

A is the boost parameter.

e ly) = (] i
X| = v X| = ~
P+ ie P+ aZphA, +ie
(6,491 =0 with o= /2t
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Propagation in the shock wave: Wilson line (Spectator frame)

Infinite boost: particle does not have time to deviate from straight line

X Wilson Line

Eikonal interactions give a Wilson lines

U, = [oop1 +z1, —oop1 + 24 ]

[x,y] = Pei8 J du(x—y)" Ay (- (1—u)y) pH = ap’f + /Bpg _|_p/i
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Propagation in the shock wave: Wilson line (Spectator frame)

* e \\\\\ \

X Wilson Line

Quark propagator with eikonal interactions

i T4 o /0 da ] .
X| = = —9 x* — V&) — —0 % _x* e_la(x._y.)
<|E+i6|y> UO o (X — ¥4) _a (v )

L

1 it x. y iliy*
X {rleT e b yi] petee Iy L)
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Propagation in the shock wave: Wilson line (Spectator frame)

* e \\\\\ \

X Wilson Line

Quark propagator with eikonal interactions

i T4 o /0 da ] .
X| = = —9 x* — V&) — —0 % _x* e_la(x._y.)
( |E+i6|y> UO o (X — ¥4) 7 (v )

1 _iﬁix*A 7 iliy
X—(xu|eT e P [oopr 21, —oopy +zu]pete v )
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Semi-classical approach: Background field method

Diagrammatic representation Operator Product Expansion at
High-energy

Y;,<Ffd* + “,@‘EWM +...

m The target is highly boosted
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Semi-classical approach: Background field method

Operator Product Expansion at high energy

YWK* ‘ >fVV\zY* + A=z faﬁﬁF VAV S

(BIT{ju(x)j () }|B) ~ /d221d222 13 (21, 225 %, y) (Blur{U UL, "} |B)
a!
+ ?S/dzmdzzzdz& I70(z1,22,233%,Y)

x (B [w{Uz Ul ye{UL UL} ~ Nar{UZ UL} 1B)
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High-Energy Operator Product Expansion

DIS amplitude is factorized in rapidity: n

Z1
y X
22
Y>n ®
»
Y <n

|B) is the target state.

a2 2 d211d2Z2 A A
BITG 00 HB) = [ 2 10 vz, 22) Bl { T O B) + ..
12
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High-Energy Operator Product Expansion

y 2 x
Y >n ®Zz
#
Y <n
2 A d2Z1d212 A A
BTG5 HB) = [T 10 vz, 22) Bl O B) + .
12

= If we use a model to evaluate (B|tr{U U1"}|B) we can calculate the DIS
cross-section.

m If we want to include energy dependence to the DIS cross section, we
need to find the evolution of (B|tr{ U U1"}|B) with respect to the rapidity
parameter 7.
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Leading order: BK equation

d . . .
%tr{UxU;f} = Kiot{UUf} + ... =

d A A
% <tr{ Uy U; }>shockwave = (KLOtr{ Uy U; }>shockwave
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Non linear evolution equation: Balitsky-Kovchegov equation

Ury) = 1 - w00 (00))

4
dn

o,N, d*z (x —y)?
272 | (x—2)%(y — 2)?

Ux.y) = {Ute.2) +U(y) —Uy) U UG |

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, a4n ~ 1): describes proliferation of gluons.

m LLA for DIS in semi-classical-QCD = BK eqn
m background field method: describes recombination process.

m Note:ifx; — z, ory; — z; divergences cancel out.
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Shock-wave with finite width

o= /5xT  xe=/3x"

m pt = ap + Bph +p'}
m small « gluons are classical fields

m Longitudinal sized classical fields: ¢, =
m Distance traveled by quantum fields: z.

m We areinthecasel| ~k;

Ae(Xe, X, X1 ) — /\,4.(/\71.\'.. AXy, X))
Ax(Xe, Xy X1 ) — /\71/\7,;()\".\‘- AXi,x1)
A (Yo, Xi, X1 ) s AN xe, Axaux)

A is the boost parameter

large « gluons are quantum fields.

with 1, trans. mom. of classical fileds

as
2
IL

s

G

with &, trans. mom. of classical fileds
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Shock-wave with finite width

y X Ae(Xe, X, x1) — AAe(A 'xe, Axy,x1)
Ay(Xe,Xiy X1 ) — )\7"4\1(’Afl.\‘../\.\“..\l)
Al (XeyXsyx1) — AL(N Do, AXi,x1)

A is the boost parameter

= \/§x+ Xo = \/gx*

sub-eikonal terms go like +

i
P?+20A + igkpyiFei + SFjoi + .+ e

(x| ) = &P 1)

EJrle

= Note: [a,A9] = 0 Witha:\/glﬁ and o 7+

'ﬁi7 a _'fi Tx i
T Ay (ze) 6w ~ Ag(ze) — £{p’,F.i(z*)} o 2 2{p’ {P',DjFei(z:)}} + ..
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Quark propagator with sub-eikonal corrections

3 3 0 3
=357 xe=3x xi:x\}:{

(=) = [ /Omﬂe(x*—y*)f / 0 @e@*w)] oiatre)

E + i€ 2 70020[
%l

X (e {m (e B B O1 ey i) B+ 3 O(xe )

1, N, oA - N
_502()6*,%)#52% + 203 (%, yi) + 03()‘*7)’*)¢2¢}31“_L’}*|YL>
+0(\7?)

m Leading-eikonal term

m Sub-eikonal terms

Operators O, O, and O3 measure the deviation from the straight line.
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Quark propagator with sub-eikonal corrections

— St — S - + _ 04X
N T

A i )
Ol(x*»Y*QPL) Zi/d w*([x*,w*]z /FU[W*»y*]+{p [x*7w*] W*FLO(W*) [w*7)7*}}

5o o . 2
o 0212 o = ) P ] i3] i P31
S

Wi

. 2 1 ) 4
OZ(X*yy*) o Zli /y dsw* |:[x*7w*](5 iﬂ)J_UUFIj)[W*yy*] + as [x*,w*] i S_zﬁl Fox [W*yy*]
. 2 . .
s [ @ (1o ) Gl P+ F )
Wi

7[x*aw;}Fio[wivw*Kéw*@LFio + i’Y/Fij) [w*vy*]):|

] 2 2
% . d;w* [[x*,w*} i N (D1 Fas) [ws, 4]

) ; 2 2
— / ', (sl Fja ] SFa [, ] [ ] < Faw [l ] Fia i, 4] |
Wik s

@S(X*vy*) = -
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Quark propagator with sub-eikonal corrections

— St — S - + _ 04X
N T

A g 2 1 2
O1(xs,y55p1) = 20 / d— w*([x*,w*}zd Fijlws, yi] + {p [Xa, w4 *w* Fio(ws) [W*J*}}

X 2 . 2
/ ds Wl _(W wi)[x*,w’*]F’,[w’*,w*] Fio [we, y4] + [, wi] 1 = Fos [W*y)’*})
N

Wi

A ig 2 1, i 4
OZ(X*vy*) = 204 / dsw* |:[X*,w*](§ IE)LUJFI:/')[W*vy*] + as [x*,w*] l S_2¢l Fox [W*yy*]
Y=

X 2 . ) L
s [ @i (1ol Gl P+ )

Wi

ST CRUL R S|

lg
" da

T2 ; 2 2 ;
g [ @ (e Filin) 12 Fus ] et 2o [ Pl )
Wk s ‘

(53(16*,)7*) = dzw* [[X*,w*]l—(@J_F.*)[w*,y*]
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Quark propagator in the background of quark fields

R

(TP () (v)) ¢=W /+00da/*dz* a7, — / da/dz*/ p-i(re—y)

x (me”%"*ﬁz {lﬁ[x*vZ*]W“t“w(Z*)QZﬁ(z*,ZL)w(ZL)t”’V”[Zi,y*M

2 [ . 2 [
420 [ don il Fulon 20 )G a0 DI 2 [ i 2 )Pty
* Vs

Z

2 [t _
—5.7 / Ao [xe, il Failwe, 27" 10(20 )Gt (20, 2 )P ()0 [ vl
Tk

_ 2 [ i
P, 2y e (zi) W(Zﬁz*)w(a)tbv”g;v’ / dw*[ZLwL]F.i[wLy*]}zﬁzzﬁe’aﬁ’*ln)
Vi

+0(A73)

Gu/;

jog

gluon propagator in the external field.
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Quark propagator with sub-eikonal corrections

Let |B) be proton or nuclear target

(BIJ*(x)J"(»)|B) —  (J*(x)J"(y))a = Tr{y" (x| P ii€|y> 7l Iy}

i
P+ ic

Quark propagator with sub-eikonal corrections: = New evolution equations
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OPE in Wilson lines with sub-eikonal corrections

(P, Sl ()" () (y)y ) (y)|P, S)

w05y o o w{Xip Y1 V2 pa Xt}
= dzid 353
4o xiyt 27 25

w{X1p2 17" Yophro Moy}
—g [dzd?
g/ 21422 647T6xiyi Z%Zzz

b, Yalo e 24l }

X
X / dws [tr{[x*7Y*111 [Vies Wal oy Fiflwn, Xz b+ tr{ P, i)y Fijlwses il gy [V Xz,
y

5

(x-z)i O0-z)7 4

Zi = —(Xe — Yo
i x* Vs s( Vo)
Xi=x—z and Y, =y—z
Xe = \/gx"’ and Xo = %x_ x:t — XO\:/%XS
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OPE in Wilson lines with sub-eikonal corrections

(P, S| ()Y Y ()P () Y (v)|P, S)

o w2 T Yo bk} ) e cl)

4md xdyt 2323

tr{Xip2Y17" Yapao Yo" }
—g |d*zd?
g/ 214722 6476 A Z?Zzz

Xk
X / dw, [tr{[x*v)’*]m [Y*aw*]zszla[wmx*]zz} + tr{[x*vw*]zzF;fa[W*a)’*]zz (Vs X2,
y

<

m Leading Order Impact Factor for unpolarized case known for 40 years

m Leading Order Impact Factor for polarized case next slide
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Photon Impact Factor for sub-eikonal spin corrections

wlXihs Y17 Y22 0V X"} i vl Vi
- MY (x,yiz1,20) + @5V (x, ;21,2
64n0 Ayl 2322 srohiziz2 | (%, y321,22) + 5 (x, y521, 22)

+ 4 (x,y;21,22) + OV (x,y521,20) — (1 4 vyx 45 Y)

+OL(x, y521,22) + %‘”’”(M%mmﬁ} —iej

O (x, y21,22) = ph [(YﬁYé — YV Y (& ) + YYixy, +xﬁ)]

B y:21,20) = PRI

4 (x,y521,20) = 2yag (2 — zé)(%x*pf +X4))

4 (x,y21,20) = X*ng#i<Y£(Y1721 —2) = Y(Ya,z — ) + (Y1, Y2)(2, — z’2)>

L (x,y121,22) = Pyph [(Xz, YO)YAX, + (X1, Y2)X4Y) + (Xo, X)) EAYE + (Y1, Y2)X0X)
+(X2, ) VX + (Yl,xl)x;yfz']

O (x, 121, 22) = 2yt (21 — 22)2
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Photon Impact Factor for sub-eikonal spin corrections

w{Xih Y17 Y22 0" X"} i B (x, y: 21, 22) + DV (x, s 21, 22)
647T6Xiy12?222 871'6)(1)71213222 1 » Y321,%2 2 5 Y321,22

+O Y (x,yiz1,20) + P4V (i 21, 20) — (14> vix 63 Y)
+OE Y (x,ys 21, 20) + PEVY (x, s zmz)} —iej

m Impact factor is

m Gauge invariant

m Conformal invariant in SL(2,C)
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Evolution of sub-eikonal operator

Consider, for example, the following sub-eikonal operator

Xk
[ (U000 g 0n. 2y o +ocle)
Y

*

Background field method: split fields in quantum and classical and
integrate out the quantum fields

Sample of diagrams:

- A

P S e
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sample of BK-type diagrams

0+°° %a rapidity divergence

|
m if w; — z, divergence cancel out.

m if w, — 2| divergence does not cancel out.
= we have (o, In* 1) type of contribution

Summing real and virtual diagrams we get

+o00
/ daon {tr{[00, —00). [~ 00, wal 8F(w9s) war 0 } Bk tpe

+Ooda 2

dz Z*Z)J_
(z-w?( —w?

X {tr{UZUL}tr{Uw[foo, w*]z’ gFij("J*v ZL)[W*’ OO]Z’} - Nttr{UZ[foov "J*}z’ gFii(W*v Z/J_)[UJ*, Oo]z’}]

dw*

271'2
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Diagrams with F;; quantum

m Diagram with gluon propagator without sub-eikonal corrections has no rapidity divergence

m = Need sub-eikonal corrections also in gluon
propagator.

Gluon propagator in the light-cone gauge with sub-eikonal corrections is

+o00 a 0
@) = - [ 520 -5+ [ Lo -x)]
X (x| e_i%"* O (x4, y4)

2
7Ly,
elas pzldz’z” |

y1) + ifx] Y)

*

2i e i .
O(xu, yx) = [Xuy yu] — a—j;/ dze (2P, [0, 2] Fojlze, v} + ) see Balitsky —Tarasov 2016

Vi
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Conclusions

m Quark propagator with sub-eikonal corrections is good for

m spin-dependent TMDs: SIDIS, Weizsacker-Williams TMD at low-x

m spin g; structure function at low-x

m New operators appears if we consider sub-eikonal corrections

m OPE at high-energy extended to include sub-eikonal spin corrections

m LO Impact Factor for sub-eikonal spin correction is calculated

m Sub-eikonal corrections to BK-equation are now also possible
m Although these are suppressed in the unpolarized case

m Future...include NLO corrections with spin
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