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Motivations: Hadron Spectroscopy Experiments

Aim to: 
Complete understanding on the 
hadron spectrum and 
discover new resonances 

Physics Analysis Center (IU/JLab): 
Analyze data and provide tools 
for the analysis
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Projects

⇡N ! ⇡N

⇡N ! ⌘N

KN ! KN

�N ! ⇡N

J/ ! 3⇡

⌘ ! 3⇡

! ! 3⇡

! ! ⇡�⇤(e+e�)

�p ! K+K�p

�p ! ⇡0⌘p

⇡�p ! ⇡�⌘p

Formalisms
Regge Theory
Dispersive Relations
Dual Models
Isobar Models
…
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πN  amplitudes"

SAID: Workman et al Isospin 1/2  
Imaginary T 

resonances  W < 2 GeV fit data W < 2 GeV

BUT going beyond is ‘easy’ and related to resonances !
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T = ū2


A(s, t) +

1

2
�µ(p1 + p2)µB(s, t)

�
u1

A0 ⌘ A+
⌫B

1� t/4m2
p ⌫ =

s� u

4m
= Elab + t/4mp

Pion Nucleon Amplitudes

π π

N N

∆, N∗

VM et al (JPAC) arXiv:1506.01764     
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T = ū2


A(s, t) +

1

2
�µ(p1 + p2)µB(s, t)

�
u1

A0 ⌘ A+
⌫B

1� t/4m2
p ⌫ =

s� u

4m
= Elab + t/4mp

Pion Nucleon Amplitudes

π π

N N

∆, N∗

2 amplitudes and 2 isospin combinations 
Interpretation at high energies:

⇡ ⇡

N N

⇢

⇡ ⇡

N N

P + f

A0(+), B(+) A0(�), B(�)

VM et al (JPAC) arXiv:1506.01764     
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Partial Waves vs Regge

Two different representations of amplitudes

+O
✓

1p
s

◆

a

b

c

d
=

1X

`=0

=

Partial wave series`

Sum over Regge poles 
+ background integral

A0(±)(s, t), B(±)(s, t)

P`(cos ✓)

�(t)s↵(t)
VM et al (JPAC) arXiv:1506.01764     



6

Partial Waves vs Regge

Two different representations of amplitudes

+O
✓

1p
s

◆

a

b

c

d
=

1X

`=0

=

Problems:  
 truncated sum 
 Regge only at high energies

L
max

?

Partial wave series`

Sum over Regge poles 
+ background integral

A0(±)(s, t), B(±)(s, t)

P`(cos ✓)

�(t)s↵(t)
VM et al (JPAC) arXiv:1506.01764     
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Partial Waves vs Regge

Two different representations of amplitudes

+O
✓

1p
s

◆

a

b

c

d
=

1X

`=0

=

Problems:  
 truncated sum 
 Regge only at high energies

L
max

?

Partial wave series`

Sum over Regge poles 
+ background integral

How to take advantages of both ?

A0(±)(s, t), B(±)(s, t)

P`(cos ✓)

�(t)s↵(t)
VM et al (JPAC) arXiv:1506.01764     



7

A(�)(⌫, t) =
2⌫

⇡

Z 1

⌫0

Im A(�)(⌫0, t)

⌫02 � ⌫2
d⌫0

Im ν

Re ν

ν0 = µ+ t/4m−ν0

Im A(�)(⌫, t) �! �(t)⌫↵⇢(t)

Finite Energy Sum Rules

Im nBH-L at t=0
- SAID
- bna fitted to FESR ; L=1.5 GeV

0.0 0.5 1.0 1.5 2.0 2.5 3.0
n HGeVL0

20

40

60

80

100
mb.GeV

Satisfy dispersion relations

⌫ > ⇤

Z ⇤

⌫0

Im A(�)(⌫0, t)⌫02kd⌫0 = �(t)
⇤↵⇢(t)+2k+1

↵⇢(t) + 2k + 1

Analyticity implies FESR

VM et al (JPAC) arXiv:1506.01764     

High energy data constrain RHS

RHS constrains baryon resonances
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Isovector: Isoscalar:⇢ P+ f

SAID: WI08 R. Workman et al. 2008 
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πN  amplitudes"

SAID: Workman et al Isospin 1/2  
Imaginary T 

solid line = SAID
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Finite Energy Sum Rules ⇡N ! ⇡N

Construct Im(amplitude) from 0 to infinity via FESR 
Reconstruct Re(amplitude) from dispersion relation

Re ⌫B(+)(⌫, t) =
g2r
2m

2⌫2

⌫2m � ⌫2
+

2⌫2

⇡
P

Z 1

⌫0

Im B(+)(⌫0, t)

⌫02 � ⌫2
d⌫0 -- Regge Model

-- SAID
- New Amplitude
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Finite Energy Sum Rules ⇡N ! ⇡N

Construct Im(amplitude) from 0 to infinity via FESR 
Reconstruct Re(amplitude) from dispersion relation
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Fig. 1. Distributions of Mmiss (top), Mγ γ , and cos θγ γ (bottom
left and right) for a sample of selected events. The rms widths
of the Mmiss and Mγ γ distributions are 5.5 MeV and 17 MeV,
respectively. The solid lines are Gaussian fits.

tracks with opposite sign of curvature and polar an-
gle θ > 40◦ which intersect the interaction region.
The acollinearity cut (#θ < 175◦) removes e+e−γ
events without incurring an acceptance loss for the
signal. We then compute the missing mass, Mmiss =
√

(Eφ − Eπ+ − Eπ−)2 − |p⃗φ − p⃗π+ − p⃗π− |2 where
E and p⃗ are laboratory energies and momenta. Mmiss
is required to be within 20 MeV of the π0 mass. This
requirement corresponds to an effective energy cut of
! 20 MeV on the total energy radiated because of ini-
tial state radiation (ISR). Two photons in the calorime-
ter are also required. A photon is defined as an en-
ergy deposit larger than 10 MeV with 21◦ < θ < 159◦

and an arrival time compatible with a particle trav-
eling at the speed of light, within 5σ (t). The two-
photon opening angle in the π0 rest frame must satisfy
cos θγ γ < −0.98.
Fig. 1 shows the distributions of the missing mass

Mmiss, of the γ γ invariant mass, and of cosθγ γ for
a sample of selected events. Due to the large cross
section3 for this final state with respect to other

3 Here and in the following we consider visible cross sections,
not corrected for the effect of the radiative corrections.

Fig. 2. Distribution of the number of events corrected for the
efficiency and divided by |p⃗∗+ × p⃗∗−|2. The gray scale is in
arbitrary units. The plot contains 1.98 millions events in 1874 bins
8.75 × 8.75 MeV2 each. Three broad bands corresponding to the
three ρ states are indicated. The kinematical boundary is also shown.

processes (σφ × BR(φ → π+π−π0) = 460 nb) and
to the clean signature, the background to this process
after the selection described is! 10−5. The Dalitz plot
variables x and y are evaluated using the measured
momenta of the charged pions, boosted to the center
of mass system: x = E∗

+ − E∗
− and y = E∗

φ − E∗
+ −

E∗
− − Mπ0 = Tπ0 . Eφ and p⃗φ are measured run by

run using Bhabha scattering events. ISR lowers the
mean π+π−π0 total energy by ∼ 130 keV. This value
is used in the analysis with negligible effect on the
results. The resolution on x and y is about 1 MeV over
the full kinematical range.
The Dalitz plot density distribution is shown in

Fig. 2. In the plot the number of events corrected for
the efficiency is shown divided by |p⃗∗

+ × p⃗∗
−|2. Three

bands corresponding to the three ρ states are clearly
evident. The two-dimensional distribution is plotted in
8.75×8.75MeV2 bins. There are 1874 bins within the
kinematic boundary. The bin width is larger than the x

and y resolution, but is small compared to the density
variations of the Dalitz plot as can be seen in the x and
y projections shown in Fig. 3. Smearing effects due to
the resolution are negligible.
Trigger and selection efficiencies have been evalu-

ated as functions of x and y . A full Monte Carlo sim-
ulation of the detector has been used with corrections
based on control samples of data. Corrections to the
detection efficiency for low energy photons have been

KLOE 
(2003)� ! 3⇡

! ! 3⇡

!/� ! ⇡+⇡�⇡0
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Theoretical predictions (only elastic cut)

Upcoming: 
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(Amplitudes in C++)

Next: flexible amplitudes 
parameters for inelasticities
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FIG. 8: The Electromagnetic form factor for ! ! ⇡

0
�

⇤ (left panel), the di↵erential decay rate ! ! ⇡

0
e

+
e

� (top right) and the
di↵erential decay rate ! ! ⇡

0
e

+
e

� (bottom right). Data for the form factor is taken from [55], while for the single-di↵erential
decay rate were calculated using Eq.(45). The dotted line is the VMD approach (50), while the solid, dash-dotted and dashed
lines correspond to a truncation in the expansion (49) at order 0, 1, 2 respectively.

to the NA60 data (dashed curve in Fig. 8). The re-
sulting parameters are b

1

= �23.7 and b
2

= 484.4 with
�2/N w 1.15. As you can see, the fit suggests the signif-
icant change of parameter b

1

(even di↵erent sign), which
we do not find very reliable. In order to disentangle
the nature of the steep rise, the experimental analysis
of � ! ⇡0l+l� is needed.

Figure 9 shows the results for the � meson decays.
Since there is no experimental measurements, we keep
only one terms in the conformal expansion (49) and
fix it from the experimental rela-photon decay width
�exp

�!⇡

0
�

= 5.41 keV [1]. It yields the following branch
ratios

Bth(� ! ⇡0e+e�) = 1.45 · 10�5

Bexp(� ! ⇡0e+e�) = (1.12 ± 0.28) · 10�5 (54)

and

Bth(� ! ⇡0µ+µ�) = 3.9 · 10�6 , (55)

where we found satisfactory agreement for � ! ⇡0e+e�

and unfortunately there is no data available for � !
⇡0µ+µ�. In Fig. 9 we also show the sensitivity to the
three-body e↵ects. We confirm the findings of [61], that
the there is a two-pion threshold enhancement when you
turn on cross-channel rescattering e↵ects in V ! 3⇡ am-
plitude.

VI. CONCLUSIONS

In this paper we have analyzed three-pion decays and
electromagnetic form factors of !/� within a dispersive
formalism that is based on the generalized isobar decom-
position and sub-energy unitarity. The important input
is the p-wave ⇡⇡ scattering amplitude that is available
from [19]. By means of the dispersion relation we sepa-
rated the contribution from the elastic and inelastic chan-
nels. The latter was modeled by a series in a suitable
conformal variable and the coe�cients of this expansion
play the role of the subtraction constants. This is an al-
ternative way for incorporating three-body e↵ects with-
out assuming any high energy asymptotic behavior of
the two-body amplitude. The unknown coe�cients can
be either fitted to the data or determined from the Lat-
tice of EFT-based studies. We note that the solution of
dispersive integrals is not unique and this has to do with
asymptotic behavior. When the p.w. expansion is trun-
cated, the high energy behavior is spoiled. To cure the
high-energy behavior one has to apply Regge theory and
smoothly connect it to the low energies. This analysis is
clearly far beyond the scope of the present paper.

We presented the single-di↵erential and Dalitz plot dis-
tributions, where we found non negligible three body ef-
fects. We also found our results very similar to ones of

N=2

VMD

N=0

! ! �⇤⇡0

Inelasticities (conformal map.)

What about � ! �⇤⇡0 ?

cut importantKK̄

4M2
K

I. Danilkin et al (JPAC) 
PRD91 094029



20

�p ! K+K�p

Veneziano Amplitudes

Double Regge limit                 

PRD 91, 034007
M. Shi et al (JPAC)      



20

�p ! K+K�p

Veneziano Amplitudes

Double Regge limit                 

PRD 91, 034007

)2(K^+K^-) (GeV/c2Mass

1 2 3 4 5 6

)2
(K

^-
P)

 (G
eV

/c
2

M
as

s

2

3

4

5

6

7

8

0

2

4

6

8

10

12

14

16

18

DATA

Data 

)2Mass(K^+K^-) (GeV/c

1 1.2 1.4 1.6 1.8 2 2.2 2.4

2
Ev

en
ts

 / 
40

 M
eV

/c

0

20

40

60

80

100

120

140

160 DATA

FIT

Projection of Dalitz Plot

)2Mass(K^-P) (GeV/c

1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

2
Ev

en
ts

 / 
40

 M
eV

/c

0

20

40

60

80

100

120

140

160

180
DATA

FIT

Projection of Dalitz Plot

)2Mass(K^+P) (GeV/c

1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

2
Ev

en
ts

 / 
40

 M
eV

/c

0

20

40

60

80

100

120

140

160
DATA

FIT

Projection of Dalitz Plot

CLAS preliminary

M. Shi et al (JPAC)      



21

VM et al (JPAC)    ⇡N ! ⇡N arXiv:1506.01764

�p ! ⇡0p VM et al                         arXiv:1505.02321

⌘ ! ⇡+⇡�⇡0 P. Guo et al (JPAC)       arXiv:1505.01715

KN ! KN in preparationC. Fernandez-Ramirez et al (JPAC)      

!,� ! ⇡+⇡�⇡0

! �⇤⇡0
I. Danilkin et al (JPAC)  arXiv:1409.7708 PRD 91, 094029

�p ! K+K�p M. Shi et al (JPAC)      arXiv:1411.6237 PRD 91, 034007

http://www.indiana.edu/~jpac/index.htmlInteractive webpage:

http://www.indiana.edu/~jpac/index.html


22

Backup Slides



23

⇡�p ! ⇡0n

Low energy: baryon resonances High energy: Regge exchange

Total cross section

p
s(GeV)

VM et al (JPAC) arXiv:1506.01764     



23

⇡�p ! ⇡0n

Low energy: baryon resonances High energy: Regge exchange

Total cross section

p
s(GeV)

Im nBH-L at t=0
- SAID
- bna fitted to FESR ; L=1.5 GeV

0.0 0.5 1.0 1.5 2.0 2.5 3.0
n HGeVL0

20

40

60

80

100
mb.GeV

VM et al (JPAC) arXiv:1506.01764     



fV ⇡(s) =

Z si

s⇡

ds0

⇡

Disc fV ⇡(s0)

s0 � s
+

NX

i=0

Ci !(s)
i

l+

l−

V

π

π

π

24

12

FIG. 9: The Electromagnetic form factor for � ! ⇡

0
�

⇤ (left panel), the di↵erential decay rate � ! ⇡

0
e

+
e

� (top right) and the
di↵erential decay rate � ! ⇡

0
e

+
e

� (bottom right). The dotted line is the VMD approach (50), the solid line corresponds to a
truncation in the expansion (49) at 0th order and the dashed line is the same as the solid line but without three body e↵ects.

[33] where standard subtraction procedure were applied.
As a straightforward application of the three-body am-
plitude we studied electromagnetic form factors for !/�
mesons. The obtained results improve the simple VMD
finding, however, our theoretical analysis and the other
studies [17, 61] predict the EM transition form factor for
! ! ⇡�⇤ to be smaller at s = (M

!

�m
⇡

)2 than that mea-
sured one by NA60 collaboration. To shed more light on
the intrinsic dynamics of hadrons at low energies the ex-
perimental analysis of OZI-suppressed decay � ! ⇡0l+l�

is very desirable. The shape of the latter is predicted
within our framework.

As a next step we plan to perform the data analysis
of the upcoming ! ! 3⇡ JLab g12 data. Note, that the
same method can be applied to treat D and B mesons
three body decays. Another prospect is the hadronic
light-by-light contribution to the anomalous magnetic
moment of the muon [63], where !/� ! ⇡�⇤ serve as
input ingredients to pion transition form factor F

⇡

0
�

⇤
�

⇤

and �⇤�⇤ ! ⇡⇡ partial waves.
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Appendix A: Spin formalism

In this appendix we outline the derivation of the dis-
continuity relation in the spin formalism. The general
form of the isobar decomposition for V ! 3⇡ in the spin
formalism of Jacob and Wick [40] (for the similar appli-
cations see also [35, 64–66]) is

Habc

�

=
X

I,s,l,µ

N
⇣
Dj⇤

�µ

(R
s

) ds
µ0

(✓
s

)P I

abc

Fj

Ils

(s)

+ Dj⇤
�µ

(R
t

) ds
µ0

(✓
t

)P I

cba

Fj

Ils

(t)

+ Dj⇤
�µ

(R
u

) ds
µ0

(✓
u

)P I

acb

Fj

Ils

(u)
⌘
, (A1)

where N = (2s + 1)1/2(2l + 1)1/2hs µ l 0 | j µi/4⇡ is the
normalization factor which includes the Clebsch-Gordan
coe�cient coming from the relation between helicity and
ls amplitudes [67]. Each term of the amplitude (A1) is
a product of two parts: the first part depends on angles
only, while the second part is responsible for the dynam-
ics of the decay. In (A1) the Wigner Dj⇤

�µ

(R) function,

� ! �⇤⇡0

Data are welcome !

I. Danilkin 
A. Szczepaniak  
(in preparation)
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How to extract resonance parameters ?
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Veneziano Amplitudes
Dual model

A(s, t) =
X

n,m

cn,m
�(n� ↵s)�(n� ↵t)

�(n+m� ↵s � ↵t)

Parameters: 

trajectory

couplings

↵(s)
cn,m

A. Szczepaniak and M. Pennington 
hep-ph/1403.5782

∑
=

∑
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violation of unitarity
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Veneziano Amplitudes

X

Dual model

A(s, t) =
X

n,m

cn,m
�(n� ↵s)�(n� ↵t)

�(n+m� ↵s � ↵t)

Parameters: 

trajectory

couplings J/ 
 0↵(s)

cn,m

Can be applied to

A. Szczepaniak and M. Pennington 
hep-ph/1403.5782

J/ , 0 ! 3⇡

∑
=

∑

27

⌘ ! 3⇡
⌘0 ! 3⇡
! ! 3⇡

⌘0 ! ⇡⇡⌘

violation of unitarity

� ! 3⇡



Amplitude is a sum of 
narrow resonances                           
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Veneziano Amplitudes
Dual model with 4 particules Extension to 5 particles

M. Shi and A. Szczepaniak (in preparation)

�p ! K+K�p

∑
=

∑

Application to

A(s, t) =
X

n,m

cn,m
�(n� ↵s)�(n� ↵t)

�(n+m� ↵s � ↵t)

numerical evaluation 
of hypergeometric 
functions ? 

3F2(a, b, c;x; y)
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�p ! K+K�p

W = 5 GeV
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Longitudinal Plot[Van Hove 1969]
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Longitudinal Plot[Van Hove 1969]
�p ! K+K�p
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Longitudinal Plot
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Polarization⇡±p ! ⇡±p
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dotted lines = reconstructed from dispersion relation 
solid lines   = SAID
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-- Regge Model
-- SAID
- New Amplitude
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