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•Crucial quantities in an accurate estimation of proton-structure    
corrections to the Lamb shift (         ).

•They have the potential to solve the “Proton radius Puzzle”.
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•Relativistic corrections are very important for some polarizabilities 
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expansions are determined uniquely by the global properties of the system, as the charge, mass and the anomalous magnetic
moment. The polarizabilities enter as a higher order corrections and are related to the internal structure of the nucleon. This can
be accessed through photoabsorption experiments (see Sec. II A).
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the response of the nucleon to the case of finite momentum transfer. Notice that ↵
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where sµ is the covariant spin tensor which satisfy s · p = 0 and s2 = �1, and the normalization of the Levi-Civita tensor is
✏0123 = +1.

In order to extract the GP it will be useful to keep in mind the relation between the relativistic (12) and non-relativistic forms
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therefore, the polarizabilities can be obtained form linear combinations of the Born-subtracted functions T1, T2, S1, S2.
We calculate these amplitudes in the relativistic formulation of chiral effective field theory with baryons including the

�(1232)-resonance as a dynamical degree of freedom. This calculation generalizes the work of ref. [23] to the case of vir-
tual photons in the forward kinematics. The potential of the covariant formalism once the �(1232) is included as an explicit
degree of freedom has been also observed in other chiral analyses, e.g., of ⇡N scattering [36, 37] and ⇡N ! ⇡⇡N [38]. Note
that the chiral approaches at NLO in the �-counting provide predictions of the polarisabilities, since up to that order they are free
of low-energy constants.

We employ the chiral Lagrangian for the pion and nucleon fields, see e.g. [61]. Up to the second order in the pion filed, it
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The electromagnetic interaction is added via the minimal substitution:
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where A
µ

is the photon field. The minimal coupling of the photon to the Delta field gives contributions to Compton scattering
which are of higher orders than the ones considered in this work.

Apart from these Lagrangians, there is the following non-minimal �N� coupling [24] that contributes to the polarisabilities:
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Here, Fµ⌫ and ˜Fµ⌫ are the photon field strength tensor and its dual tensor defined as Fµ⌫
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and g

E

and g
M

are �N� electric and magnetic couplings, respectively, which are known from the analysis of pion-
photoproduction P33 multipoles [63].

The values of the above defined physical constants used in this work are given in Table I.

↵EM 1/(137.04) f⇡ 92.21 MeV
m±

⇡ 139.57 MeV MN = Mp 938.27 MeV
gA 1.270
M� 1232 MeV hA ⌘ 2g⇡N� 2.85

gM 2.97 gE �1.0

TABLE I: Common parameters used in our calculation, see ref. [64]. The ⇡N� coupling constant hA is fit to the the experimental Delta width
and the magnetic and electric �N� coupling constants gM and gE are taken from the pion photoproduction study of Ref. [39]

The Feynman diagrams that one has to evaluate are shown in Figs. 1 and 2 [66]. In analogy with Ref. [39] we take into account
the effect of the �⇤N� transition form factor (entering the corresponding vertex in the Delta pole graph in Fig. 2) by introducing
the following running of the magnetic �N� coupling:
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•For the Scalar Polarizabilities:

Results
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Proton Neutron
This work Empirical This work Empirical

↵E1 + �M1 15.12(82) 13.8(4) 18.30(99) 14.40(66)
(10�4 fm3)

↵L 2.31(12) 2.32 3.21(17) 3.32
(10�4 fm5)

TABLE I: The NLO B�PT predictions for the forward VVCS polarizabilities (at Q2 = 0) compared with the available empirical information.
Where the reference is not given, the empirical number is provided by the MAID analysis [? ? ], with unspecified uncertainty.
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•For the Spin Polarizabilities:

Results

LO BChPT
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(Proton) Prok et al., PLB 672 
(2009)
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[Bernard et al., PRD 87 (2013)]

[Bernard et al., PRD 67 (2003)]
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J. M. Alarcón (HISKP Bonn)
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�0 �0.93(5) �1.00(8)(12) 0.05(1) �0.005

(10�4 fm4)

�LT 1.35(7) 1.34 2.20(12) 2.03
(10�4 fm4)

TABLE II: The NLO B�PT predictions for the forward VVCS polarizabilities (at Q2 = 0) compared with the available empirical information.
Where the reference is not given, the empirical number is provided by the MAID analysis [? ? ], with unspecified uncertainty.
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Lamb shift



•Intervene in the theoretical prediction (          ) of the proton 
radius through the Lamb shift              .

Lamb shift
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•Intervene in the theoretical prediction (          ) of the proton 
radius through the Lamb shift              .
•They have the potential to solve “Proton Radius Puzzle”:
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•Intervene in the theoretical prediction (          ) of the proton 
radius through the Lamb shift              .
•They have the potential to solve “Proton Radius Puzzle”:

•The polarizabilities contribution starts with the 2γ exchange.
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•Intervene in the theoretical prediction (          ) of the proton 
radius through the Lamb shift              .
•They have the potential to solve “Proton Radius Puzzle”:

•The polarizabilities contribution starts with the 2γ exchange.

•Chiral EFT provides predictions of the leading contribution.
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•The main contribution to the polarizabilities comes from the 
low      region        Chiral EFTQ2
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•The main contribution to the polarizabilities comes from the 
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Summary and Conclusions



Summary and Conclusions
•We calculate the VVCS amplitude in covariant BChPT + Δ up to 
O(p4/Δ) in the δ-counting.
•We included a dipole structure to the magnetic coupling of the 
Δ(1232)          Important to reproduce electroproduction data.
•The calculation is predictive.
•Our predictions are in good agreement with experimental data 
and the MAID model.
•We improve the Chiral EFT results for the polarizabilities, specially 
the in spin-dependent case.
•The Compton amplitude can be employed to calculate the 
leading proton-structure corrections to the μH Lamb shift.
•Our prediction agrees with dispersive calculations:

J. M. Alarcón (HISKP Bonn)
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•For the Scalar Polarizabilities

Dependence on the dipole form factor

Without dipole

With Dipole

LO HB
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FIG. 6: Comparison of the full result without dipole (red solid line) with the rest of the available ChPT calculations for ↵+ �. The blue solid
line and its band is our total result with dipole and the blue dashed line is the leading order result of [47]. The data are the same as in Fig 4.
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FIG. 7: Longitudinal polarizabilities, ↵L(Q
2), for the proton and neutron as a function of Q2. The legend is the same as in Fig. 4 except for

the black dotted line that corresponds to the MAID estimate using only the ⇡-channel, as in Ref. [17].

B. Longitudinal Polarizability

The longitudinal polarizability provides information about the internal structure of a system responding to longitudinal polar-
ized photons. From the relation of f

L

with T2, Eq. (14), one sees that it contributes to T2(⌫, Q
2
) as an order Q4 polarizability

and constitutes, therefore, a subleading contribution to the Lamb shift due to structure corrections.
There are no much theoretical predictions for the longitudinal polarizability. Fortunately, we could compare with the results

from the MAID model [19, 20] provided by [42], which is the black dotted line that we show in Fig. 7, and the HB limit of the
pion cloud contribution (blue dotted line). We see that the relativistic prediction with the � (blue solid line) runs very close to
MAID in the range of Q2 shown, while in the intermediate Q2 region there is a small discrepancy. At higher virtuallities we see
that the chiral prediction runs again very close to MAID, but with a bigger systematic error. In the same figure we also include
the results obtained from the single contribution of the pion cloud (red dashed line) and the heavy baryon limit of the pion cloud
contribution (blue dotted line). In both cases, proton and neutron, we see that the �(1232) plays a negligible role in the low
Q2 evolution of ↵

L

, which is almost completely described by the pion cloud in the relativistic formulation. These contributions
are, however, very different in the relativistic and heavy baryon approaches in both cases, the proton and the neutron. The heavy
baryon approach seems to overestimate the Q2 evolution systematically in the range of Q2 considered. This big difference
can be traced back to the slow convergence of the 1/m

N

expansion, as one sees when analyzing the convergence of the heavy
baryon expansion of ↵

L

at Q2
= 0 shown in appendix B. These results remind us the calculation of Ref. [6] there the authors

show a systematic deviation of the HB estimation of �n
LT

which together with the disagreement with the data found in the IR
calculation of Ref. [35] as well, led them to claim for a ”�

LT

puzzle”. As in the case of �n
LT

, this systematic deviation is cured
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•For the Spin Polarizabilities

BChPT+Δ*
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FIG. 11: Comparison of the full result without dipole (red solid line) with the rest of the available ChPT calculations for �0. The blue solid
line and its band is our total result with dipole, the blue dashed line is the HB result (Ref. [6]) and the grey band is the BChPT+� result of [3].
The data are the same as in Fig 9.
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FIG. 10: Different contributions to the forward spin polarizability. Blue dashed line: ⇡-cloud contribution, Green dot-dashed line: �-pole
contribution, Orange dotted line: ⇡� loops contribution, Red solid line: Total.

The role of the �(1232) in the forward spin polarizability is clear from the point of view of the sum rule of Eq. (31). For a
given Q2, �0 becomes negative when the contribution of the helicity cross section �3/2 is bigger than the �1/2 one. Therefore,
the inclusion of the dipole form factor in g

M

is expected to be important in the correct reproduction of the Q2 dependence. This
is confirmed when comparing the result with (blue solid curve) and without (red solid line) the dipole, Fig. 11. With the dipole,
as we show in Sec. IV A, the experimental data for the proton is fairly well reproduced while, for the neutron, this is the case
only for the point at higher Q2. However, without the dipole, our results for the proton and neutron are very close to the ones of
Ref. [3], being able to reproduce the experimental point for the neutron at low Q2. It seems that our different treatment of the
⇡� loops implies, in the practice, a small global shift in the range of Q2 considered here.

B. Longitudinal-Transverse Polarizability

The longitudinal-transverse polarizability, �
LT

, gives information about the spin response of the system. The peculiarity of
the response encoded in this polarizability is that it involves a spin flip in the nucleon, as is pictured in Fig. 3. This can be
seen from Eq. (1) by noticing that the only non-vanishing matrix element obtained form the Pauli structure proportional to g

LT

involves nucleon spinors with opposite helicity, as it is explained in detail in appendix II C. This polarizability is relevant in the
studies of higher twist corrections of the nucleon structure function g2 given by the Cornwall-Norton moment d2 [45] and, as
�0, enters into the polarizabiilty correction to the hyperfine splitting [41].

As for the forward spin polarizability, there are many theoretical estimations of the Q2 evolution of this polarizability. They
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FIG. 14: Comparison of the full result without dipole (red solid line) with the rest of the available ChPT calculations for �LT . The blue solid
line and its band is our total result with dipole, and the blue dashed line is the HB result (Ref. [6]) and the grey band is the BChPT+� result
of [3]. The data are the same as in Fig 12.
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FIG. 13: Different contributions to the longitudinal-transverse polarizability. Blue dashed line: ⇡-cloud contribution, Green dot-dashed line:
�-pole contribution, Orange dotted line: ⇡� loops contribution, Red solid line: Total.

For the longitudinal-transverse polarizability, since the �(1232) is not so relevant (as pointed out in Sec. IV B), the impact
the dipole in g

M

is negligible and even the curve without the dipole (red solid line) lies inside the error band of the curve with
the dipole (blue solid line).

V. GENERALIZED GDH INTEGRALS AND MOMENTS OF THE STRUCTURE FUNCTIONS

The spin dependent part of the Compton tensor (1) has an interesting difference compared to the spin averaged part: the
helicity difference cross sections �

TT

exhibits a faster fall off in ⌫ than its spin-averaged counterpart �
T

. This is due to the
cancellation of the leading (constant) behaviour at large ⌫ in both �1/2 and �3/2, that gives rise to a 1/⌫ term. Notice that a
constant value in �

TT

at ⌫ ! 1 is forbidden by crossing symmetry. This falloff of the helicity difference cross section allows
to write an unsubracted dispersion relation of the non-pole part of g

TT

(⌫, Q2
), whose ⌫ term is proportional to the Pauli form

factor. This is the origin of the GDH sum rule

� ↵
em

2m2
N

2
=

1

2⇡2

Z 1

⌫0

d⌫0
�
TT

(⌫0)

⌫0
(62)

which is often generalized for arbitrary Q2 in the following way

Without dipole

With Dipole

LO HB

Dependence on the dipole form factor
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•For some interesting moments:

Results

LO BChPT
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BChPT+Δ

BChPT+Δ*
[Bernard et al., PRD 87 (2013)]

LO HB
[Kao et al., PRD 67 (2003)]

(IA) Amarian et al. PRL 89 (2002)

(IA) Amarian et al. PRL 89 (2002)

(d2) Amarian et al. PRL 92 
(2004)
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We obtain leading- and next-to-leading-order predictions of chiral perturbation theory for several prominent
moments of nucleon structure functions. These parameter-free results turn out to be in overall agreement with
the available empirical information on nearly all of the considered moments, in the region of low momentum
transfer (Q2 < 0.3 GeV2). Especially surprising is the situation for the spin polarizability δLT , which thus far
was not reproducible in chiral perturbation theory for proton and neutron simultaneously. This problem, known
as the “δLT puzzle,” is not seen in the present calculation.
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I. INTRODUCTION

The recent advent of muonic hydrogen spectroscopy [1]
is probing the limits of our understanding of the nucleon’s
electromagnetic structure. The unveiled discrepancy in the
charge radius value between probing the nucleon with
muons [1,2] or electrons [3,4] is only 4%, but is of great
statistical significance (5 to 8 standard deviations) at the
current level of precision. Interestingly enough, the accuracy of
both muonic-hydrogen and electron-scattering measurements
is limited by the knowledge of subleading effects of nucleon
structure, entering through the two-photon exchange (TPE).
The main aim of our present studies is to provide predictions
for these contributions from first principles using a low-energy
effective-field theory of QCD, referred to as the baryon chiral
perturbation theory (BχPT); see, e.g., [5].

In this endeavor we are primarily concerned with the
doubly-virtual Compton scattering (VVCS) process which
carries all the nucleon structure information of the TPE.
Unitarity (optical theorem) relates the imaginary part of the
forward VVCS amplitude to nucleon structure functions, and
then the use of dispersion relations allows one to write the
low-energy expansion of VVCS in terms of moments of
structure functions [6]. The low-energy expansion of VVCS
can, on the other hand, be directly computed in χPT. Of course,
not all of the moments enter the low-energy expansion of
VVCS: either only odd or only even ones do, depending on
the structure function. Here we shall present the leading-order
(LO) and next-to-leading-order (NLO) BχPT predictions for
the following moments:

αE1(Q2) + βM1(Q2) = 8αMN

Q4

∫ x0

0
dx xF1(x,Q2), (1a)

αL(Q2) = 4αMN

Q6

∫ x0

0
dx FL(x,Q2), (1b)

γ0(Q2) =
16αM2

N

Q6

∫ x0

0
dx x2gT T (x,Q2), (1c)

δLT (Q2) = 16αM2
N

Q6

∫ x0

0
dxx2[g1(x,Q2) + g2(x,Q2)],

(1d)

d̄2(Q2) =
∫ x0

0
dx x2[2g1(x,Q2) + 3g2(x,Q2)], (1e)

IA(Q2) =
2M2

N

Q2

∫ x0

0
dx gT T (x,Q2), (1f)

&1(Q2) =
∫ x0

0
dx g1(x,Q2), (1g)

where

FL = −2xF1 +
(
1 + 4M2

Nx2/Q2)F2, (2)

gT T = g1 −
(
4M2

Nx2/Q2)g2, (3)

and F1,2, g1,2 are respectively the unpolarized and polarized
inelastic structure functions, which depend on the photon
virtuality Q2 and the Bjorken variable x = Q2/(2MNν), with
MN the nucleon mass and ν the photon energy; x0 corresponds
with an inelastic threshold, such as that of a pion production;
α is the fine-structure constant.

These moments have already been the subject of intense
experimental studies [7–13], including an ongoing experimen-
tal program at Jefferson Laboratory [14,15]; see Ref. [16]
for a review. The first four moments have the interpretation
of generalized nucleon polarizabilities [6], d̄2 at high Q2

represents a color polarizability [17] or a color-Lorentz
force [18], IA is the generalized GDH integral, and &1 is the
Bjorken integral.

II. RESULTS AND DISCUSSION

We have computed the VVCS amplitude to next-to-next-
to-leading order (NNLO) in the χPT expansion scheme with
pion, nucleon, and ((1232) degrees of freedom, where the
(-nucleon mass difference ( = M( − MN ≃ 300 MeV is
an intermediate small scale, viz., the “δ expansion” [19,20].
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