
GRAVITATIONAL WAVES FROM 
COALESCING BINARIES: THE THEORY

1

Alessandro Nagar 
Centro Fermi, INFN Torino & IHES

The TEOBResumS code: eob.ihes.fr

http://eob.ihes.fr


GW150914

⌫ ⌘ m1m2

(m1 + m2)2
= 0.2466

GW150914 parameters:

Symmetric mass ratio
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JOINT LIGO-VIRGO DETECTION
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Localization



Binary neutron star: GW170817
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THE THEORY?
Is needed to compute waveform templates for characterizing 
the source (GWs were detected...but WHAT was detected?) 

Theory is needed to study the 2-body problem in General Relativity 
(dynamics & gravitational wave emission)

Theory:  SYNERGY between  

                          Analytical and Numerical General Relativity 
                                              (AR/NR)
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Rµ⌫ �
1
2
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HOW TO MEASURE: MATCHED FILTERING!

To extract/do parameter estimation of the GW signal from detector’s output 
(lost in broadband noise             )Sn(f)

�output|htemplate⇥ =
�

df

Sn(f)
o(f)h�template(f)

Detector’s output Template of 
expected  
GW signal

Need waveform templates!
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IMPORTANCE OF AN ANALYTICAL FORMALISM
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Theoretical: physical understanding of the coalescence process, especially in 
complicated situations (e.g., precessing spins).

Practical: need hundreds of thousands of accurate GWs templates for detection 
and data analysis. Need analytical templates:                    

Solution: synergy between analytical & numerical relativity

Perturbation Theory 
Post-Newtonian (PN)

Strong-field information 

      EOBNR models

Numerical Relativity: 
(SUPERCOMPUTERS)

h
�
m1, m2, ⇧S1, ⇧S2

⇥

Resummed  
PN theory: 

EOB (LAPTOP) 
+ ROM

Complementary route: IMRPhenom models 
PN_glue_NR, EOB_glue_NR hybrids (glued waveforms)  
to build phenomenological templates [Khan et al., 2015] 

v2

c2 ⌧ 1



GWS FROM COMPACT BINARIES: BASICS
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Newtonian binary systems in circular orbits: Kepler’s law

M = m1 + m2
v2

c2
=

GM

c2R
=

�
GM�

c3

⇥2/3

GM = �2R3

Einstein (1918) quadrupole formula: GW luminosity (energy flux)

x =
�v

c

⇥2

� =
µ

M
=

m1m2

M2

Pgw =
dEgw

dt
=

32
5

c5

G
�2x5



GWS FROM COMPACT BINARIES: BASICS 
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Eorbital = Ekinetic + Epotential = �1
2

m1m2

R
= �1

2
µx

Balance argument

dEorbital

dt
= PGW =

dEGW

dt

f22
GW =

1
⇥

�
5

256�

⇥3/8 �
1

t� tcoalescence

⇥3/8

⇥GW
22 = 2�fGW

22 = 2�orbital

MONOTONICALLY GROWING FREQUENCY: CHIRP!



BBHS: WAVEFORM OVERWIEV
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e.g: equal-mass BBH, aligned-spins
�1 = �2 = +0.98

•SXS (Simulating eXtreme Spacetimes) collaboration 
•www.blackholes.org 
•Free catalog of waveforms (downloadable)

(quasi-adiabatic) inspiral: 
2 BHs, quasi-circular orbit

plunge 
(nonadiabatic)

merger (1 BH forms)

ringdown (1BH is oscillating)

ringdown

merger
plunge

h
�
m1, m2, ⇧S1, ⇧S2

⇥
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http://www.blackholes.org


BINARY NEUTRON STARS (BNS)?
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11

See: 
Damour&Nagar, PRD 2009 
Damour&Nagar, PRD 2010 
Damour,Nagar et al., PRL 2011 
Bini,Damour&Faye, PRD2012 
Bini&Damour, PRD 2014 
Bernuzzi, Nagar, et al, PRL 2014 
Bernuzzi, Nagar, Dietrich, PRL 2015 
Bernuzzi, Nagar, Dietrich & Damour,PRL, 2015

•Tidal effects 

•Love numbers (tidal “polarization” constants) 

•EOS dependence & “universality” 

•EOB/NR for BNS

All BNS need is Love!
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Brady, Craighton & Thorne, 1998

Numerical Relativity: >= 2005 (F. Pretorius, Campanelli et al., Baker et al.) 
Most accurate data: Caltech-Cornell spectral code: M. Scheel et al., 2008  (SXS collaboration)

Effective-One-Body (Buonanno & Damour (2000)) 
PN-resummation (Damour,Iyer, Sathyaprakash (1998))

Inspiral (PN methods) Ringdown  
(perturbation theory)

Merger:  
Numerical Relativity

Spectral code 
Extrapolation (radius & 
resolution) 

Phase error: 
< 0.02 rad (inspiral) 
<0.1    rad (ringdown)

TEMPLATES FOR GWS FROM BBH COALESCENCE



EFFECTIVE ONE BODY (EOB): 2000
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Numerical Relativity was not working (yet...) 
EOB formalism was predictive, qualitatively and semi-quantitatively correct (10%)

•Blurred transition from inspiral to plunge 

•Final black-hole mass 

•Final black hole spin 

•Complete waveform

A. Buonanno & T. Damour, PRD 59 (1999) 084006 
A. Buonanno & T. Damour, PRD 62 (2000) 064015

⌫ =
m1m2

(m1 + m2)2
=

µ

M

> 2005: Developing EOB & interfacing with NR 
             2 groups did (and are doing) it 
- A.Buonanno+ (AEI) 
- T.Damour & AN + (>2005) 
 

h+ � ih⇥ =
1
r

X

�m

h�m �2Y�m(�,⇥)



ANALYTICALLY: MOTION AND GW IN GR

Hamiltonian: conservative part of the dynamics 

Radiation reaction: mechanical energy/angular momentum goes away in GWs and  
                              backreacts on the system.  

                              The (closed) orbit CIRCULARIZES and SHRiNks with time 

Waveform
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General Relativity is NONLINEAR!

Post-Newtonian (PN) approximation: expansion in 
v2

c2



POST-NEWTONIAN HAMILTONIAN (C.O.M)

q = q1 � q2

p = p1 = �p2
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...and 4PN too, [Damour, Jaranowski&Schaefer 2014/2015] - 4 loop calculation

Newton     (0PN)

(1PN, 1938)               - [Einstein-Infeld-Hoffman]      

(2PN, 1982/83)                 - [Damour-Deruelle]

(3PN, 2000)     - [Damour, Jaranowski,Schaefer]



FLUX & WAVEFORM (3.5PN)
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C = �E = 0.5772156649...

dE

dt
= �L balance equation

Mechanical loss GW luminosity

Newtonian  
quadrupole

x = (M�)2/3 � v2/c2



EFFECTIVE-ONE-BODY (EOB) 
approach to the general relativistic two-body problem
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STRUCTURE OF THE EOB FORMALISM

EOB Hamiltonian

Resummed (BD99)

PN dynamics 
(DD81,D82,DJS01,IF03,BDIF
04)

EOB Rad. Reac. force

F̂�HEOB

Factorized waveform

h⇧m = h(N,⇥)
⇧m ĥ(⇥)

⇧m

ĥ(⇥)
⇧m = Ŝ(⇥)

effT⇧mei��m�⇧
⇧m

Resummed (DN07,DIN08)Resummed (DIS98)

BH perturbations  
RW57, Z70, Z72

hEOB
�m = �(tm � t)hinsplunge

�m (t) + �(t� tm)hringdown
�m (t)

hringdown
⇤m (t) =

�

N

C+
Ne��+

N (t�tm)

EOB waveform

PN waveform 
BD89, B95&05,ABIQ04,

PN rad losses 
WW76, BDIWW95, BDEFI 
05

Matching at  
merger time

⇥N = �N + i⇤N

QNMs spectrum

BNS: tides 
(Love numbers)
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Phenomenological fit 
to NR postmerger  

phase



EXPLICIT FORM OF THE EOB HAMILTONIAN
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EOB Hamiltonian

All functions are a   -dependent deformation of the Schwarzschild ones�

A(r) = 1� 2u + 2�u3 + a4�u4

u = GM/(c2R)

Ĥe� �

⇧⌅⌅⇤p2
r� + A(r)

�
1 +

p2
�

r2
+ z3

p4
r�

r2

⇥

Contribution at 3PN

Simple effective Hamiltonian:

a4 =
94
3
� 41

32
�2 ⇥ 18.6879027

A(r)B(r) = 1� 6�u2 + 2(3� � 26)�u3

Crucial EOB radial potential

pr� =
�

A

B

⇥1/2

pr

HEOB = M

⇤
1 + 2�

�
Ĥe� � 1

⇥



EFFECTIVE POTENTIALS
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Newtonian gravity (any mass ratio):  
circular orbits are always stable. No plunge.

Test-body on Schwarzschild black hole:  

last stable orbit (LSO) at r=6M; plunge

EOB, Black-hole binary, any mass ratio:  

last stable orbit (LSO) at r<6M plunge

W e↵
Newt = 1� 2

r
+

p2
'

r2

W e↵
Schwarzschild =

✓
1� 2

r

◆ 
1 +

p2
'

r2

!

W e↵
EOB = A(r; ⌫)

 
1 +

p2
'

r2

!
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-deformation of the Schwarzschild case!⌫



HAMILTON’S EQUATIONS & RADIATION REACTION

‣The system must radiate angular momentum 
‣How?Use PN-based (Taylor-expanded) radiation  
   reaction force (ang-mom flux) 
‣Need flux resummation 

 Plus horizon contribution [AN&Akcay2012]

Ĥ0
e�(r, p�; �) =

⇧⌅⌅⇤A(r; �)

�
1 +

p2
�

r2

⇥

Circular orbit

     Last-Stable-Orbit (LSO): r < 6M

Plunge

F̂Taylor
� = �32

5
��5r4

�F̂Taylor(v�)
Resummation multipole by multipole 
(Damour&Nagar 2007, 
 Damour, Iyer & Nagar 2008, 
 Damour & Nagar, 2009)

ṙ =
�

A

B

⇥1/2 ⇥ĤEOB

⇥pr�

�̇ =
⇥ĤEOB

⇥p�
⇥ �

ṗr� = �
�

A

B

⇥1/2 ⇥ĤEOB

⇥r
+ F̂r�

ṗ� = F̂�
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4PN analytically complete + 5PN logarithmic term in the A(u) function: 
[Damour 2009, Blanchet et al. 2010, Barack, Damour & Sago  2010, Le Tiec et al. 2011, Barausse et al. 2011,Akcay et al. 2012, 
  Bini& Damour2013, DamourJaranowski&Schaefer 2014].

NEED ONE “effective” 5PN parameter from NR waveform data:

State-of-the-art EOB potential (5PN-resummed):

THE KNOWLEDGE OF THE CENTRAL A POTENTIAL TODAY

alog
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) = P 1
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5PN

(u; �, ac
6

)]

1PN 2PN 3PN 4PN 5PN

} 4PN fully known ANALYTICALLY! 

5PN logarithmic term (analytically known)

ATaylor

5PN

= 1� 2u + 2�u3 +
✓
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� 41
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RESULTS: EOBNR/NR WAVEFORMS (NO SPIN)
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TEOBResumS: equal-mass, no spin

equal-mass BBH, nonspinning

Nagar, Damour, Reisswig & Pollney, PRD 93 (2016), 04404



THE EOB[NR] POTENTIAL
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A(r ; ν = 0.25) [equal-mass case]
Schwarzschild: A(r ; ν = 0) = 1 − 2M/r

ac
6(�) = 3097.3�2 � 1330.6� + 81.3804From EOB/NR-fitting:

Years of analytical and numerical  
work to get this strong-field difference!



SPINNING BBHS
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Spin-orbit & spin-spin couplings 
(i) Spins aligned with L: repulsive (slower)  L-o-n-g-e-r INSPIRAL 

(ii) Spins anti-aligned with L: attractive (faster) Shorter   INSPIRAL 

(iii) Misaligned spins: precession of the orbital plane (waveform modulation)
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χ1 = χ2 = +0.994, q = 1

Damour&Nagar, PRD90 (2014), 024054 (Hamiltonian) 
Damour&Nagar, PRD90 (2014), 044018 (Ringdown) 
Nagar,Damour, Reisswig & Pollney, PRD 93 (2016), 044046

EOB/NR agreement: sophisticated (though 
rather simple) model for spin-aligned binaries

�1,2 =
cS1,2

Gm2
1,2

AEI model, SEOBNRv4, Bohe et al., arXiv:1611.03703v1 
(PRD in press) 



PRECESSION
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Different EOB Hamiltonian [Barausse & Buonanno11, Taracchini et al.12]
SEOBNRv3: Taracchini, Buonanno et al., PRD 89, 061502 (R), 2014 
                     Babak, Taracchini & Buonanno, 2016 

Good EOBNR/NR agreement. 
The method works 

Slow: analysis is time-consuming 

Improvements in the implementation 
are needed

PhenomP: P. Schmidt et al. 2012/2014 
Phenomenological Precessing model that takes into account precession effects at  
leading order by “twisting” nonprecessing waveforms.  

Conclusion: no precession could be really seen.



BNS:ANALYTICAL NEEDS
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Study the response of each neutron star to the tidal field of the companion [theory of 
relativistic Love numbers (i.e. tidal polarizability coefficients) + tidal corrections to 
dynamics (beyond Newtonian accuracy)] 

Incorporate the corresponding tidal effects within a theoretical framework able to 
describe the gravitational wave signal emitted by inspiralling compact binaries (up to 
merger): EOB-resummed description of dynamics and waveforms 

Compare/check analytical models against NR simulations; possibly, inform, when 
needed, the EOB model with high-order tidal information extracted from NR 

Assess the measurability of tidal effects within the signal seen by interferometric 
detectors 

Construct surrogate models (e.g. ROMs) for fast template evaluation [Lackey et al. 2016]



A BIT OF HISTORY...
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1983-Damour. Relativistic generalization of Love numbers 
1989-1991-Damour-Soffel-Xu: magnetic&electric tidal polarization constants (tidal polarizabiility) 
2007-Hinderer. First Love number computation in GR  
2008-Hinderer& Flanagan. Polytropes. Inspiral only - not promising 
2009-TD&AN  - Binnington&Poisson - multipolar Love numbers 
2009- Hinderer. Love numbers for realistic EOS. Measurability inspiral only - not promising 
2009- TD&AN - Tidal Effective One Body model (TEOB). Up to merger (contact). 1PN dynamical effects 
2010- Vines, Hinderer & Flanagan. 1PN effects in waveforms 
2010 - EOB/NR comparisons [Baiotti, Damour, Nagar+]. TaylorT4 ruled out. Strong tides close to merger? 
2011 - 2PN tidal terms [Bini, Damour & Faye] 
2012 - Damour, Nagar & Villain. EOB. Strong indications for measurability of Love numbers up to 
merger. 
2012 - Bernuzzi, Nagar et al.: high order reconstruction - E(j) correct. Disentangle tides & noise. Strong tides? 
2013 - Del Pozzo+; Agathos+. TaylorF2 up to merger. Bayesian analysis. Measurability of Love numbers. 

2014 - Bini& Damour: GSF-informed tidal potential 
2015 - Bernuzzi, Nagar, Dietrich&Damour - EOB-GSF/NR compatibility up to merger. Several EOS. 
2015  - Hotokezaka et al. Similar analysis confirming BNDD. Negligible eccentricity. 
2015 - Hinderer +: inclusion of f-mode oscillations in EOB model. BHNS relevancy. H4 EOS. 
2016 - Hotokezaka+; EOB-NR hybrids & new assessment of LN measurability; several EOS; PN finally ruled out 
2016 - Lackey, Bernuzzi+: ROM of BNDD model 
2017 - Dietrich-Hinderer: comparisons between TEOB: high level of consistency 
2017 - Bernuzzi-Dietrich-Tichy: NR-based, closed form tidal approximants 
2018 - Nagar+: incorporation of spin-orbit & spin-spin effect (wip)



TIDAL EFFECTS IN EOB FORMALISM
Tidal extension of EOB formalism: nonminimal worldline couplings

�Snonminimal =
�

A

1
4
µA

2

⇥
dsA (uµu⌅Rµ�⌅⇥)2 + . . .

Damour&Esposito-Farèse96, Goldberger&Rothstein06, TD&AN09

Modifications of the EOB effective metric... 

A(r) = A0
r + Atidal(r)

Atidal(r) = �⇥T
2 u6

�
1 + �̄1u + �̄2u

2 + . . .
⇥

+ . . .

And tidal modifications of GW waveform & radiation reaction  

Need analytical theory for computing 

(?)Need accurate NR simulations to check/inform the higher-order  
  PN tidal contributions, that may be quite important during the late  
  inspiral up to merger 

µ2, ⇥T
2 , �̄1 . . .

Relativistic 
Love number
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LOVE NUMBERS IN GENERAL RELATIVITY
Relativistic star in an external gravito-electric & gravito-magnetic (multipolar)  tidal 
field

  

€ 

2k

≡ (2 −1)!!

Gµ


R
2+1

j

≡ (2 −1)!!

4( + 2)

 −1

Gσ


R
2+1

The star acquires induced gravito-electric and gravito-magnetic multipole moments

M (A)
L = µA

⇤ G(A)
L

S(A)
L = ⇥A

⇤ H(A)
L

Linear tidal polarization
Induced  
multipole  
moments

External 
multipolar 
field

Actual calculation based on star perturbation theory: Love numbers are obtained as 
boundary conditions (matching interior to exterior perturbations)

Dimensionless relativistic 
“second” Love numbers

Gµ� = [length]2�+1

G⇥� = [length]2�+1
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RELATIVISTIC LOVE NUMBERS: (REALISTIC EOS)
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TIDAL INTERACTION POTENTIAL

Function of: masses, compactnesses and relativistic Love numbers

A(u) = A0(u) + Atidal

Atidal =
�

��2

��T
� u2�+2Âtidal

� (u)

Central tidal “coupling constant”:

In the dynamics:

NLO & NNLO tidal PN corrections known analytically  
[Bini, Damour& Faye 2011]

�T
2 � 100

“Newtonian” (LO) part 
+ PN corrections (NLO, NNLO, ...)

�T
2 =

1
8

k2

C5

Âtidal
2 = 1 +

5
4
u +

85
14

u2

MA = MB

� = 2

kA
2 = kB

2

XA,B �MA,B/M
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RESUMMED TIDAL INTERACTION
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Bini&Damour (2015) resummed expression forÂtidal
`

Presence of a pole: potential strongly attractive @ mrg
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EOB (orbital) interaction potential
A(u) = A0(u) + Atidal

Atidal =
�

��2

��T
� u2�+2Âtidal

� (u) “Newtonian” (LO) part x PN corrections (NLO, NNLO, ...)

A0 = 1� 2u + 2⌫u3 +
✓

94
3
� 41
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◆
⌫u4 + ⌫[ac

5(⌫) + aln
5 lnu]u5 + ⌫[ac

6(⌫) + aln
6 u]u6

1PN 2PN 3PN 4PN 5PN term “informed” by NR
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`

tidal part

Aresum(u; ⌫, ac
6) = P 1

5 [A0(u; ⌫, ac
6)]

pointmass part

Love 
numbers

XA,B ⌘ mA,B/M

ac
6(⌫) = 3097.3⌫2 � 1330.6⌫ + 81.3804
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WAVEFORM

S. Bernuzzi, A. Nagar, T. Dietrich & T. Damour, PRL 114 (2015), 161103 
Nagar, Bernuzzi, Del Pozzo et al.: spin (in preparation)



SUMMARY
1. Italian-driven (INFN Torino) effort of having NR-informed, EOB-based waveform 
models for DA  purposes. BBH & BNS. Spin aligned. Higher modes. 

2. TEOBResumS: spin-aligned waveform model for BBH and NS. It can be used for 
    measuring the EOS through the measure of the tidal polarizability constants. 

3. Compatibility (within NR errors) between such EOBNR model and state-of-the art 
NR data over mass ratio and spin 

4. BNS waveforms are very mature, and different avatars exists that are being 
used for DA purposes to measure the EOS 
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