
amplitude will then be a rotationally invariant function of these variables; invariance un-
der Galilean boosts is ensured by the fact that these vectors are by themselves invariant
under Galileo velocity transformations, and translational symmetry is also respected given
the absence of a reference frame/point in space. In this regard, a basis of 16 rotationally
invariant operators can be constructed with �v, �q, �sN , and �sχ [5], which include all possible
spin configurations. The scattering amplitude can then be written as a linear combination
of these operators, with coefficients that may depend on the momenta only through the q2

or v2 scalars (�q · �v = −q2/2µN by energy conservation, with µN the DM-nucleon reduced
mass). Before introducing these NR operators, however, let us notice that, instead of �v, the
variable �v⊥ ≡ �v+�q/2µN is somehow more suitable to write the amplitude. �v⊥ is Hermitian,
in a sense explained in Ref. [3], while �v is not, and moreover one has �v⊥ · �q = 0. Following
Ref. [3] we will therefore use, in the description of the NR operators, �v⊥ instead of �v. The
NR operators considered in this work are

O
NR

1
= ,

O
NR

3
= i �sN · (�q × �v⊥) , O

NR

4
= �sχ · �sN ,

O
NR

5
= i �sχ · (�q × �v⊥) , O

NR

6
= (�sχ · �q)(�sN · �q) ,

O
NR

7
= �sN · �v⊥ , O

NR

8
= �sχ · �v⊥ ,

O
NR

9
= i �sχ · (�sN × �q) , O

NR

10
= i �sN · �q ,

O
NR

11
= i �sχ · �q , O

NR

12
= �v⊥ · (�sχ × �sN) .

(1)

As in [3], we do not consider the full set of independent operators (for instance, as apparent,
we do not consider the operator labeled O

NR

2
in [3], nor those above the 12th); however,

as we will see in Sec. 5, the operators listed above are enough to describe the NR limit
of many of the relativistic operators often encountered in the literature. We obtained the
form factor for the operator O

NR

12
from the authors of [3] (private communication / cite

a paper not out yet). •

Given a model for the interaction of DM with the fundamental particles of the SM, we
can build the non-relativistic effective Lagrangian describing DM-nucleon interactions as
follows. Starting from the fundamental Lagrangian, the matrix element for a scattering
process at the nucleon level 1 can be expressed as a linear combination of the operators (1):

MN =
12�

i=1

cN
i (λ, mχ) O

NR

i . (2)

The coefficients cN
i , where N = p, n can be proton or neutron, are function of the parameters

of the model, such as couplings, mediator masses and mixing angles, (collectively denoted)
λ, the DM mass mχ and the nucleon mass mN . For example, if the scattering between
a fermonic DM χ and the nucleon N is described by the (high-energy) scalar operator
gN/Λ2 χ̄χ N̄N , the only non-relativistic operator involved is O

NR

1
, and its coefficient is

cN
1

= 4 gNmχmN/Λ2. The general way to determine the coefficients entering the matrix
element (2), starting from high-energy effective operators, is described explicitly in Sec. 5.

As anticipated above, the cN
i can in principle also depend on the exchanged momentum

squared q2; in this case we factorize the momentum dependence outside of the coefficients

1Note that this quantity coincides with what is denoted as a Lagrangian L in [3,4], e.g. in eq. (55) of [3].
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