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FIG. 5: Results for baryon excited states using the ensemble with m⇡ = 524 MeV are shown versus JP . Symbols are as
described in Fig. 4.
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We present a calculation of the Nucleon and Delta excited state spectrum on dynamical anisotropic
clover lattices. A method for operator construction is introduced that allows for the reliable iden-
tification of the continuum spins of baryon states, overcoming the reduced symmetry of the cubic
lattice. Using this method, we are able to determine a spectrum of single-particle states for spins
up to and including J = 7

2

, of both parities, the first time this has been achieved in a lattice cal-
culation. We find a spectrum of states identifiable as admixtures of SU(6) ⌦ O(3) representations
and a counting of levels that is consistent with the non-relativistic qqq constituent quark model.
This dense spectrum is incompatible with quark-diquark model solutions to the “missing resonance
problem” and shows no signs of parity doubling of states.

I. INTRODUCTION

Explaining the excitation spectrum of baryons is core
to our understanding of QCD in the low-energy regime,
and if we truly understand QCD in the strong-coupling
regime, we should be able to confront experimental spec-
troscopic data with first-principles calculations within
QCD. The experimental investigation of the excited
baryon spectrum has been a long-standing element of
the hadronic-physics program. An important goal has
been the search for so-called “missing resonances”, bary-
onic states predicted by the quark model based on three
constituent quarks but which have not yet been ob-
served experimentally; should such states not be found,
it may indicate that the baryon spectrum can be mod-
eled with fewer e↵ective degrees of freedom, such as in
quark-diquark models. In the past decade, there has
been an extensive program to collect data on electro-
magnetic production of one and two mesons at Je↵erson
Lab, MIT-Bates, LEGS, MAMI, ELSA, and GRAAL. To
analyse these data, and thereby refine our knowledge of
the baryon spectrum, a variety of physics analysis models
have been developed at Bonn, George Washington Uni-
versity, Je↵erson Laboratory and Mainz.

The experimental e↵orts outlined above should be
complemented by high-quality ab initio computations
within lattice QCD. Historically, the calculation of the
masses of the lowest-lying states, for both baryons and
mesons, has been a benchmark calculation of this dis-
cretized, finite-volume computational approach, where
the aim is well-understood control over the various sys-
tematic errors that enter into a calculation; for a recent
review, see [1]. However, there is now increasing e↵ort
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aimed at calculating the excited states of the theory, with
several groups presenting investigations of the low-lying
excited baryon spectrum, using a variety of discretiza-
tions, numbers of quark flavors, interpolating operators,
and fitting methodologies [2–5]. Some aspects of these
calculations remain unresolved and are the subject of in-
tense e↵ort, notably the ordering of the Roper resonance
in the low-lying Nucleon spectrum.

A basis of baryon operators for states at rest, re-
specting the (cubic) symmetry of the lattice, was de-
veloped in Refs. [6, 7], and subsequently used in cal-
culations of the excited state Nucleon spectrum in
both quenched QCD[8], and with two dynamical quark
flavors[9]. In parallel, we studied Clover fermions on
anisotropic lattices[10, 11], with a finer temporal than
spatial resolution, enabling the hadron correlation func-
tions to be observed at short temporal distances and
hence many energy levels to be extracted. Crucial to
our determination of the spectrum has been the use of
the variational method [12–14] with a large number of in-
terpolating operators at both the source and the sink; we
developed and used the “distillation” method, enabling
the necessary correlation functions to be computed in an
e�cient manner. A recent calculation of the Nucleon, �
and ⌦ excited-state spectrum demonstrated the e�cacy
of the method[15].

In this paper, we expand the above program of
computations considerably, extending to baryons the
spin-identification techniques developed for mesons in
Refs. [16, 17]. We develop a new basis of interpolat-
ing operators with good total angular momentum, J , in
the continuum, which are then subduced to the various
lattice irreducible representations (irreps). We find that
the subduced operators retain a memory of their contin-
uum antecedents to a remarkable degree. For example,
hadron correlation functions between operators subduced
from di↵erent continuum spins J are suppressed relative
to those subduced from the same J , illustrating an ap-
proximate realization of rotational symmetry at the scale
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eled with fewer e↵ective degrees of freedom, such as in
quark-diquark models. In the past decade, there has
been an extensive program to collect data on electro-
magnetic production of one and two mesons at Je↵erson
Lab, MIT-Bates, LEGS, MAMI, ELSA, and GRAAL. To
analyse these data, and thereby refine our knowledge of
the baryon spectrum, a variety of physics analysis models
have been developed at Bonn, George Washington Uni-
versity, Je↵erson Laboratory and Mainz.

The experimental e↵orts outlined above should be
complemented by high-quality ab initio computations
within lattice QCD. Historically, the calculation of the
masses of the lowest-lying states, for both baryons and
mesons, has been a benchmark calculation of this dis-
cretized, finite-volume computational approach, where
the aim is well-understood control over the various sys-
tematic errors that enter into a calculation; for a recent
review, see [1]. However, there is now increasing e↵ort
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aimed at calculating the excited states of the theory, with
several groups presenting investigations of the low-lying
excited baryon spectrum, using a variety of discretiza-
tions, numbers of quark flavors, interpolating operators,
and fitting methodologies [2–5]. Some aspects of these
calculations remain unresolved and are the subject of in-
tense e↵ort, notably the ordering of the Roper resonance
in the low-lying Nucleon spectrum.

A basis of baryon operators for states at rest, re-
specting the (cubic) symmetry of the lattice, was de-
veloped in Refs. [6, 7], and subsequently used in cal-
culations of the excited state Nucleon spectrum in
both quenched QCD[8], and with two dynamical quark
flavors[9]. In parallel, we studied Clover fermions on
anisotropic lattices[10, 11], with a finer temporal than
spatial resolution, enabling the hadron correlation func-
tions to be observed at short temporal distances and
hence many energy levels to be extracted. Crucial to
our determination of the spectrum has been the use of
the variational method [12–14] with a large number of in-
terpolating operators at both the source and the sink; we
developed and used the “distillation” method, enabling
the necessary correlation functions to be computed in an
e�cient manner. A recent calculation of the Nucleon, �
and ⌦ excited-state spectrum demonstrated the e�cacy
of the method[15].

In this paper, we expand the above program of
computations considerably, extending to baryons the
spin-identification techniques developed for mesons in
Refs. [16, 17]. We develop a new basis of interpolat-
ing operators with good total angular momentum, J , in
the continuum, which are then subduced to the various
lattice irreducible representations (irreps). We find that
the subduced operators retain a memory of their contin-
uum antecedents to a remarkable degree. For example,
hadron correlation functions between operators subduced
from di↵erent continuum spins J are suppressed relative
to those subduced from the same J , illustrating an ap-
proximate realization of rotational symmetry at the scale

ar
X

iv
:1

10
4.

51
52

v2
  [

he
p-

ph
]  

17
 N

ov
 2

01
1

Excited state baryon spectroscopy from lattice QCD

Robert G. Edwards,1, ⇤ Jozef J. Dudek,1, 2, † David G. Richards,1, ‡ and Stephen J. Wallace3, §

(for the Hadron Spectrum Collaboration)
1Je↵erson Laboratory, 12000 Je↵erson Avenue, Newport News, VA 23606, USA

2Department of Physics, Old Dominion University, Norfolk, VA 23529, USA
3Department of Physics, University of Maryland, College Park, MD 20742, USA

(Dated: June 6, 2011)

We present a calculation of the Nucleon and Delta excited state spectrum on dynamical anisotropic
clover lattices. A method for operator construction is introduced that allows for the reliable iden-
tification of the continuum spins of baryon states, overcoming the reduced symmetry of the cubic
lattice. Using this method, we are able to determine a spectrum of single-particle states for spins
up to and including J = 7

2

, of both parities, the first time this has been achieved in a lattice cal-
culation. We find a spectrum of states identifiable as admixtures of SU(6) ⌦ O(3) representations
and a counting of levels that is consistent with the non-relativistic qqq constituent quark model.
This dense spectrum is incompatible with quark-diquark model solutions to the “missing resonance
problem” and shows no signs of parity doubling of states.
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flavors[9]. In parallel, we studied Clover fermions on
anisotropic lattices[10, 11], with a finer temporal than
spatial resolution, enabling the hadron correlation func-
tions to be observed at short temporal distances and
hence many energy levels to be extracted. Crucial to
our determination of the spectrum has been the use of
the variational method [12–14] with a large number of in-
terpolating operators at both the source and the sink; we
developed and used the “distillation” method, enabling
the necessary correlation functions to be computed in an
e�cient manner. A recent calculation of the Nucleon, �
and ⌦ excited-state spectrum demonstrated the e�cacy
of the method[15].

In this paper, we expand the above program of
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spin-identification techniques developed for mesons in
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ing operators with good total angular momentum, J , in
the continuum, which are then subduced to the various
lattice irreducible representations (irreps). We find that
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uum antecedents to a remarkable degree. For example,
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from di↵erent continuum spins J are suppressed relative
to those subduced from the same J , illustrating an ap-
proximate realization of rotational symmetry at the scale

ar
X

iv
:1

10
4.

51
52

v2
  [

he
p-

ph
]  

17
 N

ov
 2

01
1

Excited state baryon spectroscopy from lattice QCD

Robert G. Edwards,1, ⇤ Jozef J. Dudek,1, 2, † David G. Richards,1, ‡ and Stephen J. Wallace3, §

(for the Hadron Spectrum Collaboration)
1Je↵erson Laboratory, 12000 Je↵erson Avenue, Newport News, VA 23606, USA

2Department of Physics, Old Dominion University, Norfolk, VA 23529, USA
3Department of Physics, University of Maryland, College Park, MD 20742, USA

(Dated: June 6, 2011)

We present a calculation of the Nucleon and Delta excited state spectrum on dynamical anisotropic
clover lattices. A method for operator construction is introduced that allows for the reliable iden-
tification of the continuum spins of baryon states, overcoming the reduced symmetry of the cubic
lattice. Using this method, we are able to determine a spectrum of single-particle states for spins
up to and including J = 7

2

, of both parities, the first time this has been achieved in a lattice cal-
culation. We find a spectrum of states identifiable as admixtures of SU(6) ⌦ O(3) representations
and a counting of levels that is consistent with the non-relativistic qqq constituent quark model.
This dense spectrum is incompatible with quark-diquark model solutions to the “missing resonance
problem” and shows no signs of parity doubling of states.

I. INTRODUCTION

Explaining the excitation spectrum of baryons is core
to our understanding of QCD in the low-energy regime,
and if we truly understand QCD in the strong-coupling
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QCD. The experimental investigation of the excited
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onic states predicted by the quark model based on three
constituent quarks but which have not yet been ob-
served experimentally; should such states not be found,
it may indicate that the baryon spectrum can be mod-
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magnetic production of one and two mesons at Je↵erson
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analyse these data, and thereby refine our knowledge of
the baryon spectrum, a variety of physics analysis models
have been developed at Bonn, George Washington Uni-
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complemented by high-quality ab initio computations
within lattice QCD. Historically, the calculation of the
masses of the lowest-lying states, for both baryons and
mesons, has been a benchmark calculation of this dis-
cretized, finite-volume computational approach, where
the aim is well-understood control over the various sys-
tematic errors that enter into a calculation; for a recent
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several groups presenting investigations of the low-lying
excited baryon spectrum, using a variety of discretiza-
tions, numbers of quark flavors, interpolating operators,
and fitting methodologies [2–5]. Some aspects of these
calculations remain unresolved and are the subject of in-
tense e↵ort, notably the ordering of the Roper resonance
in the low-lying Nucleon spectrum.

A basis of baryon operators for states at rest, re-
specting the (cubic) symmetry of the lattice, was de-
veloped in Refs. [6, 7], and subsequently used in cal-
culations of the excited state Nucleon spectrum in
both quenched QCD[8], and with two dynamical quark
flavors[9]. In parallel, we studied Clover fermions on
anisotropic lattices[10, 11], with a finer temporal than
spatial resolution, enabling the hadron correlation func-
tions to be observed at short temporal distances and
hence many energy levels to be extracted. Crucial to
our determination of the spectrum has been the use of
the variational method [12–14] with a large number of in-
terpolating operators at both the source and the sink; we
developed and used the “distillation” method, enabling
the necessary correlation functions to be computed in an
e�cient manner. A recent calculation of the Nucleon, �
and ⌦ excited-state spectrum demonstrated the e�cacy
of the method[15].

In this paper, we expand the above program of
computations considerably, extending to baryons the
spin-identification techniques developed for mesons in
Refs. [16, 17]. We develop a new basis of interpolat-
ing operators with good total angular momentum, J , in
the continuum, which are then subduced to the various
lattice irreducible representations (irreps). We find that
the subduced operators retain a memory of their contin-
uum antecedents to a remarkable degree. For example,
hadron correlation functions between operators subduced
from di↵erent continuum spins J are suppressed relative
to those subduced from the same J , illustrating an ap-
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Q
=0 and S
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Q
=0

                                  JPC=0-+,1-+, 2-+        for S
Q
=1

in the second case:    JPC=1+-                   for  S
Q
=0

                                  JPC=0++,1++, 2++       for S
Q
=1 

the hybrid with exotic quantum numbers 1-+ appear in this 
lowest multiplet
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Q
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=0
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=1 

the hybrid with exotic quantum numbers 1-+ appear in this 
lowest multiplet
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•  emerging	
  picture:	
  	
  
	
  	
  	
  	
  	
  	
  	
  quark	
  core	
  	
  	
  	
  	
  	
  	
  	
  plus	
  	
  	
  (meson	
  or	
  sea-­‐quark)	
  	
  cloud	
  

Quark core	

Meson	
  cloud	
  



UQM:	
  charmonium	
  spectrum	
  with	
  self-­‐energy	
  	
  	
  corr.	
  
Ferrej,	
  Galata'	
  and	
  Santopinto,	
  Phys.	
  Rev.	
  C	
  88,	
  015207	
  (2013)	
  

●    



 Interpreta,on	
  of	
  the	
  X(3872)	
  as	
  a	
  charmonium	
  state	
  plus	
  an	
  extra	
  
component	
  due	
  to	
  the	
  coupling	
  to	
  the	
  meson-­‐meson	
  con,nuum	
  	
  

Ferrej,Galatà,	
  Santopinto,	
  Phys.Rev.	
  C88	
  (2013)	
  1,	
  015207	
  	
  

●  UCQM results used to study the problem of the X(3872) 
mass, meson with JPC = 1++, 23P1 quantum numbers 

●  X(3872) very close to D bar-D* decay threshold 
●  Possible importance of continuum coupling effects? 
●  Several interpretations:       pure c bar-c   
●                                              D bar-D* molecule   
●                                               tetraquark  
●                                              c bar-c + continuum effects                                                   

Oneed to study strong and radiative decays to uderstand  
the situation 



	
  
Radia,ve	
  decays	
  
	
  
Ferre],Galatà,Santopinto,Phys.Rev.	
  D90	
  (2014)	
  5,	
  054010	
  	
  

[7]	
  Swanson:	
  molecular	
  	
  interpreta,on	
  
[9]	
  Oset:	
  molecular	
  interpreta,on	
  	
  
[59]-­‐[60]	
  Faessler	
  :	
  molecular	
  ;	
  	
  ccbar	
  +molecular	
  	
  	
  
	
  
The	
  Molecular	
  model	
  does	
  not	
  predict	
  	
  radia,ve	
  decays	
  into	
  Ψ(3770)	
  and	
  
Ψ2(13D2)-­‐à	
  Possible	
  way	
  to	
  dis,nguish	
  between	
  the	
  two	
  interpreta,ons	
  
	
  
	
  
	
  



Ferre],Galatà,Santopinto,Phys.Rev.	
  D90	
  (2014)	
  5,	
  054010	
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●  Prompt production from CDF collaboration in high-
energy hadron collisions incompatible with a 
molecular interpretation 

●  meson-meson molecule: large (a few fm) and fragile 

●  See: Bignamini et al., Phys. Rev. Lett. 103, 162001 
(2009); Bauer, Int. J. Mod. Phys. A 20, 3765 (2005) 



Booomonium	
  	
  Strong	
  Decays	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Ferrej,	
  Santopinto,	
  Phys.Rev.	
  D90	
  	
  094022	
  (2014)	
   	
  arXiv:	
  

1306.2874	
  
●  Two-body strong decays. Results: 
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  Phys.Rev.	
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  (2014)	
  

●  Results: 



	
  	
  	
  	
  	
  	
  Booomonium	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Ferrej,	
  Santopinto,	
  Phys.Rev.	
  D90	
  (2014)	
  9,	
  094022	
   	
  :	
  

1306.2874	
  

●  Results: 



Couple	
  Channels	
  correcNons	
  to	
  Booomonium	
  ,	
  
the	
  	
  χb(3P)	
  system	
  

Ferrej,	
  Santopinto,	
  Phys.Rev.	
  D90	
  (2014)	
  9,	
  094022	
   	
  :	
  1306.2874	
  

●  Results used to study some properties of the χb(3P) 
system, meson multiplet with N=3, L=1 quantum 
numbers 

●  χb(3P) states close to first open bottom decay 
thresholds 

●  Possible importance of continuum coupling effects? 

●  Pure c bar-c  and c bar-c + continuum effects 
interpretations 

●  Necessary to study decays (strong, e.m., hadronic, ...) 
to confirm one interpretation 

●         



Couple	
  Channels	
  correcNons	
  to	
  Booomonium	
  ,	
  
the	
  	
  χb(3P)	
  system	
  

Ferrej,	
  SantopinNo,	
  Phys.Rev.	
  D90	
  (2014)	
  9,	
  094022	
  	
  	
  

●  Some experimental results for the mass barycenter of 
the system: 

●  M[χb(3P)] = 10.530 ± 0.005 (stat.) ± 0.009 (syst.) GeV 

●  Aad et al. [ATLAS Coll.], Phys. Rev. Lett. 108, 152001 (2012) 

●  M[χb(3P)] = 10.551 ± 0.014 (stat.) ± 0.017 (syst.) GeV 

●  Abazov et al. [D0 Coll.], Phys. Rev. D 86, 031103 (2012)         

 



5

Meson Mass [MeV] JPC BB̄ BB̄∗ B∗B̄∗ B
s

B̄
s

B
s

B̄∗
s

B∗
s

B̄∗
s

B̄B∗ B̄
s

B∗
s

Υ(10580) or Υ(43S1) 10.595 1−− 21 – – – – –
10579.4± 1.2†

χ
b2(2

3F2) 10585 2++ 34 – – – – –
Υ(33D1) 10661 1−− 23 4 15 – – –
Υ2(3

3D2) 10667 2−− – 37 30 – – –
Υ2(3

1D2) 10668 2−+ – 55 57 – – –
Υ3(3

3D3) 10673 3−− 15 56 113 – – –
χ

b0(4
3P0) 10726 0++ 26 – 24 – – –

Υ3(2
3G3) 10727 3−− 3 43 39 – – –

χ
b1(4

3P1) 10740 1++ – 20 1 – – –
h

b

(41P1) 10744 1+− – 33 5 – – –
χ

b2(4
3P2) 10751 2++ 10 28 5 1 – –

χ
b2(3

3F2) 10800 2++ 5 26 53 2 2 –
Υ3(3

1F3) 10803 3+− – 28 46 – 3 –
Υ(10860) or Υ(53S1) 10876± 11† 1−− 1 21 45 0 3 1

Υ2(4
3D2) 10876 2−− – 28 36 – 4 4

Υ2(4
1D2) 10877 2−+ – 22 37 – 4 3

Υ3(4
3D3) 10881 3−− 1 4 49 0 1 2

Υ3(3
3G3) 10926 3−− 7 0 13 2 0 5

Υ(11020) or Υ(63S1) 11019± 8† 1−− 0 8 26 0 0 2

TABLE IV: Strong decay widths (in MeV) in heavy meson pairs for higher bottomonium states. Column 2 gives the values
of the masses of the decaying bb̄ states: when available, we use the experimental values from PDG [79] (†), otherwise the
theoretical predictions of the relativized QM [5], whose mass formula we have re-fitted to the most recent experimental data
(parameters as from Table II). Columns 3-8 show the decay width contributions from various channels BC, such as BB̄, BB̄∗

and so on. The values of the 3P0 model parameters, fitted to experimental data for the strong decay widths of bb̄ resonances
(see App. B), are given in Table I. The symbol – in the table means that a certain decay is forbidden by selection rules or that
the decay cannot take place because it is below the threshold.

State Γtheor (3P0) [MeV] Γexp [MeV]

Υ(43S1) 21 20.5± 2.5
Υ(10860) 71 42+29

−24

TABLE V: Our results for the open bottom strong decay
widths of Table IV are compared to the existing experimental
data [79].

We observe that to get results for the masses of the
higher lying bb̄ resonances, we used the relativized QM
of Ref. [5], whose mass formula we have re-fitted to the
most recent experimental data (see Table II). Something
similar was done in Ref. [81] for charmonia. This re-
fit was necessary to compute the strong decays, which
require precise values for the masses of the decaying
mesons, also for the higher lying states. In fact, God-
frey and Isgur’s 85s original results [5] show a deviation
from the most recent experimental data of the order of 50
MeV in the case of 4S states. Godfrey and Isgur’s predic-

tion for Υ(4S)’s mass (10.63 GeV [5]) is approximately
50 MeV higher than the corresponding experimental data
(10579.4 ± 1.2 MeV [79]) and, moreover, their theoreti-
cal prediction for η

b

(4S)’s mass (10.62 GeV) is 40 MeV
higher than Υ(4S)’s observed mass, while on the con-
trary an η

b

(4S) state should be lower in energy. The
value of η

b

(4S)’s mass, absent in the original paper of
1985 [5], was extracted by running a numerical program
that calculates Godfrey and Isgur model’s spectrum with
the original value of the parameters as reported in Ref.
[5]. The 4S resonences are important, being the lowest
energy bb̄ states decaying into two open-bottom mesons.
Since we are interested in calculating observables (the
strong decay widths) that have a strong dependence on
the masses of the mesons involved in the calculation, we
thought that it was important to update 1985 Godfrey
and Isgur’s results in the bb̄ sector. At that time, many
bb̄ states were still unobserved. Moreover, since Godfrey
and Isgur’s results differ from the experimental data in
the 4S case, we thought that this maybe could also be
the case of other higher excitations, such as 4P . Thus in
our fit, we preferred to get a better reproduction of the
higher excitations instead of the low-lying ones, because
the latter were useless in computing the decays.

5

Meson Mass [MeV] JPC BB̄ BB̄∗ B∗B̄∗ B
s

B̄
s

B
s

B̄∗
s

B∗
s

B̄∗
s

B̄B∗ B̄
s

B∗
s

Υ(10580) or Υ(43S1) 10.595 1−− 21 – – – – –
10579.4± 1.2†

χ
b2(2

3F2) 10585 2++ 34 – – – – –
Υ(33D1) 10661 1−− 23 4 15 – – –
Υ2(3

3D2) 10667 2−− – 37 30 – – –
Υ2(3

1D2) 10668 2−+ – 55 57 – – –
Υ3(3

3D3) 10673 3−− 15 56 113 – – –
χ

b0(4
3P0) 10726 0++ 26 – 24 – – –

Υ3(2
3G3) 10727 3−− 3 43 39 – – –

χ
b1(4

3P1) 10740 1++ – 20 1 – – –
h

b

(41P1) 10744 1+− – 33 5 – – –
χ

b2(4
3P2) 10751 2++ 10 28 5 1 – –

χ
b2(3

3F2) 10800 2++ 5 26 53 2 2 –
Υ3(3

1F3) 10803 3+− – 28 46 – 3 –
Υ(10860) or Υ(53S1) 10876± 11† 1−− 1 21 45 0 3 1

Υ2(4
3D2) 10876 2−− – 28 36 – 4 4

Υ2(4
1D2) 10877 2−+ – 22 37 – 4 3

Υ3(4
3D3) 10881 3−− 1 4 49 0 1 2

Υ3(3
3G3) 10926 3−− 7 0 13 2 0 5

Υ(11020) or Υ(63S1) 11019± 8† 1−− 0 8 26 0 0 2

TABLE IV: Strong decay widths (in MeV) in heavy meson pairs for higher bottomonium states. Column 2 gives the values
of the masses of the decaying bb̄ states: when available, we use the experimental values from PDG [79] (†), otherwise the
theoretical predictions of the relativized QM [5], whose mass formula we have re-fitted to the most recent experimental data
(parameters as from Table II). Columns 3-8 show the decay width contributions from various channels BC, such as BB̄, BB̄∗

and so on. The values of the 3P0 model parameters, fitted to experimental data for the strong decay widths of bb̄ resonances
(see App. B), are given in Table I. The symbol – in the table means that a certain decay is forbidden by selection rules or that
the decay cannot take place because it is below the threshold.

State Γtheor (3P0) [MeV] Γexp [MeV]

Υ(43S1) 21 20.5± 2.5
Υ(10860) 71 42+29

−24

TABLE V: Our results for the open bottom strong decay
widths of Table IV are compared to the existing experimental
data [79].

We observe that to get results for the masses of the
higher lying bb̄ resonances, we used the relativized QM
of Ref. [5], whose mass formula we have re-fitted to the
most recent experimental data (see Table II). Something
similar was done in Ref. [81] for charmonia. This re-
fit was necessary to compute the strong decays, which
require precise values for the masses of the decaying
mesons, also for the higher lying states. In fact, God-
frey and Isgur’s 85s original results [5] show a deviation
from the most recent experimental data of the order of 50
MeV in the case of 4S states. Godfrey and Isgur’s predic-

tion for Υ(4S)’s mass (10.63 GeV [5]) is approximately
50 MeV higher than the corresponding experimental data
(10579.4 ± 1.2 MeV [79]) and, moreover, their theoreti-
cal prediction for η

b

(4S)’s mass (10.62 GeV) is 40 MeV
higher than Υ(4S)’s observed mass, while on the con-
trary an η

b

(4S) state should be lower in energy. The
value of η

b

(4S)’s mass, absent in the original paper of
1985 [5], was extracted by running a numerical program
that calculates Godfrey and Isgur model’s spectrum with
the original value of the parameters as reported in Ref.
[5]. The 4S resonences are important, being the lowest
energy bb̄ states decaying into two open-bottom mesons.
Since we are interested in calculating observables (the
strong decay widths) that have a strong dependence on
the masses of the mesons involved in the calculation, we
thought that it was important to update 1985 Godfrey
and Isgur’s results in the bb̄ sector. At that time, many
bb̄ states were still unobserved. Moreover, since Godfrey
and Isgur’s results differ from the experimental data in
the 4S case, we thought that this maybe could also be
the case of other higher excitations, such as 4P . Thus in
our fit, we preferred to get a better reproduction of the
higher excitations instead of the low-lying ones, because
the latter were useless in computing the decays.
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3

State JP Mass [MeV] D⇡ D⇤⇡ D⇢ D⇤⇢ D⌘ D⇤⌘ D! D⇤! D
s

K D⇤
s

K D
s

K⇤ D⇤
s

K⇤

D1(1
3S1) 1� 2038 0 – – – – – – – – – – –

2009†

D⇤
0(2400) or D0(1

3P0) 0+ 2398 66 – – – – – – – – – – –
2318± 29†

D⇤
2(2460) or D(13P2) 2+ 2501 6 2 – – 0 – – – – – – –

2463†

D0(2550) or D(21S0) 0� 2582 – 42 – – – – – – – – – –
2539.4± 4.5± 6.8†

D1(2
3S1) 1� 2645 18 36 0 – 6 5 – – 4 1 – –

D1(1
3D1) 1� 2816 20 13 13 1 10 5 4 0 6 2 – –

D3(1
3D3) 3� 2833 11 8 1 15 2 1 0 4 1 0 – –

D0(2
3P0) 0+ 2931 18 – – 38 2 – – 12 0 – – –

D2(2
3P2) 2+ 2957 13 23 22 45 6 7 7 16 4 4 1 –

D0(3
1S0) 0� 3067 – 1 4 38 – 1 1 13 – 3 8 8

D1(3
3S1) 1� 3111 3 2 1 31 0 0 0 11 0 1 5 15

D4(1
3F4) 4+ 3113 11 8 4 36 2 1 1 12 1 0 0 1

D2(1
3F2) 2+ 3132 10 9 11 12 5 3 4 4 2 2 1 0

D3(2
3D3) 3� 3226 8 14 16 21 4 5 5 7 3 3 2 9

D1(2
3D1) 1� 3231 7 2 0 51 1 0 0 17 0 0 1 4

D0(3
3P0) 0+ 3343 1 – – 13 0 – – 4 1 – – 11

D2(3
3P2) 2+ 3352 2 1 0 13 0 0 0 5 0 1 1 6

D3(1
3G3) 3� 3398 5 2 7 15 2 2 2 5 1 1 1 1

D0(4
1S0) 0� 3465 – 1 4 11 – 1 1 4 – 1 1 0

D4(2
3F4) 4+ 3466 5 8 10 12 2 3 3 4 2 2 2 4

D2(2
3F2) 2+ 3490 3 1 0 38 1 0 0 12 0 0 0 5

D3(3
3D3) 3� 3578 2 1 0 6 0 0 0 2 0 0 1 2

D0(4
3P0) 0+ 3709 0 – – 9 0 – – 3 0 – – 1

D3(2
3G3) 3� 3721 2 1 0 24 0 0 0 8 0 0 0 3

D4(3
3F4) 4+ 3788 1 1 0 3 0 0 0 1 0 0 0 1

D4(4
3F4) 4+ 4085 0 0 0 2 0 0 0 1 0 0 0 0

TABLE III: Open-flavor strong decay widths (in MeV) for D states. Column 3 gives the values of the masses of the decaying
mesons: when available, we use the experimental values from the PDG (†)[10]; otherwise, we consider the predictions of the
relativized QM for mesons [25], described in Sec. II B. Columns 4-19 show the decay width contributions (in MeV) from various
channels, such as D⇡, D⇤⇡, and so on. The values of the model parameters are given in table X. The symbol – in the table
means that a certain decay is forbidden by selection rules or that the decay cannot take place because it is below the threshold.

on the renormalized running coupling constant of QCD,
↵
s

(r) (for more details, see Ref. [25]); moreover one has:

hqq̄| ~F1 · ~F2 |qq̄i = �4

3
. (7)

The hyperfine interaction is written as [25]

Vhyp = � ↵s(r)
m1m2

h
8⇡
3
~S1 · ~S2 �3(~r)

+ 1
r

3

⇣
3 ~

S1·~r ~

S2·~r
r

2 � ~S1 · ~S2

⌘i
~F
i

· ~F
j

.
(8)

The spin-orbit potential [25],

Vso = Vso,cm + Vso,tp , (9)

is the sum of two contributions, where

Vso,cm = �↵s(r)
r

3

⇣
1
mi

+ 1
mj

⌘

⇣
~

Si
mi

+
~

Sj

mj

⌘
· ~L ~F

i

· ~F
j

(10a)

is the color-magnetic term and

Vso,tp = � 1

2r

@Hconf

ij

@r

 
~S
i

m2
i

+
~S
j

m2
j

!
· ~L (10b)

is the Thomas-precession one.

The spectrum of open-charm and open-bottom states,
obtained by solving the eigenvalue problem of Eq. (5)
with the values of the model paramaters of Table II, is
reported in Tables III-IX, third column. See also the re-
sults of Ref. [54], where the author computed the spec-
trum of B

c

mesons within the relativized QM [25] up to
an energy of 7.5 GeV.



•  Unquenching  of  hadron  models:  we  have  constructed  the 
formalism  in  an  explicit  way,  also  thanks  to  group  th. 
tecniques. 	
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