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Open Quantum Systems

The common way to treat an Open Quantum System S

We consider the system S +
environment F as a closed system

We average on the degrees of freedom
of the environment

We look on the dynamics
of the system S alone

— We obtain the reduced dynamics of
the system S

S+E - Universe

E - environment

O

S - system
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Brownian Motion

The Brownian Motion is considered as
the paradigm of an open system in the
classical and in the quantum case.

Modeled as a boson immersed in a gas
of particles at thermal equilibrium

Discovered by Brown (1828) as the
motion of pollen on the water surface

Its random motion is due to the
interaction with the water molecules
Einstein (1905) and Langevin (1908)
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Classical Brownian Motion

The classical effective description is given by the well known
Langevin equation

Mi(t) + 0,V (x) + ni(t) = F(t)

The acceleration depends on the external potential, viscous
Stokes term and the stochastic force F'(¢) is governed by

(F()) = 0
(F()F(s)) = 29K pT8(t — s)
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Classical Brownian Motion

To obtain the Langevin equation from an Hamiltonian
approach we can consider the Ullersma Hamiltonian (1966)

2
T Sy

Its quantized version is the Hamiltonian considered in the well
known Caldeira and Leggett article (1983)
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L Interaction

Model for the interaction

The interaction Hamiltonian contains the coupling constants
Cy
Hi=2) CpRy
k

In order to characterize the interaction we introduce the
spectral density J(w)

J(w) = Z 2szk5(w — W)
k

J(w) describes how strong is the coupling constant C}, respect
to the correspondent environment frequency wy
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Spectral Density
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Caldeira-Leggett model
Caldeira and Leggett (1983) choose a
pure ohmic spectral density
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Caldeira-Leggett model
Caldeira and Leggett (1983) choose a

pure ohmic spectral density

2M
_2"7 0

™

J(w) = (2 —w)

They obtain the Quantum Langevin

equation in limit of 2 — +o00
. . B(t
z(t) + whi(t) + 2va(t) = %

where B(t) is described by
(B(t)) and (B(t)B(s))
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Caldeira-Leggett master equation

For this spectral density (£2 — +00) we have
(B(t)) =0
(B(t)B(s)) diverges!

The high temperature limit 8 — 0 removes the divergence
and it results the Caldeira-Leggett master equation (1983)

dps(t) i i) 2M~

o = o, ps(0) = T [0, (p (O} = S (8.6, (0)]

However this master equation is NOT POSITIVE.

11/26



Quantum Brownian Motion Reconsidered
I—Quantum Brownian Motion
LCaldeira—Leggeht Model

Caldeira-Leggett master equation

For this spectral density (2 — +00) we have
(B(t)) =0
(B(t)B(s)) diverges!

The high temperature limit 8 — 0 removes the divergence

11/26



Quantum Brownian Motion Reconsidered
LQuantum Brownian Motion

L Caldeira-Leggett Model

Caldeira-Leggett master equation

For this spectral density (2 — +00) we have

(B(1)) =0
(B(t)B(s)) diverges!

The high temperature limit 8 — 0 removes the divergence
and it results the Caldeira-Leggett master equation (1983)
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Caldeira-Leggett master equation
For this spectral density (2 — +00) we have
(B(t)) =0
(B(t)B(s)) diverges!

The high temperature limit 8 — 0 removes the divergence

and it results the Caldeira-Leggett master equation (1983)

dﬁ;t(t) _ _%[ﬂo,ﬁs(t)] - % [, {p, ps(t)}] — 2;?24—;

However this master equation is NOT POSITIVE.

(2, [, ps(t)]]

11/26



Quantum Brownian Motion Reconsidered
I—Quantum Brownian Motion
LHu-Paz—Zhang Model

Hu-Paz-Zhang master equation

Hu, Paz and Zhang (1992) provide instead a well defined
master equation for any physical spectral density J(w).
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Hu-Paz-Zhang master equation

Hu, Paz and Zhang (1992) provide instead a well defined
master equation for any physical spectral density J(w).

The Hu-Paz-Zhang master equation is

ﬁgﬂz—%J%ﬁ@ﬁdﬂ—%memgm@@H.

_ % (&, {p, s ()} — KB(#) [[ps(8), ] , )

It is a time dependent, exact, analytic and general solution.
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The von Neumann representation of the operators
Os = [ ddp OO s\ p)

We describe the operator Og in terms of a kernel O()\, ;1) and
the structure of the albegra Y g(\, 1) =exp(i\Z + iup)

The dynamical map ®; acts only on xg

@, [05] = / dAdp OO\ )P [Xs (M, )]
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Heisenberg picture
We consider the evolution of xg(t) obtained as

xs(t) =T [ (U] st
The time derivative is

(]i's(f)ilj o N .
a h H(./,/(f)-,\b(f)} ;
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We consider the evolution of xg(t) obtained as
ws(t) =P [ (Ul sth) |
The time derivative is

RO _ 10, 35(0)] — L Eun(0) [k (0). 23] +

dt h
Therefore we have the

dxs(t)
dt

= Lt [Xs(t)]
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Heisenberg picture

The evolution of the characteristic operator xs(t) is described
by

dxs(t)
dt

= Lt [Xs(t)]

L; is a linear functional of Z, p e xs(t), independent from A e p

Therefore by linearity we obtain the adjoint master equation

dOs(t)
dt

_ / dXdp O\, p)La[xs(t)] = L {OS (ﬂ}
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From the adjoint master equation we want to obtain the
master equation for the states:

dOs(t)
dt

dps(t)
dt

=1L, [Os(t)} — =L} [ps(t)]

We were able to obtain explicitly the form of L; directly from

Li=® 'ol,o®
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and beyond (numerical verification)

We provide a simpler form of the coefficients of master
equation.

For some examples we have an explicit form of the master
equation.
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Example
For the Drude-Lorentz spectral density
200y
T w2+ Q2

J( o) [fs]

|
FLN intensity [a.u.]

600

20 /26



Quantum Brownian Motion Reconsidered
|—Heisenberg picture
LResults

Energy of the system

Energy E(t)=p(t)/2M + Mwg?/2 x2(t)
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Diffusion of the system

Diffusion in position D(t)=<x?(t)>-<x(t)>2

Asymptotic value for =1 0
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Diffusion of the system

Diffusion in position D2(t)=<x?(t)>-<x(t)>>
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Decoherence function
Decoherence function F9C(t)
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