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The	
  rapid	
  increase	
  of	
  the	
  parton	
  flux	
  at	
  small	
  x	
  causes	
  a	
  drama/c	
  increase	
  of	
  all	
  cross	
  
sec/ons	
  with	
  large	
  momentum	
  transfer	
  in	
  pp	
  collisions	
  at	
  the	
  LHC.	
  	
  
In	
  the	
  case	
  of	
  produc/on	
  of	
  jets,	
  the	
  inclusive	
  cross	
  sec/on	
  may	
  exceed	
  the	
  value	
  of	
  
the	
  total	
  inelas/c	
  cross	
  sec/on:	
  

	
  A	
  unitarity	
  problem	
  at	
  small	
  x	
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The	
  unitarity	
  problem	
  is	
  solved	
  by	
  introducinf	
  the	
  Mul3ple	
  Parton	
  Interac3ons	
  (MPI)	
  
For	
  a	
  given	
  the	
  final	
  state,	
  MPI	
  are	
  the	
  processes	
  which	
  maximize	
  the	
  incoming	
  parton	
  flux	
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Unitarity	
  is	
  restored	
  because	
  the	
  inclusive	
  cross	
  sec3on	
  counts	
  the	
  mul3plicity	
  of	
  
interac3ons.	
  In	
  this	
  way,	
  when	
  the	
  average	
  mul3plicity	
  of	
  interac/ons	
  is	
  large,	
  the	
  
inclusive	
  cross	
  sec/on	
  is	
  no	
  more	
  bounded	
  by	
  the	
  value	
  of	
  the	
  total	
  inelas/c	
  cross	
  
sec/on.	
  

Mul3ple	
  Parton	
  Interac3ons	
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The	
  simplest	
  case	
  of	
  MPI	
  is	
  the	
  Double	
  Parton	
  Interac3on	
  (DPI).	
  	
  
	
  
One	
  should	
  keep	
  into	
  account	
  that:	
  
	
  
a)	
  Given	
  the	
  large	
  momentum	
  transfer,	
  hard	
  interac/ons	
  are	
  localized	
  in	
  a	
  space	
  region	
  much	
  smaller	
  
as	
  compared	
  to	
  the	
  hadron	
  size.	
  
b)	
  One	
  should	
  look	
  at	
  the	
  processes	
  which	
  maximize	
  the	
  incoming	
  parton	
  flux	
  	
  
	
  
The	
  hard	
  component	
  of	
  the	
  interac3on	
  is	
  thus	
  disconnected	
  and,	
  in	
  the	
  case	
  of	
  the	
  DPI,	
  one	
  obtains	
  
the	
  geometrical	
  picture	
  here	
  below.	
  	
  
	
  
No/ce	
  that	
  the	
  non-­‐perturba/ve	
  components	
  are	
  factorized	
  into	
  func/ons	
  which	
  depend	
  on	
  two	
  
frac/onal	
  momenta	
  and	
  on	
  the	
  rela3ve	
  transverse	
  distance	
  b	
  between	
  the	
  two	
  interac3on	
  points.	
  

b

x1	
   x1’	
  

x2	
   x2’	
  

b
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The	
  non-­‐perturba/ve	
  input	
  to	
  DPI,	
  namely	
  	
  
the	
  double	
  parton	
  distribu/on	
  func/ons,	
  contain	
  
therefore	
  informa*on	
  on	
  the	
  	
  
hadron	
  structure	
  which	
  is	
  not	
  accessible	
  	
  
in	
  a	
  single	
  sca4ering	
  large	
  pt	
  processes	
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When	
  neglec/ng	
  spin	
  and	
  color,	
  the	
  inclusive	
  double	
  parton-­‐sca^ering	
  cross-­‐sec/on,	
  for	
  two	
  
parton	
  processes	
  A	
  and	
  B	
  in	
  a	
  pp	
  collision,	
  is	
  given	
  by	
  

One	
  may	
  thus	
  introduce	
  the	
  “effec/ve	
  cross	
  sec/on”	
  and	
  express	
  	
  
σ	
  D	
  with	
  the	
  “pocket	
  formula”,	
  u/lized	
  in	
  the	
  experimental	
  
analysis:	
  
	
  
Of	
  course	
  the	
  “pocket	
  formula”	
  makes	
  sense	
  only	
  if,	
  when	
  
comparing	
  with	
  experiment,	
  σ eff	
  	
  turns	
  out	
  to	
  be	
  weakly	
  
dependent	
  on	
  kinema/cs	
  

where	
  m	
  is	
  a	
  symmetry	
  factor	
  (m=1	
  when	
  A=B	
  and	
  m=2	
  when	
  A	
  is	
  different	
  from	
  B)	
  
	
  
No/ce	
  that	
  all	
  dependence	
  of	
  σ	
  D	
  on	
  the	
  final	
  parton’s	
  transverse	
  momenta	
  is	
  very	
  well	
  characterized	
  	
  
and	
  very	
  strong,	
  actually	
  the	
  square	
  of	
  the	
  dependence	
  of	
  a	
  single	
  hard	
  sca^ering	
  cross	
  sec/on,	
  which	
  	
  
represents	
  a	
  rather	
  non	
  trivial	
  experimental	
  test	
  of	
  the	
  MPI	
  interac/on	
  dynamics.	
  

2

2⇥D = (8)

Neglecting all correlations in the multi-parton distributions, the inclusive cross section for a
double parton scattering ⇥D is analogously expressed by

⇥D =
1

2!

⌃

pct

G(x1)f(b1)⇥̂(x1, x
⇥
1)G(x⇥1)f(b1 � �)d2b1dx1dx

⇥
1 ⇥

⇥G(x2)f(b2)⇥̂(x2, x
⇥
2)G(x⇥2)f(b2 � �)d2b2dx2dx

⇥
2d

2�

=

⌃
1

2!

⇤⌃

pct

G(x)f(b)⇥̂(x, x⇥)G(x⇥)f(b� �)d2bdxdx⇥
⌅2

d2� (9)

which allows an analogous geometrical interpretation. The expression may be readily generalized
to the case of the inclusive cross section for N -parton scatterings ⇥N :

⇥N =

⌃
1

N !

⇤⌃

pct

G(x)f(b)⇥̂(x, x⇥)G(x⇥)f(b� �)d2bdxdx⇥
⌅N

d2� (10)

The cross sections are divergent for pct ⌅ 0. The unitarity problem is solved by normalizing
the integrand which, being dimensionless, may be understood as the probability to have a Nth
parton collision process in a inelastic event. One may hence introduce PN (�), the probability of
having N parton collisions in a hadronic interaction at impact parameter �:

PN (�) ⇤
�
⇥SF (�)

⇥N

N !
e�⇥SF (�),

⌃

pct

G(x)f(b)⇥̂(x, x⇥)G(x⇥)f(b� �)d2bdxdx⇥ ⇤ ⇥SF (�) (11)

PN (b) =
⇧N(b)⌃N

N !
e�⌅N(b)⇧

⇥hard =
⇤⇧

N=1

⌃
d2b

⇧N(b)⌃N

N !
e�⌅N(b)⇧ =

⌃
d2b

⌥
1� e�⌅N(b)⇧

�

⇥incl =

⌃
d2b⇧N(b)⌃ ⇤

⌃
GA(x)⇥̂(xx

⇥)GB(x
⇥)dxdx⇥ (12)

⇥D
(AB) =

m

2

⇥A⇥B
⇥eff

(13)

By summing all probabilities one obtains the hard cross section ⇥hard, namely the contribution
to the inelastic cross section due to all events with at least one parton collision with momentum
transfer greater than the cuto� pct :

⇥hard =
⇤⇧

N=1

⌃
PN (�)d2� =

⇤⇧

N=1

⌃
d2�

�
⇥SF (�)

⇥N

N !
e�⇥SF (�) =

⌃
d2�

⌥
1� e�⇥SF (�)

�
(14)
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Comparing	
  the	
  “pocket	
  formula”	
  with	
  data	
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Distribu/ons	
  of	
  x	
  are	
  plo^ed	
  in	
  Figs.	
  20(a)	
  and	
  20(b),	
  along	
  with	
  a	
  predic/on	
  obtained	
  by	
  
applying	
  the	
  DS	
  <	
  1.2	
  selec/on	
  to	
  the	
  admixture	
  90%	
  MIXDP+10%	
  PYTHIA.	
  	
  
No	
  systema/c	
  devia/on	
  of	
  the	
  DP	
  rate	
  vs	
  x,	
  and	
  thus	
  no	
  x	
  dependence	
  to	
  σeff,	
  is	
  
apparent	
  over	
  the	
  x	
  range	
  accessible	
  to	
  this	
  analysis	
  (0.01	
  –	
  0.40	
  for	
  the	
  photon+jet	
  
sca^ering,	
  0.002–0.20	
  for	
  the	
  dijet	
  sca^ering).	
  

F.	
  Abe	
  et	
  al.	
  [CDF	
  Collabora/on],	
  Phys.	
  Rev.	
  D	
  56,	
  3811(1997).	
  

Dependence	
  of	
  σeff on	
  x	
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  Treleani,	
  Univ.	
  of	
  Trieste	
  and	
  INFN	
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12

TABLE V: Systematic (δsyst), statistic (δstat) and total δtotal uncertainties (in %) for σeff in the three pjet2T bins.

pjet2T Systematic uncertainty sources δsyst δstat δtotal
(GeV) fDP fDI εDP/εDI JES Rcσhard (%) (%) (%)
15 – 20 7.9 17.1 5.6 5.5 2.0 20.5 3.1 20.7
20 – 25 6.0 20.9 6.2 2.0 2.0 22.8 2.5 22.9
25 – 30 10.9 29.4 6.5 3.0 2.0 32.2 2.7 32.3

The measured σeff values in the different pjet2T bins
agree with each other within their uncertainties, how-
ever a slow decrease with pjet2T can not be excluded. The

σeff value averaged over the three pjet2T bins is

σave
eff = 16.4± 0.3(stat)± 2.3(syst) mb. (16)

 (GeV)jet2
T

p
15 20 25 30

 (m
b)

ef
f

σ
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20

25
-1 = 1.0 fb

int
DØ, L

FIG. 11: Effective cross section σeff (mb) measured in the
three pjet2T intervals.

B. Models of parton spatial density

In this section we study the limits that can be obtained
on the parameters of three phenomenological models of
parton spatial density using the measured effective cross
section (16). In the discussion below we follow a sim-
ple classical approach. For a given parton spatial density
inside the proton or antiproton ρ(r), one can define a
(time-integrated) overlap O(β) between the parton dis-
tributions of the colliding nucleons as a function of the
impact parameter β [10]. The larger the overlap (i.e.
smaller β), the more probable it is to have at least one
parton interaction in the colliding nucleons. The single
hard scattering cross sections (for example, γ+jets or di-
jet production) should be proportional to O(β) and the
cross section for the double parton scattering is propor-
tional to the squared overlap, both integrated over all
impact parameters β [28, 36]:

σeff =
[
∫

∞

0
O(β) 2πβ dβ]2

∫

∞

0
O(β)2 2πβ dβ

. (17)

First, we consider the “solid sphere” model with a con-
stant density inside the proton radius rp. In this model,
the total hard scattering cross section can be written

as σhard = 4πr2p and σeff = σhard/f . Here f is the
geometrical enhancement factor of the DP cross sec-
tion. It is obtained by solving Eq. (17) for two overlap-
ping spheres with a boundary conditions that the par-
ton density ρ(r) = constant for r ≤ rp and ρ(r) = 0
for r > rp and found to be f = 2.19. The role of
the enhancement factor can be seen better if we rewrite
Eq. (1) as σDP = fσAσB/σhard. The harder the single-
parton interaction is the more it is biased towards the
central hadron-hadron collision with a small impact pa-
rameter, where we have a larger overlap of parton den-
sities and, consequently, higher probability for a sec-
ond parton interaction [5]. Using the measured σeff ,
for the solid sphere model we extract the proton ra-
dius rp = 0.53 ± 0.06 fm and proton rms-radius Rrms =
0.41 ± 0.05 fm. The latter is obtained from averaging
r2 as R2

rms ≡
∫

∞

0
r24πr2ρ(r)dr = 4π

∫

∞

0
ρ(r)r4dr [37].

The results are summarized in the line “Solid Sphere”
of Table VI. The Gaussian model with ρ(r) ∝ e−r2/2a2

and exponential model with ρ(r) ∝ e−r/b have been also
tested. The relationships between the scale parameter
(rp, a or b) and rms-radius for all the models are given in
Table VI. The relationships between the effective cross
section σeff and parameters of the Gaussian and expo-
nential models are taken from [38], neglecting the terms
that represent correlations in the transverse space. The
scale parameters and rms-radii for both models are also
given in Table VI. In spite of differences in the models,
the proton rms-radii are in good agreement with each
other, with average values varied as 0.41− 0.47 and with
about 12% uncertainty. On the other hand, having ob-
tained rms-radius from other sources (for example, [39])
and using the measured σeff , the size of the transverse
correlations [38] can be estimated.

IX. SUMMARY

We have analyzed a sample of γ + 3 jets events col-
lected by the D0 experiment with an integrated lumi-
nosity of about 1 fb−1 and determined the fraction of
events with hard double parton scattering occurring in
a single pp̄ collision at

√
s = 1.96 TeV. These fractions

are measured in three intervals of the second (ordered
in pT ) jet transverse momentum pjet2T and vary from

0.466± 0.041 at 15 ≤ pjet2T ≤ 20 GeV to 0.235± 0.027 at

25 ≤ pjet2T ≤ 30 GeV.

In the same three pjet2T intervals, we calculate an ef-

D0	
  Collabora/on,	
  Phys.Rev.	
  D81	
  (2010)	
  052012	
  

Dependence	
  of	
  σeff	
  on	
  Q2
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When σA is	
  small	
  the	
  ra/o	
  σA/σinel is	
  the	
  probability	
  of	
  having	
  the	
  process	
  A	
  in	
  a	
  
inelas/c	
  collision.	
  	
  By	
  wri/ng	
  (for	
  A	
  different	
  from	
  B) σ D(AB)=σ A σ B/σ eff ,	
  the	
  
effec/ve	
  cross	
  sec/on	
  thus	
  plays	
  the	
  role	
  of	
  the	
  inelas/c	
  cross	
  sec/on	
  in	
  a	
  biased	
  
case.	
  
	
  
Within	
  s/ll	
  large	
  experimental	
  errors,	
  the	
  observed	
  values	
  of	
  the	
  effec/ve	
  cross	
  
sec/on	
  are	
  approximately	
  constant	
  (~	
  15	
  mb)	
  and	
  do	
  not	
  seem	
  to	
  depend	
  on	
  	
  
	
  
-­‐  the	
  C.M.	
  energy	
  (Fermilab,	
  LHC)	
  
	
  
-­‐  the	
  reac/on	
  channel (4j, γ3j, γγ2j, γb(c)2j, Wjj)	
  

-­‐  the	
  values	
  of	
  x	
  and Q2	
  

There	
  is	
  on	
  the	
  contrary	
  a	
  clear	
  indica/on	
  that	
  the	
  effec/ve	
  cross	
  sec/on	
  is	
  sizably	
  
smaller	
  (~	
  2-­‐4	
  mb)	
  in	
  the	
  case	
  of	
  J/Ψ J/Ψ and J/Ψ Υ produc/on	
  
	
  
No/ce	
  that	
  σ eff is	
  sizably	
  smaller	
  as	
  compared	
  with	
  σ inel 
=>	
  evidence	
  of	
  strong	
  partonic	
  correla/ons	
  in	
  the	
  hadron	
  structure	
  

Some	
  comments	
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One	
  may	
  write	
  the	
  double	
  parton	
  distribu/on	
  func/ons	
  as	
  

where	
  f	
  is	
  normalized	
  to	
  one	
  and	
  the	
  transverse	
  scales,	
  characterizing	
  f,	
  may	
  s/ll	
  
depend	
  on	
  frac/onal	
  momenta.	
  	
  

1

1. DOUBLE PARTON CROSS SECTION IN pD COLLISIONS

⇥pD
double � ⇥pD

2,0 = ⇥pD
1,1;D + ⇥pD

1,1;I (1)

⇥pD
double is the double parton scattering cross section in proton-deuteron collisions. ⇥pD

2,0 is the
contribution to the cross section where only a single target nucleon undergoes a double parton
collision, while there is no large momentum transfer exchange with the second nucleon; ⇥pD

1,1;D
and ⇥pD

1,1;I are respectively the diagonal and the o� diagonal contributions to the cross section,
where both target nucleons interact with large momentum exchange. Explicitly:

⇥pD
2,0 =

⇤
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)�

�x⇥
1

Z
,
x⇥

2

Z
; b

⇥ |⇥D(Z, B)|2

Z(2� Z)
dZ dB db

⇥pD
1,1;D =

⇤
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)�

�x⇥
1

Z
; b1

⇥
�
� x⇥

2

2� Z
; b2

⇥

⇥ |⇥D(Z, B)|2

Z(2� Z)
�(B � b1 + b2 � b)dZ dB db1 db2 db (2)

⇥pD
1,1;I =

⇤
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)H̃

�x⇥
1

Z
,
x⇥

2

Z ⇥ ; b1, b2 �B
⇥
H̃

� x⇥
2

2� Z
,

x⇥
1

2� Z ⇥ ; b2, b1 �B
⇥

⇥⇥D(Z, B)
Z

⇥�
D(2� Z ⇥, B)

2� Z ⇥ �(B + b2 � b� b1)�(Z ⇥ � Z + x⇥
1 � x⇥

2)dZ dZ ⇥ dB db1 db2 db

⇥pD
1,1;I(x1, x2, x

⇥
1, x

⇥
2) ⇤ G(x1, x2) ⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)

⇤
fx1x2(b)H

�x⇥
1

Z
,
x⇥

2

Z ⇥ ; b
⇥
H

� x⇥
2

2� Z
,

x⇥
1

2� Z ⇥ ; b
⇥
db

⇥⇥D(Z, 0)⇥�
D(2� Z ⇥, 0)

Z(2� Z ⇥)
�(Z ⇥ � Z + x⇥

1 � x⇥
2)dZdZ ⇥

�(x1, x2; b) = G(x1, x2)fx1x2(b), G(x1, x2) = Kx1x2G(x1)G(x2) (3)

⇥pD
2,0 (x1, x2, x

⇥
1, x

⇥
2) ⇤ 2 ⇥pp

double(x1, x2, x
⇥
1, x

⇥
2)

⇥pD
1,1;D(x1, x2, x

⇥
1, x

⇥
2) ⇤ Kx1x2⇥

pp
single(x1, x

⇥
1)⇥

pp
single(x2, x

⇥
2)⇥ |⇥D(1, 0)|2

⇥pD
1,1;I(x1, x2, x

⇥
1, x

⇥
2) ⇤ Kx1x2G(x1)G(x2) ⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)

⇤
fx1x2(b)Ĥ

�x⇥
1

Z
,
x⇥

2

Z ⇥ ; b
⇥

⇥Ĥ
� x⇥

2

2� Z
,

x⇥
1

2� Z ⇥ ; b
⇥
db⇥ ⇥D(Z, 0)⇥�

D(2� Z ⇥, 0)
Z(2� Z ⇥)

�(Z ⇥ � Z + x⇥
1 � x⇥

2)dZdZ ⇥

 σeff	
  and	
  partonic	
  correla3ons	
  

In	
  the	
  simplest	
  case	
  one	
  would	
  have	
  K	
  xx’	
  =	
  1	
  which,	
  ater	
  integra/ng	
  on	
  b,	
  would	
  
be	
  the	
  case	
  of	
  a	
  Poissonian	
  mul/-­‐parton	
  distribu/on	
  in	
  mul/plicity.	
  	
  

4

⇥D(Z; pt) = (2⇥)3/2
⌦

1

2MD

�Z
2
M2

D +
2

Z
m2

t

⇥

⇥ ⇧NR

⇤
1

4M2
D

�Z
2
M2

D +
2

Z
m2

t

⇥2
�m2

⌅
(25)

⇧NR(⌃p) =
⌅D(⌃p) 
Ep(2⇥)3/2

(26)

⇤pp (A,B)
double (x1, x

⇥
1, x2, x

⇥
2) =

m

2
Kx1x2Kx0

1x
0
2
G(x1)⇤̂A(x1, x

⇥
1)G(x⇥1)

⇥G(x2)⇤̂B(x2, x
⇥
2)G(x⇥2)

⌃
fx1x2(b)fx0

1x
0
2
(b)db

=
m

2

Kx1x2Kx0
1x

0
2

⇥�2(x1, x⇥1, x2, x
⇥
2)
⇤A(x1, x

⇥
1)⇤B(x2, x

⇥
2)

⌃
fx1x2(b)fx0

1x
0
2
(b)db =

1

⇥�2(x1, x⇥1, x2, x
⇥
2)

(27)

⌃
fx1x2(b)d

2b = 1 (28)

⇤eff (x1, x
⇥
1, x2, x

⇥
2) =

⇥�2(x1, x⇥1, x2, x
⇥
2)

Kx1x2Kx0
1x

0
2

(29)

⇤eff (x1, x
⇥
1, x2, x

⇥
2) =

⇥�2(x1, x⇥1, x2, x
⇥
2)

Kx1x2Kx0
1x

0
2

(30)

⇤pD
1,1;I(x1, x2, x

⇥
1, x

⇥
2)

⇤pD
1,1;D(x1, x2, x

⇥
1, x

⇥
2)

=

⇧ �D(Z,0)�⇤
D(2�Z0,0)

Z(2�Z0) �(Z ⇥ � Z + x⇥1 � x⇥2)dZdZ ⇥

G(x⇥1)G(x⇥2)|⇥D(1, 0)|2

⇥
⌃

fx1x2(b)Ĥ
�x⇥1
Z

,
x⇥2
Z ⇥ ; b

⇥
Ĥ
� x⇥2
2� Z

,
x⇥1

2� Z ⇥ ; b
⇥
db (31)

⌃
|⇥D(Z;B)|2 1

Z(2� Z)
dZdB = 1 (32)

⇤pD
2,0 (x1x

⇥
1x2x

⇥
2) =

1

⇤eff (x1x⇥1x2x
⇥
2)

⌃ ⌥
⇤W
pp (x1, x

⇥
1/Z) + ⇤W

pn(x1, x
⇥
1/Z)

�

⇥ ⇤JJ
pN (x2, x

⇥
2/Z)⇥D(Z,B)dZdB (33)
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3

⇧p2

2mR
⇤D(⇧p) +

1
m2

R

⌥
g2

⇧q2 + µ2
⇤D(⇧p + ⇧q)

d3q

(2�)3
= �B⇤D(⇧p) (15)

⇥D(p) = �i
�
⇧p2 + m2

⇥1/4�
M2

D � 4m2 � 4⇧p2
⇥
⌅NR(⇧p)(2�)3/2 (16)

Ep =
1

2MD

⇤Z

2
M2

D +
2
Z

m2
t

⌅
, pz =

1
2MD

⇤Z

2
M2

D �
2
Z

m2
t

⌅
(17)

The function ⇤D(p) is hence finally expressed in terms of light cone variables through the
non relativistic deuteron wave function ⌅NR(⇧p) as ⇧p

⇤D(zD�; pt) = (2�)3/2

 
1

2MD

⇤Z

2
M2

D +
2
Z

m2
t

⌅

⇥ ⌅NR

⇧
1

4M2
D

⇤Z

2
M2

D +
2
Z

m2
t

⌅2
�m2

⌃
(18)

⌅NR(⇧p) =
⇤D(⇧p)�

Ep(2�)3/2
(19)

⇥pp (A,B)
double (x1, x

⇥
1, x2, x

⇥
2) =

m

2
K(x1, x2)K(x⇥1, x

⇥
2)G(x1)⇥̂A(x1, x

⇥
1)G(x⇥1)

⇥G(x2)⇥̂B(x2, x
⇥
2)G(x⇥2)

⌥
fx1x2(b)fx0

1x0
2
(b)db

=
m

2
K(x1, x2)K(x⇥1, x⇥2)
��2(x1, x⇥1, x2, x⇥2)

⇥A(x1, x
⇥
1)⇥B(x2, x

⇥
2)

⌥
fx1x2(b)fx0

1x0
2
(b)db =

1
��2(x1, x⇥1, x2, x⇥2)

(20)

⇥eff (x1, x
⇥
1, x2, x

⇥
2) =

��2(x1, x⇥1, x2, x⇥2)
K(x1, x2)K(x⇥1, x⇥2)

(21)

2

O(R2/R2
D) ⇥ 7� 10�2 (4)

�x1x2 =
⇤⇥

b2 fx1x2(b) db
⌅1/2

(5)

O(�2/R2) (6)

⇥pp
double (7)

H̃ (8)

⇥pp (A,B)
double =

m

2

�

i,j,k,l

⇥
�i,j(x1, x2; b)⇥̂A

i,k(x1, x
⇥
1)⇥̂

B
j,l(x2, x

⇥
2)�k,l(x⇥1, x

⇥
2; b) dx1dx⇥1dx2dx⇥2db

�i,j(x1, x2; b) (9)

⇥pp (A,B)
double =

m

2
⇥A⇥B

⇥eff
(10)

where	
  

while	
  all	
  new	
  informa/on	
  on	
  the	
  hadron	
  structure	
  
is	
  summarized	
  in	
  a	
  single	
  figure:	
  the	
  value	
  of	
  σ	
  eff	
  

In	
  pp	
  one	
  thus	
  has	
  

typical	
  transverse	
  interac/on	
  area	
  

correla/ons	
  in	
  mul/plicity	
  

(effec/ve	
  cross	
  sec/on)-­‐1	
  

4

⇥D(Z; pt) = (2⇥)3/2
⌦

1

2MD

�Z
2
M2

D +
2

Z
m2

t

⇥

⇥ ⇧NR

⇤
1

4M2
D

�Z
2
M2

D +
2

Z
m2

t

⇥2
�m2

⌅
(25)

⇧NR(⌃p) =
⌅D(⌃p) 
Ep(2⇥)3/2

(26)

⇤pp (A,B)
double (x1, x

⇥
1, x2, x

⇥
2) =

m

2
Kx1x2Kx0

1x
0
2
G(x1)⇤̂A(x1, x

⇥
1)G(x⇥1)

⇥G(x2)⇤̂B(x2, x
⇥
2)G(x⇥2)

⌃
fx1x2(b)fx0

1x
0
2
(b)db

=
m

2

Kx1x2Kx0
1x

0
2

⇥�2(x1, x⇥1, x2, x
⇥
2)

⇤A(x1, x
⇥
1)⇤B(x2, x

⇥
2)

⌃
fx1x2(b)fx0

1x
0
2
(b)db =

1

⇥�2(x1, x⇥1, x2, x
⇥
2)

(27)

⌃
fx1x2(b)d

2b = 1 (28)

⇤eff (x1, x
⇥
1, x2, x

⇥
2) =

⇥�2(x1, x⇥1, x2, x
⇥
2)

Kx1x2Kx0
1x

0
2

(29)

⇤eff (x1, x
⇥
1, x2, x

⇥
2) =

⇥�2(x1, x⇥1, x2, x
⇥
2)

Kx1x2Kx0
1x

0
2

(30)

⇤pD
1,1;I(x1, x2, x

⇥
1, x

⇥
2)

⇤pD
1,1;D(x1, x2, x

⇥
1, x

⇥
2)

=

⇧ �D(Z,0)�⇤
D(2�Z0,0)

Z(2�Z0) �(Z ⇥ � Z + x⇥1 � x⇥2)dZdZ ⇥

G(x⇥1)G(x⇥2)|⇥D(1, 0)|2

⇥
⌃

fx1x2(b)Ĥ
�x⇥1
Z

,
x⇥2
Z ⇥ ; b

⇥
Ĥ
� x⇥2
2� Z

,
x⇥1

2� Z ⇥ ; b
⇥
db (31)

⌃
|⇥D(Z;B)|2 1

Z(2� Z)
dZdB = 1 (32)

⇤pD
2,0 (x1x

⇥
1x2x

⇥
2) =

1

⇤eff (x1x⇥1x2x
⇥
2)

⌃ ⌥
⇤W
pp (x1, x

⇥
1/Z) + ⇤W

pn(x1, x
⇥
1/Z)

�

⇥ ⇤JJ
pN (x2, x

⇥
2/Z)⇥D(Z,B)dZdB (33)
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1

1. DOUBLE PARTON CROSS SECTION IN pD COLLISIONS

⇥pD
double � ⇥pD

2,0 = ⇥pD
1,1;D + ⇥pD

1,1;I (1)

d⇥̃1
dydpt

=
d⇥S
dydpt

� d⇥S
dydpt

⇥S
⇥eff

(2)

⇥pD
double is the double parton scattering cross section in proton-deuteron collisions. ⇥pD

2,0 is the
contribution to the cross section where only a single target nucleon undergoes a double parton
collision, while there is no large momentum transfer exchange with the second nucleon; ⇥pD

1,1;D
and ⇥pD

1,1;I are respectively the diagonal and the o� diagonal contributions to the cross section,
where both target nucleons interact with large momentum exchange. Explicitly:

⇥pD
2,0 =

⌅
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)�

�x⇥1
Z
,
x⇥2
Z
; b

⇥ |⇥D(Z,B)|2

Z(2� Z)
dZ dB db

⇥pD
1,1;D =

⌅
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)�

�x⇥1
Z
; b1

⇥
�
� x⇥2
2� Z

; b2
⇥

⇥ |⇥D(Z,B)|2

Z(2� Z)
�(B � b1 + b2 � b)dZ dB db1 db2 db (3)

⇥pD
1,1;I =

⌅
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)H̃

�x⇥1
Z

,
x⇥2
Z ⇥ ; b1, b2 �B

⇥
H̃
� x⇥2
2� Z

,
x⇥1

2� Z ⇥ ; b2, b1 �B
⇥

⇥⇥D(Z,B)

Z

⇥�
D(2� Z ⇥, B)

2� Z ⇥ �(B + b2 � b� b1)�(Z
⇥ � Z + x⇥1 � x⇥2)dZ dZ ⇥ dB db1 db2 db

⇥pD
1,1;I(x1, x2, x

⇥
1, x

⇥
2) ⇧ G(x1, x2) ⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)

⌅
fx1x2(b)H

�x⇥1
Z

,
x⇥2
Z ⇥ ; b

⇥
H
� x⇥2
2� Z

,
x⇥1

2� Z ⇥ ; b
⇥
db

⇥⇥D(Z, 0)⇥�
D(2� Z ⇥, 0)

Z(2� Z ⇥)
�(Z ⇥ � Z + x⇥1 � x⇥2)dZdZ ⇥

�(x1, x2; b) = G(x1, x2)fx1x2(b), G(x1, x2) = Kx1x2G(x1)G(x2) (4)
⇤
fx1x2(b)d

2b = 1 ⌅ G(x1, x2) ⇤ average multiplicity of pairs of partons with fractional momenta
x1 and x2, while G(x) is the average multiplicity of partons with fractional momentum x. One
may thus write

Kx1x2 =
⌃n(n� 1)⌥x1,x2

⌃n⌥x1⌃n⌥x2

(5)

1

1. DOUBLE PARTON CROSS SECTION IN pD COLLISIONS

⇥pD
double � ⇥pD

2,0 = ⇥pD
1,1;D + ⇥pD

1,1;I (1)

d⇥̃1
dydpt

=
d⇥S
dydpt

� d⇥S
dydpt

⇥S
⇥eff

(2)

⇥pD
double is the double parton scattering cross section in proton-deuteron collisions. ⇥pD

2,0 is the
contribution to the cross section where only a single target nucleon undergoes a double parton
collision, while there is no large momentum transfer exchange with the second nucleon; ⇥pD

1,1;D
and ⇥pD

1,1;I are respectively the diagonal and the o� diagonal contributions to the cross section,
where both target nucleons interact with large momentum exchange. Explicitly:

⇥pD
2,0 =

⌅
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)�

�x⇥1
Z
,
x⇥2
Z
; b

⇥ |⇥D(Z,B)|2

Z(2� Z)
dZ dB db

⇥pD
1,1;D =

⌅
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)�

�x⇥1
Z
; b1

⇥
�
� x⇥2
2� Z

; b2
⇥

⇥ |⇥D(Z,B)|2

Z(2� Z)
�(B � b1 + b2 � b)dZ dB db1 db2 db (3)

⇥pD
1,1;I =

⌅
�(x1, x2; b)⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)H̃

�x⇥1
Z

,
x⇥2
Z ⇥ ; b1, b2 �B

⇥
H̃
� x⇥2
2� Z

,
x⇥1

2� Z ⇥ ; b2, b1 �B
⇥

⇥⇥D(Z,B)

Z

⇥�
D(2� Z ⇥, B)

2� Z ⇥ �(B + b2 � b� b1)�(Z
⇥ � Z + x⇥1 � x⇥2)dZ dZ ⇥ dB db1 db2 db

⇥pD
1,1;I(x1, x2, x

⇥
1, x

⇥
2) ⇧ G(x1, x2) ⇥̂(x1x

⇥
1)⇥̂(x2x

⇥
2)

⌅
fx1x2(b)H

�x⇥1
Z

,
x⇥2
Z ⇥ ; b

⇥
H
� x⇥2
2� Z

,
x⇥1

2� Z ⇥ ; b
⇥
db

⇥⇥D(Z, 0)⇥�
D(2� Z ⇥, 0)

Z(2� Z ⇥)
�(Z ⇥ � Z + x⇥1 � x⇥2)dZdZ ⇥

�(x1, x2; b) = G(x1, x2)fx1x2(b), G(x1, x2) = Kx1x2G(x1)G(x2) (4)
⇤
fx1x2(b)d

2b = 1 ⌅ G(x1, x2) ⇤ average multiplicity of pairs of partons with fractional momenta
x1 and x2, while G(x) is the average multiplicity of partons with fractional momentum x. One
may thus write

Kx1x2 =
⌃n(n� 1)⌥x1,x2

⌃n⌥x1⌃n⌥x2

(5)

partons	
  are	
  not	
  correlated	
  in	
  
mul/plicity	
  =>	
  one	
  has	
  

2

Kx1x2 = 1 (6)

⇤pD
2,0 (x1, x2, x

⇤
1, x

⇤
2) ⇧ 2 ⇤pp

double(x1, x2, x
⇤
1, x

⇤
2)

⇤pD
1,1;D(x1, x2, x

⇤
1, x

⇤
2) ⇧ Kx1x2⇤

pp
single(x1, x

⇤
1)⇤

pp
single(x2, x

⇤
2)⇥ |⇥D(1, 0)|2

⇤pD
1,1;I(x1, x2, x

⇤
1, x

⇤
2) ⇧ Kx1x2G(x1)G(x2) ⇤̂(x1x

⇤
1)⇤̂(x2x

⇤
2)

⇤
fx1x2(b)Ĥ

�x⇤1
Z

,
x⇤2
Z ⇤ ; b

⇥

⇥Ĥ
� x⇤2
2� Z

,
x⇤1

2� Z ⇤ ; b
⇥
db⇥ ⇥D(Z, 0)⇥⇥

D(2� Z ⇤, 0)

Z(2� Z ⇤)
�(Z ⇤ � Z + x⇤1 � x⇤2)dZdZ ⇤

Ĥ(x⇤1, x
⇤
2; b) ⇤

⇤
H̃(x⇤1, x

⇤
2; b1, b1 � b)db1 (7)

Ĥ(x⇤1, x
⇤
1; 0) = G(x⇤1) (8)

⇤pD
1,1;I(x1, x2, x

⇤
1, x

⇤
1) ⇧ Kx1x2G(x1)G(x2) ⇤̂(x1x

⇤
1)⇤̂(x2x

⇤
1)

⇥
⇤

fx1x2(b)�
2(x⇤1, b)db⇥ |⇥D(1, 0)|2

O(R2/R2
D) ⌅ 7⇥ 10�2 (9)

⇥x1x2 =
⌅⇤

b2 fx1x2(b) db
⇧1/2

(10)

O(⇥2/R2) (11)

⇤pp
double (12)

H̃ (13)

Limi3ng	
  case	
  

In	
  this	
  way	
  one	
  however	
  obtains	
  	
  	
  σ eff= πΛ2=32 mb, which	
  is	
  about	
  a	
  factor	
  2	
  too	
  
large	
  as	
  compared	
  with	
  available	
  experimental	
  evidence	
  	
  	
  	
  	
  

partons	
  are	
  not	
  correlated	
  in	
  the	
  transverse	
  coordinates	
  	
  
=>	
  one	
  may	
  write:	
  

Either	
  K	
  is	
  NOT	
  equal	
  to	
  1	
  or πΛ2 is	
  NOT	
  equal	
  to	
  32	
  mb	
  or	
  both	
  

4

⇤D(Z;B) ⇤D(Z; pt) (26)

The function ⇤D(p) is hence finally expressed in terms of light cone variables through the
non relativistic deuteron wave function ⌅NR(⇧p2) as ⇧p2

⇤D(Z; pt) = (2�)3/2
⌥

1

2MD

�Z
2
M2

D +
2

Z
m2

t

⇥

⇥ ⌅NR

⇤
1

4M2
D

�Z
2
M2

D +
2

Z
m2

t

⇥2
�m2

⌅
(27)

⌅NR(⇧p) =
⇤D(⇧p)⌃
Ep(2�)3/2

(28)

⇥pp (A,B)
double (x1, x

�
1, x2, x

�
2) =

m

2
Kx1x2Kx�

1x
�
2
G(x1)⇥̂A(x1, x

�
1)G(x�1)

⇥G(x2)⇥̂B(x2, x
�
2)G(x�2)

⇧
fx1x2(b)fx�

1x
�
2
(b)db

=
m

2

Kx1x2Kx�
1x

�
2

�⇥2(x1, x�1, x2, x
�
2)

⇥A(x1, x
�
1)⇥B(x2, x

�
2)

⇧
fx1x2(b)fx�

1x
�
2
(b)db =

1

�⇥2(x1, x�1, x2, x
�
2)

(29)

⇧
fx1x2(b)d

2b = 1 (30)

�(x; b) = G(x)fx(b),

⇧
fx(b)d

2b = 1, f̃x(q) =

⇧
eiq·bfx(b)d

2b (31)

�(x; b) = G(x)fx(b),

⇧
fx(b)d

2b = 1, fx1,x2(b) =

⇧
fx1(b

�)fx2(b� b�)d2b� (32)

⇥eff (x1, x
�
1, x2, x

�
2) =

�⇥2(x1, x�1, x2, x
�
2)

Kx1x2Kx�
1x

�
2

(33)

⇥eff (x1, x
�
1, x2, x

�
2) =

�⇥2(x1, x�1, x2, x
�
2)

Kx1x2Kx�
1x

�
2

(34)

4

⇤D(Z;B) ⇤D(Z; pt) (26)

The function ⇤D(p) is hence finally expressed in terms of light cone variables through the
non relativistic deuteron wave function ⌅NR(⇧p2) as ⇧p2

⇤D(Z; pt) = (2�)3/2
⌥

1

2MD

�Z
2
M2

D +
2

Z
m2

t

⇥

⇥ ⌅NR

⇤
1

4M2
D

�Z
2
M2

D +
2

Z
m2

t

⇥2
�m2

⌅
(27)

⌅NR(⇧p) =
⇤D(⇧p)⌃
Ep(2�)3/2

(28)

⇥pp (A,B)
double (x1, x

�
1, x2, x

�
2) =

m

2
Kx1x2Kx�

1x
�
2
G(x1)⇥̂A(x1, x

�
1)G(x�1)

⇥G(x2)⇥̂B(x2, x
�
2)G(x�2)

⇧
fx1x2(b)fx�

1x
�
2
(b)db

=
m

2

Kx1x2Kx�
1x

�
2

�⇥2(x1, x�1, x2, x
�
2)

⇥A(x1, x
�
1)⇥B(x2, x

�
2)

⇧
fx1x2(b)fx�

1x
�
2
(b)db =

1

�⇥2(x1, x�1, x2, x
�
2)

(29)

⇧
fx1x2(b)d

2b = 1 (30)

�(x; b) = G(x)fx(b),

⇧
fx(b)d

2b = 1, f̃x(q) =

⇧
eiq·bfx(b)d

2b (31)

�(x; b) = G(x)fx(b),

⇧
fx(b)d

2b = 1, fx1,x2(b) =

⇧
fx1(b

�)fx2(b� b�)d2b� (32)

⇥eff (x1, x
�
1, x2, x

�
2) =

�⇥2(x1, x�1, x2, x
�
2)

Kx1x2Kx�
1x

�
2

(33)

⇥eff (x1, x
�
1, x2, x

�
2) =

�⇥2(x1, x�1, x2, x
�
2)

Kx1x2Kx�
1x

�
2

(34)

Two	
  gluon	
  form	
  factor	
  

a)	
  

b)	
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The	
  experimental	
  indica/on	
  is	
  that	
  the	
  effec/ve	
  cross	
  sec/on	
  depends	
  only	
  
weakly	
  on	
  frac/onal	
  momenta.	
  
	
  

	
   	
   	
   	
  weak	
  dependence	
  of	
  Λ	
  and	
  K	
  on	
  frac3onal	
  momenta	
  
	
  
Since	
  all	
  new	
  informa/on	
  on	
  the	
  hadron	
  structure	
  is	
  summarized	
  by	
  a	
  single	
  
quan/ty,	
  	
  
	
  

	
   	
   	
   	
  the	
  effec3ve	
  cross	
  sec3on	
  does	
  not	
  provide	
  enough	
  
	
   	
   	
   	
   	
   	
  informa3on	
  to	
  discriminate	
  between	
  Λ	
  and	
  K.	
  

	
  
To	
  obtain	
  addi/onal	
  informa/on	
  on	
  mul/-­‐parton	
  correla/ons	
  one	
  may	
  study	
  
MPI	
  in	
  pA	
  collisions.	
  
In	
  the	
  case	
  of	
  a	
  double	
  parton	
  interac/on,	
  in	
  a	
  collision	
  of	
  a	
  proton	
  with	
  a	
  
nucleus,	
  the	
  effects	
  of	
  longitudinal	
  and	
  transverse	
  correla/ons	
  are	
  in	
  fact	
  
different	
  when	
  a	
  single	
  nucleon	
  or	
  both	
  target	
  nucleons	
  par/cipate	
  in	
  the	
  hard	
  
process.	
  
	
  

4

⌅
fx1x2(b)fx0

1x0
2
(b)db =

1
⇥�2(x1, x⇥1, x2, x⇥2)

(23)

⇤eff (x1, x
⇥
1, x2, x

⇥
2) =

⇥�2(x1, x⇥1, x2, x⇥2)
Kx1x2Kx0

1x0
2

(24)

⇤pD
1,1;I(x1, x2, x⇥1, x

⇥
2)

⇤pD
1,1;D(x1, x2, x⇥1, x

⇥
2)

=

⇤ �D(Z,0)�⇤
D(2�Z0,0)

Z(2�Z0) �(Z ⇥ � Z + x⇥1 � x⇥2)dZdZ ⇥

G(x⇥1)G(x⇥2)|⇥D(1, 0)|2

⇥
⌅

fx1x2(b)Ĥ
�x⇥1

Z
,
x⇥2
Z ⇥ ; b

⇥
Ĥ

� x⇥2
2� Z

,
x⇥1

2� Z ⇥ ; b
⇥
db (25)

⌅
|⇥D(Z;B)|2 1

Z(2� Z)
dZdB = 1 (26)
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DPI	
  in	
  pA	
  collisions	
  

In	
  the	
  case	
  of	
  DPS	
  in	
  p-­‐A	
  collisions	
  one	
  may	
  have	
  a	
  double	
  parton	
  
sca^ering	
  against	
  a	
  single	
  or	
  against	
  two	
  different	
  target	
  nucleons:	
  

Impulse	
  	
  
Approxima/on	
  ~A	
  	
  

An/-­‐shadowing	
  	
  
correc/on	
  ~	
  A4/3	
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anti-shadowing
contribution

nuclear thickness function
=> the contribution grows as A4/3

single - scattering double - scattering
contribution

labels 1 and 2 in refer to 
the number of active target 
nucleons

When	
  neglec/ng	
  the	
  effects	
  of	
  the	
  interference	
  terms,	
  which	
  can	
  produce	
  a	
  10%	
  correc/on,	
  
one	
  obtains	
  a	
  simple	
  expression	
  for	
  the	
  DPI	
  cross	
  sec/on:	
  

6

⇥W+JJ
pD (x1, x

�
1, x2, x

�
2)� ⇥W+JJ

pD;2,0 (x1, x
�
1, x2, x

�
2)

= ⇥W+JJ
pD;1,1 (x1, x

�
1, x2, x

�
2) = Kx1x2 ⇥ known quantity ⇥

⌥
1 +O

�
⇧b2⌃/R2

D

⇥�

⇥pA(WJJ) = ⇥pA
S (WJJ)+⇥pA

D (WJJ)

⇥pA
D (WJJ) = ⇥pA

D (WJJ)
⇧⇧
1
+ ⇥pA

D (WJJ)
⇧⇧
2

⇥pA
D (W+JJ)

⇧⇧
1
=

1

⇥eff

⇤
Z⇥pp

S (W+)⇥pp
S (JJ) + (A� Z)⇥pn

S (W+)⇥pn
S (JJ)

⌅

⇥pA
D (W+JJ)

⇧⇧
2
= K

⌥Z
A
⇥pp
S (W+) +

A� Z

A
⇥pn
S (W+)

�
⇥pp
S (JJ)

⌃
T (b)2d2b

R =
⇥pA
D (W+JJ)

⇥pA
D (W+JJ)

⇧⇧
1

R = 1 +K
⇥eff
A

⌥⌃
T (b)2d2b+

⌃
n(b, z)2d2bdz ⇥ CK

1

a

�

K2 = 1,��2 = 15 mb, R = 1 + 2.3⇥ (1� 5%) = 3 (37)
K2 = 2,��2 = 30 mb, R = 1 + 3.2⇥ (1� 6%) = 4

⇥A
D

⇧⇧
1
=

1

2

⇥2
S

⇥eff

⌃
d2b T (b) ⌅ A

⇥A
D

⇧⇧
2
=

1

2
⇥2
S

⌃
d2b T 2(b) ⌅ A4/3

⇥pD
⇧⇧
double

= ⇥pD
2,0

⇧⇧
double

+ ⇥pD
1,1

⇧⇧
double

⇥pD
2,0

⇧⇧
double

⇤ ⇥pp
double + ⇥pn

double

⇥pD
1,1

⇧⇧
double

⇤ ⇥pp
double + ⇥pn

double

6

⇥W+JJ
pD (x1, x

�
1, x2, x

�
2)� ⇥W+JJ

pD;2,0 (x1, x
�
1, x2, x

�
2)

= ⇥W+JJ
pD;1,1 (x1, x

�
1, x2, x

�
2) = Kx1x2 ⇥ known quantity ⇥

⌥
1 +O

�
⇧b2⌃/R2

D

⇥�

⇥pA(WJJ) = ⇥pA
S (WJJ)+⇥pA

D (WJJ)

⇥pA
D (WJJ) = ⇥pA

D (WJJ)
⇧⇧
1
+ ⇥pA

D (WJJ)
⇧⇧
2

⇥pA
D (WJJ)

⇧⇧
1
=

1

⇥eff

⇤
Z⇥pp

S (W )⇥pp
S (JJ) + (A� Z)⇥pn

S (W )⇥pn
S (JJ)

⌅

⇥pA
D (WJJ)

⇧⇧
2
= K

⌥Z
A
⇥pp
S (W ) +

A� Z

A
⇥pn
S (W )

�
⇥pp
S (JJ)

⌃
T (b)2d2b

R =
⇥pA
D (W+JJ)

⇥pA
D (W+JJ)

⇧⇧
1

R = 1 +K
⇥eff
A

⌥⌃
T (b)2d2b+

⌃
n(b, z)2d2bdz ⇥ CK

1

a

�

K2 = 1,��2 = 15 mb, R = 1 + 2.3⇥ (1� 5%) = 3 (37)
K2 = 2,��2 = 30 mb, R = 1 + 3.2⇥ (1� 6%) = 4

⇥A
D

⇧⇧
1
=

1

2

⇥2
S

⇥eff

⌃
d2b T (b) ⌅ A

⇥A
D

⇧⇧
2
=

1

2
⇥2
S

⌃
d2b T 2(b) ⌅ A4/3

⇥pD
⇧⇧
double

= ⇥pD
2,0

⇧⇧
double

+ ⇥pD
1,1

⇧⇧
double

⇥pD
2,0

⇧⇧
double

⇤ ⇥pp
double + ⇥pn

double

⇥pD
1,1

⇧⇧
double

⇤ ⇥pp
double + ⇥pn

double

WJJ	
  produc3on	
  in	
  p-­‐A	
  collisions	
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The	
  two	
  contribu3ons	
  probe	
  different	
  features	
  of	
  the	
  double	
  interac3on.	
  In	
  
par/cular,	
  in	
  the	
  case	
  of	
  a	
  heavy	
  nucleus,	
  the	
  an/-­‐shadowing	
  term	
  is	
  propor/onal	
  to	
  
the	
  mul/plicity	
  of	
  pairs	
  of	
  partons	
  of	
  the	
  projec/le.	
  

linear	
  with	
  A,	
  
same	
  as	
  in	
  pp	
  

related	
  to	
  the	
  mul/plicity	
  of	
  pairs	
  	
  
of	
  partons	
  in	
  the	
  projec/le,	
  for	
  a	
  
Poissonian	
  K=1	
  

grows	
  as	
  A4/3	
  

the	
  hadronic	
  transverse	
  size	
  	
  gives	
  
the	
  correct	
  dimensionality	
  to	
  σD|1	
  
through	
  σeff

the	
  correct	
  dimensionality	
  to	
  
σD|2	
  is	
  provided	
  by	
  the	
  
nuclear	
  radius	
  through	
  the	
  
nuclear	
  thickness	
  func3on

6

⇥W+JJ
pD (x1, x

�
1, x2, x

�
2)� ⇥W+JJ

pD;2,0 (x1, x
�
1, x2, x

�
2)

= ⇥W+JJ
pD;1,1 (x1, x

�
1, x2, x

�
2) = Kx1x2 ⇥ known quantity ⇥

⌥
1 +O

�
⇧b2⌃/R2

D

⇥�

⇥pA(WJJ) = ⇥pA
S (WJJ)+⇥pA

D (WJJ)

⇥pA
D (WJJ) = ⇥pA

D (WJJ)
⇧⇧
1
+ ⇥pA

D (WJJ)
⇧⇧
2

⇥pA
D (WJJ)

⇧⇧
1
=

1

⇥eff

⇤
Z⇥pp

S (W )⇥pp
S (JJ) + (A� Z)⇥pn

S (W )⇥pn
S (JJ)

⌅

⇥pA
D (WJJ)

⇧⇧
2
= K

⌥Z
A
⇥pp
S (W ) +

A� Z

A
⇥pn
S (W )

�
⇥pp
S (JJ)

⌃
T (b)2d2b

R =
⇥pA
D (W+JJ)

⇥pA
D (W+JJ)

⇧⇧
1

R = 1 +K
⇥eff
A

⌥⌃
T (b)2d2b+

⌃
n(b, z)2d2bdz ⇥ CK

1

a

�

K2 = 1,��2 = 15 mb, R = 1 + 2.3⇥ (1� 5%) = 3 (37)
K2 = 2,��2 = 30 mb, R = 1 + 3.2⇥ (1� 6%) = 4

⇥A
D

⇧⇧
1
=

1

2

⇥2
S

⇥eff

⌃
d2b T (b) ⌅ A

⇥A
D

⇧⇧
2
=

1

2
⇥2
S

⌃
d2b T 2(b) ⌅ A4/3

⇥pD
⇧⇧
double

= ⇥pD
2,0

⇧⇧
double

+ ⇥pD
1,1

⇧⇧
double

⇥pD
2,0

⇧⇧
double

⇤ ⇥pp
double + ⇥pn

double

⇥pD
1,1

⇧⇧
double

⇤ ⇥pp
double + ⇥pn

double
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Expecta3ons	
  

a)  K	
  2	
  =	
  1	
  and	
  	
  πΛ2 = σ eff  (No	
  correla/on	
  in	
  mul/plicity)

[200%	
  an3-­‐shadowing	
  correc3on	
  !]	
  

b)  K	
  2 =	
  2	
  and	
  πΛ2 = K	
  2 σ eff  (No	
  correla/ons	
  in	
  the	
  transverse	
  coordinates)	
  

        [300%	
  an3-­‐shadowing	
  correc3on	
  !]	
  

2

G(x) = ⌃n⌥x, G(x1, x2) = ⌃n(n� 1)⌥x1,x2 (6)

Kx1x2 = 1 (7)

⇤pA
D |2

⇤pA
D |1

⌅ 2 (8)

⇤pA
D |2

⇤pA
D |1

⌅ 3 (9)

⇤pD
2,0 (x1, x2, x

⇤
1, x

⇤
2) ⇧ 2 ⇤pp

double(x1, x2, x
⇤
1, x

⇤
2)

⇤pD
1,1;D(x1, x2, x

⇤
1, x

⇤
2) ⇧ Kx1x2⇤

pp
single(x1, x

⇤
1)⇤

pp
single(x2, x

⇤
2)⇥ |⇥D(1, 0)|2

⇤pD
1,1;I(x1, x2, x

⇤
1, x

⇤
2) ⇧ Kx1x2G(x1)G(x2) ⇤̂(x1x

⇤
1)⇤̂(x2x

⇤
2)

⇤
fx1x2(b)Ĥ

�x⇤1
Z

,
x⇤2
Z ⇤ ; b

⇥

⇥Ĥ
� x⇤2
2� Z

,
x⇤1
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A	
  more	
  detailed	
  informa/on	
  from	
  the	
  transverse	
  spectra:	
  
	
  
pt	
  	
  spectrum	
  of	
  the	
  leading	
  jet	
  in	
  p-­‐p	
  and	
  in	
  p-­‐Pb	
  

The	
  shape	
  in	
  pt	
  of	
  the	
  leading	
  jet	
  is	
  very	
  different	
  in	
  p-­‐p	
  and	
  in	
  p-­‐Pb	
  for	
  
pt	
  <	
  40	
  GeV	
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pt	
  spectrum	
  of	
  the	
  W	
  decay-­‐lepton	
  in	
  p-­‐p	
  and	
  in	
  p-­‐Pb	
  	
  

While	
  the	
  spectrum	
  does	
  not	
  change	
  much	
  in	
  p-­‐p	
  collisions,	
  the	
  effect	
  in	
  	
  
p-­‐Pb	
  collisions	
  is	
  drama/c	
  and	
  one	
  expects	
  an	
  increase	
  of	
  about	
  90%	
  at	
  	
  
pt	
  ~	
  40	
  GeV	
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Concluding	
  summary	
  

MPI	
  are	
  a	
  feature	
  of	
  growing	
  importance	
  in	
  high	
  energy	
  hadronic	
  collisions	
  
DPI	
  have	
  been	
  observed	
  and	
  studied	
  in	
  a	
  large	
  variety	
  of	
  reac/ons	
  
	
  
The	
  rate	
  of	
  DPI	
  is	
  characterized	
  by	
  σ eff	
  which,	
  within	
  the	
  s/ll	
  rather	
  large	
  	
  
experimental	
  errors	
  and	
  with	
  few	
  no/ceable	
  excep/ons,	
  seems	
  to	
  be	
  independent	
  	
  
on	
  the	
  different	
  reac/on	
  channels	
  and	
  on	
  kinema/cs.	
  	
  
	
  
DPI	
  are	
  directly	
  related	
  to	
  parton	
  correla/ons	
  in	
  the	
  hadron	
  structure	
  
	
  
Important	
  informa/on	
  on	
  parton	
  correla/ons	
  can	
  be	
  obtained	
  by	
  the	
  joint	
  study	
  	
  
of	
  DPI	
  in	
  pp	
  and	
  pA	
  collisions	
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MPI	
  are	
  implemented	
  in	
  all	
  Monte	
  Carlo	
  codes,	
  which	
  simulate	
  high	
  energy	
  hadronic	
  collisions.	
  	
  
	
  
In	
  Monte	
  Carlo	
  codes,	
  one	
  assumes	
  that	
  in	
  hadronic	
  collisions	
  MPI	
  are	
  independent	
  one	
  from	
  
another,	
  in	
  such	
  a	
  way	
  that	
  the	
  distribu/on	
  in	
  the	
  number	
  of	
  partonic	
  interac/ons	
  is	
  Poissonian,	
  
with	
  average	
  number	
  depending	
  on	
  the	
  impact	
  parameter	
  of	
  the	
  collision:	
  

probability	
  of	
  having	
  N	
  
partonic	
  interac/ons,	
  in	
  a	
  	
  
hadronic	
  collision	
  with	
  
impact	
  parameter	
  b	
  

contribu/on	
  of	
  all	
  MPI	
  to	
  
the	
  total	
  inelas/c	
  cross	
  
sec/on	
  

inclusive	
  cross	
  sec/on:	
  
here	
  partonic	
  interac/ons	
  
contribute	
  with	
  their	
  
mul/plicity	
  

2

2⇥D = (8)

Neglecting all correlations in the multi-parton distributions, the inclusive cross section for a
double parton scattering ⇥D is analogously expressed by

⇥D =
1

2!

⌃

pct

G(x1)f(b1)⇥̂(x1, x
⇥
1)G(x⇥1)f(b1 � �)d2b1dx1dx

⇥
1 ⇥

⇥G(x2)f(b2)⇥̂(x2, x
⇥
2)G(x⇥2)f(b2 � �)d2b2dx2dx

⇥
2d

2�

=

⌃
1

2!

⇤⌃

pct

G(x)f(b)⇥̂(x, x⇥)G(x⇥)f(b� �)d2bdxdx⇥
⌅2

d2� (9)

which allows an analogous geometrical interpretation. The expression may be readily generalized
to the case of the inclusive cross section for N -parton scatterings ⇥N :

⇥N =

⌃
1

N !

⇤⌃

pct

G(x)f(b)⇥̂(x, x⇥)G(x⇥)f(b� �)d2bdxdx⇥
⌅N

d2� (10)

The cross sections are divergent for pct ⌅ 0. The unitarity problem is solved by normalizing
the integrand which, being dimensionless, may be understood as the probability to have a Nth
parton collision process in a inelastic event. One may hence introduce PN (�), the probability of
having N parton collisions in a hadronic interaction at impact parameter �:

PN (�) ⇤
�
⇥SF (�)
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N !
e�⇥SF (�),

⌃

pct
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m
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(14)

By summing all probabilities one obtains the hard cross section ⇥hard, namely the contribution
to the inelastic cross section due to all events with at least one parton collision with momentum
transfer greater than the cuto� pct :
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Neglecting all correlations in the multi-parton distributions, the inclusive cross section for a
double parton scattering ⇥D is analogously expressed by

⇥D =
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which allows an analogous geometrical interpretation. The expression may be readily generalized
to the case of the inclusive cross section for N -parton scatterings ⇥N :
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The cross sections are divergent for pct ⌅ 0. The unitarity problem is solved by normalizing
the integrand which, being dimensionless, may be understood as the probability to have a Nth
parton collision process in a inelastic event. One may hence introduce PN (�), the probability of
having N parton collisions in a hadronic interaction at impact parameter �:
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By summing all probabilities one obtains the hard cross section ⇥hard, namely the contribution
to the inelastic cross section due to all events with at least one parton collision with momentum
transfer greater than the cuto� pct :



Daniele	
  Treleani,	
  Univ.	
  of	
  Trieste	
  and	
  INFN	
   24	
  

 [GeV]
t

 p+l
20 40 60 80 100

 [p
b/

G
eV

]
t

 d
p

ηd
σd

 
PbA1

0

20

40

60
| < 0.2η=1, |2PDF MSTW, K

 SPI+DPI @ATLAS
 SPI+DPI @CMS
 SPI
 DPI @ATLAS
 DPI @CMS

pA

 [GeV]
t

 p+l
20 40 60 80 100

 [p
b/

G
eV

]
t

 d
p

ηd
σd

 
PbA1

0

20

40

60
| < 0.2η=2, |2PDF MSTW, K

 SPI+DPI @ATLAS
 SPI+DPI @CMS
 SPI
 DPI @ATLAS
 DPI @CMS

pA

pt	
  spectrum	
  of	
  the	
  W	
  decay-­‐lepton	
  in	
  p-­‐Pb:	
  dependence	
  on	
  K	
  and	
  on	
  	
  
the	
  measured	
  value	
  of	
  σeff	
  	
  in	
  p-­‐p	
  collisions	
  	
  	
  

The	
  spectra	
  in	
  p-­‐Pb	
  collisions	
  do	
  not	
  change	
  much,	
  when	
  σeff	
  increases	
  
from	
  15	
  to	
  20	
  mb	
  in	
  p-­‐p	
  collisions.	
  The	
  effect	
  of	
  increasing	
  K	
  2	
  from	
  1	
  to	
  2	
  
is	
  on	
  the	
  contrary	
  sizable	
  and,	
  in	
  p-­‐Pb	
  collisions,	
  one	
  expects	
  an	
  increase	
  
from	
  60	
  to	
  90	
  %	
  of	
  the	
  observed	
  cross	
  sec/on	
  at	
  pt	
  ~	
  40	
  GeV	
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By	
  es/ma/ng	
  the	
  DPS	
  cross	
  sec/on	
  with	
  the	
  “pocket	
  formula”	
  one	
  obtains	
  that,	
  
at	
  the	
  LHC,	
  the	
  inclusive	
  produc/on	
  of	
  two	
  	
  	
  	
  	
  	
  	
  	
  	
  pairs	
  is	
  dominated	
  by	
  DPS.	
  
	
  
In	
  pp	
  collisions	
  at	
  8	
  TeV	
  c.m.	
  energy,	
  the	
  DPS	
  contribu3on	
  to	
  the	
  integrated	
  
inclusive	
  cross	
  sec/on	
  is	
  in	
  fact	
  expected	
  to	
  be	
  one	
  order	
  of	
  magnitude	
  larger	
  as	
  
compared	
  to	
  the	
  SPS	
  contribu3on.	
  
	
  
The	
  amount	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  pairs	
  produced	
  in	
  a	
  pp	
  collisions	
  will	
  thus	
  exceed	
  by	
  a	
  
factor	
  10	
  the	
  rate	
  expected	
  according	
  with	
  the	
  leading	
  QCD	
  produc/on	
  
mechanism.	
  	
  
	
  
No/ce	
  that	
  b	
  quarks	
  are	
  produced	
  strongly	
  and	
  decay	
  weakly.	
  As	
  a	
  consequence	
  
the	
  integrated	
  amount	
  of	
  heavy	
  quarks,	
  produced	
  in	
  a	
  hadronic	
  collision,	
  does	
  
not	
  depend	
  on	
  final	
  state	
  interac3ons.	
  
	
  
The	
  integrated	
  inclusive	
  cross	
  sec3on	
  to	
  produce	
  two	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  pairs	
  can	
  thus	
  
provide	
  a	
  direct	
  measurement	
  of	
  the	
  DPS	
  contribu3on	
  to	
  the	
  cross	
  sec3on.	
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  produc/on	
  in	
  pp	
  collisions	
  at	
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  LHC:	
  	
  
Integrated	
  cross	
  sec/ons	
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  by	
  double	
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Integrated	
  cross	
  sec/on,	
  
with	
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  produc3on	
  in	
  pp	
  collisions	
  at	
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  LHC:	
  
Correla3ons	
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  rapidity	
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  Single	
  parton	
  sca^ering	
  	
  

Double	
  parton	
  sca^ering:	
  	
  
correla/on	
  between	
  two	
  	
  
b-­‐quarks	
  originated	
  in	
  two	
  
different	
  elementary	
  
interac/ons	
  	
  	
  

Double	
  parton	
  sca^ering:	
  	
  
correla/on	
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b-­‐quarks	
  originated	
  in	
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same	
  elementary	
  interac/on	
  	
  	
  


