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Motivation Methodology Results Summary

Strangeness in nuclear many-body systems

Interdisciplinary subject connecting particle physics, nuclear physics
and astrophysics.

Related topical questions include:

interaction of (anti)kaons with the nuclear medium

possible existence of deeply-bound K−–nuclear states?
antikaons in dense matter?

interaction of hyperons with the nuclear medium

S=-1 Λ hypernuclei, Σ-hypernuclei?
S=-2 ΛΛ-hypernuclei, Ξ hypernuclei
hyperons in dense nuclear matter and neutron stars?
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Motivation Methodology Results Summary

Role of strangeness in dense nuclear matter?

admixtures of Λ and Σ hyperons in dense baryonic matter
in neutron stars?
at baryon densities ρ & (2− 3)ρ0,
Λ hyperons can take role of neutrons if energetically favourable

13

C. Comments on hyperon admixtures to the EoS

Admixtures of Λ and Σ hyperons to the EoS of dense bary-

onic matter in neutron stars have been under discussion for

a long time. While Σ hyperons are not likely to appear since

the absence of Σ hypernuclei suggests a weakly repulsive ΣN

interaction, the low-energy Λ-nuclear interaction is attractive.

From hypernuclear phenomenology it is known that the Λ-

nuclear mean field is about half as strong as the Hartree-Fock

potential experienced by a nucleon in the nuclear medium.

In neutron star matter, Λ hyperons can take over the role

of the neutrons when this becomes energetically favourable at

baryon densities exceeding 2-3 times ̺0. Recent examples of

calculations including hyperons in the EoS can be found in

Refs. [73, 74]. From these and similar calculations it is now

widely accepted that the softening of the equation of state pro-

duced by Λ admixtures, in the absence of additional repulsive

interactions, reduces the maximum mass of a neutron star to

values way below two solar masses. Such additional repulsive

forces acting on the hyperons in matter are required in order

to maintain a sufficiently steep slope of the pressure P (ǫ) at

high densities.

Our present work features an equation of state for the

hadronic sector based on in-medium chiral SU(2) effective

field theory. A fully consistent chiral SU(3) approach to bary-

onic matter including hyperons and the complete pseudoscalar

meson octet is not yet available. However, we can present a

rough estimate of the admixture of Λ hyperon admixtures to

the previously derived EoS that combines chiral EFT in the

hadronic sector with the three-flavor NJL model for quark

matter (see Figs. 10, 11), by simply adding a Λ contribution

to the energy density, using an attractive mean-field (Hartree)

potential adjusted to reproduce hypernuclear data.
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FIG. 15: Particle ratios as a function of baryon density ̺ (in units of

̺0 = 0.16 fm−3) for the particles indicated, as in Fig. 11 but with

inclusion of Λ hyperons.

The result, Fig. 15, can be considered as typical and repre-

sentative for a large class of similar model calculations. The

onset of hadron-quark coexistence at ̺ ≃ 3.5 ̺0 takes place

for a system in which a substantial fraction of neutrons is now

substituted by Λ hyperons (implemented here according to

the RMF treatment of Ref. [75]). However, the corresponding

EoS has now become far too soft. It does not satisfy the perti-

nent constraints and fails to support a two-solar-mass neutron

star. The only possiblity to preserve stability of the star within

the “allowed” regions of Fig. 1 is through extra repulsive inter-

actions of the hyperon with the surrounding baryonic medium.

To clarify the origin of such repulsive hyperon-nuclear inter-

actions at high baryon density is a key question for the near

future. Short-distance three-body forces with a hyperon in-

volved could be part of this discussion [76], as well as repul-

sive momentum dependent components in the ΛN interaction

as they emerge in a chiral SU(3) approach at next-to-leading

order [77]. Such interactions would play only a minor role

in Λ hypernuclei but would be increasingly important at the

higher baryon densities encountered in the center of a neutron

star.

V. SUMMARY AND CONCLUSIONS

The present work updates the equation of state for dense

baryonic matter in view of the by now well established ex-

istence of two-solar-mass neutron stars. This study consists

of two parts with the following aims: first, to set the con-

straints for the pressure as a function of energy density from

the new mass determinations together with (less accurate) lim-

its on neutron star radii; secondly, to construct equations of

state that are compatible with these observational constraints,

while at the same time satisfying the conditions provided by

nuclear physics and known properties of nuclear and neutron

matter.

1. Concerning the first part, the observational constraints

determine a band of acceptable neutron star equations of state

that are characterized by their pronounced stiffness: at baryon

densities ̺ ≃ 0.8 fm−3, about five times the density of nor-

mal nuclear matter in equilibrium, the pressure must be at

least P � 150 MeV fm−3 in order to support 2M⊙ neutron

stars. This conclusion does not depend on the detailed com-

position of the matter forming the core of the star. Our results

at this point are compatible with related studies reported in

Refs. [11–13, 32, 33].

By analysing the systematics of mass-radius trajectories

within the acceptable limits, the stiffness condition on the

equation of state has an important implication: the maximum

density in the center of the star cannot exceed much the mar-

gin of five times nuclear matter density, corresponding to neu-

tron Fermi momenta less than 0.6 GeV and average kinetic

energies of less than 100 MeV.

2. The modeling of the equation of state in the second part

of this work has been governed by the following criteria. The

theory used to construct this equation of state should accu-

rately reproduce:

a) nuclear phenomenology and the thermodynamics of

symmetric nuclear matter;

b) advanced many-body calculations, such as recent Monte

Carlo computations, of pure neutron matter;

(Hell, Weise, arXiv:1402:4098 [nucl-th])

presence of hyperons results in considerable softening of EOS
incompatible with recent astrophysical constraints – by reducing
the maximum neutron star mass much below 2M�
additional repulsive interactions are needed
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Motivation Methodology Results Summary

Role of strangeness in dense nuclear matter?

repulsive NNY forces?
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Figure 3. The Λ separation energy BΛ as a function of A−2/3. The red dots are the results
obtained with an Hamiltonian containing a two-body ΛN force only. Blue diamonds are AFDMC
calculations with the original 2- and 3-body ΛN potential by Usmani [28]. Black triangles are the
current AFDMC results with the refitted 3-body interaction [27]. Green dots are experimental
results. Lines and bands are drawn as a guid to the eye.

DMC results and the variational ones via the positive defined relation [23]:

〈O〉real =
〈ψ0|O|ψ0〉
〈ψ0|ψ0〉

=

(
〈ψT |O|ψ0〉
〈ψT |ψ0〉

)2

〈ψT |O|ψT 〉
〈ψT |ψT 〉

=
〈O〉2DMC

〈O〉VMC

, (14)

where O is the density operator ρ̂ =
∑

i δ(r − ri), ψT is the trial wave function and ψ0 is the
projected ground state wave function. The addition of the Λ particle to the nuclear core of 4He
has the effect to reduce the nucleon density in the center. The Λ particle tries to localize close
to r = 0, enlarging therefore the nucleon distribution. When the three-body ΛNN interaction
is turned on (right panel of Fig. 4), the repulsion moves the nucleons to large distances but the
main effect is that the hyperon is pushed away from the center of the system.

As can be seen from Fig. 5, this effect is much more evident for largeA. When the hypernucleus
is described by the ΛN interaction alone, the Λ particle is localized near the center, in the range
r < 2 fm (top panel of Fig. 5). The inclusion of the three-body ΛNN potential forces the hyperon
to move from the center, in a region that roughly correspond to the skin of nucleons. It should be
noticed that the nuclear densities given by the AV4’ are widely overestimated. However we want
to point out a couple of interesting facts. First of all, when using the AV6’ potential we found
the same effects on the Λ particle, confirming the importance of the three-body hyperon-nucleon
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Figure 2. (Color online) Mass-radius relations. The key is
the same as of Fig. 1. Full dots represent the predicted
maximum masses. Horizontal bands at ∼ 2M� are the ob-
served masses of the heavy pulsars PSR J1614-2230 [18] and
PSR J0348+0432 [19]. The grey shaded region is the excluded
part of the plot due to causality.

inclusion of the repulsive three-body force [model (I)],
stiffens the EOS and pushes the threshold density to
0.34(1) fm−3. In the inset of Fig. 1 the neutron and
lambda fractions are shown for the two HNM EOSs.

Remarkably, we find that using the model (II) for
ΛNN the appearance of Λ particles in neutron matter is
energetically unfavored at least up to ρ = 0.56 fm−3, the
largest density for which Monte Carlo calculations have
been performed. In this case the additional repulsion
provided by the model (II) pushes ρthΛ towards a density
region where the contribution coming from the hyperon-
nucleon potential cannot be compensated by the gain in
kinetic energy. It has to be stressed that (I) and (II) give
qualitatively similar results for hypernuclei. This clearly
shows that an EOS constrained on the available binding
energies of light hypernuclei is not sufficient to draw any
definite conclusion about the composition of the neutron
star core.

The mass-radius relations for PNM and HNM ob-
tained by solving the Tolman-Oppenheimer-Volkoff equa-
tions [62] with the EOSs of Fig. 1 are shown in Fig. 2.
The onset of Λ particles in neutron matter sizably reduces

Table II. Fitting parameters for the function f defined in
Eq. (4) for different hyperon-nucleon potentials.

Hyperon-nucleon potential c1 [MeV] c2 [MeV]

ΛN −71.0(5) 3.7(3)

ΛN + ΛNN (I) −77(2) 31.3(8)

ΛN + ΛNN (II) −70(2) 45.3(8)

the predicted maximum mass with respect to the PNM
case. The attractive feature of the two-body ΛN interac-
tion leads to the very low maximum mass of 0.66(2)M�,
while the repulsive ΛNN potential increases the pre-
dicted maximum mass to 1.36(5)M�. The latter result
is compatible with Hartree-Fock and Brueckner-Hartree-
Fock calculations (see for instance Refs. [2–5]).

The repulsion introduced by the three-body force plays
a crucial role, substantially increasing the value of the
Λ threshold density. In particular, when model (II) for
the ΛNN force is used, the energy balance never favors
the onset of hyperons within the the density domain that
has been studied in the present work (ρ ≤ 0.56 fm−3).
It is interesting to observe that the mass-radius relation
for PNM up to ρ = 3.5ρ0 already predicts a NS mass of
2.09(1)M� (black dot-dashed curve in Fig. 2). Even if
Λ particles appear at higher baryon densities, the pre-
dicted maximum mass will be consistent with present
astrophysical observations.

In this Letter we have reported on the first quantum
Monte Carlo calculations for hyperneutron matter, in-
cluding neutrons and Λ particles. As already verified
in hypernuclei, we found that the three-body hyperon-
nucleon interaction dramatically affects the onset of hy-
perons in neutron matter. When using a three-body
ΛNN force that overbinds hypernuclei, hyperons appear
at around twice the saturation density and the predicted
maximum mass is 1.36(5)M�. By employing a hyperon-
nucleon-nucleon interaction that better reproduces the
experimental separation energies of medium-light hyper-
nuclei, the presence of hyperons is disfavored in the neu-
tron bulk at least up to ρ = 0.56 fm−3 and the lower
limit for the predicted maximum mass is 2.09(1)M�.
Therefore, within the ΛN model that we have consid-
ered, the presence of hyperons in the core of the neutron
stars cannot be satisfactorily established and thus there is
no clear incompatibility with astrophysical observations
when lambdas are included. We conclude that in order
to discuss the role of hyperons–at least lambdas–in neu-
tron stars, the ΛNN interaction cannot be completely
determined by fitting the available experimental energies
in Λ hypernuclei. In other words, the Λ-neutron-neutron
component of the ΛNN force will need both additional
theoretical investigation, possibly within different frame-
works such as chiral perturbation theory [63, 64], and a
substantial additional amount of experimental data, in
particular for highly asymmetric hypernuclei and excited
states of the hyperon.

We would like to thank J. Carlson, S. C. Pieper, S.
Reddy, A. W. Steiner, W. Weise, and R. B. Wiringa
for stimulating discussions. The work of D.L. and S.G.
was supported by the U.S. Department of Energy, Of-
fice of Science, Office of Nuclear Physics, under the NU-
CLEI SciDAC grant and A.L. by the Department of En-
ergy, Office of Science, Office of Nuclear Physics, under
Contract No. DE-AC02-06CH11357. The work of S.G.

Figure: Hypernuclear binding energies (left) and neutron star mass–radius relations
(right). (Taken from D. Lonardoni et al.)
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Motivation Methodology Results Summary

Role of strangeness in dense nuclear matter?

NLO chiral NY interactions
→ strong repulsion at higher energies
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Figure 6: TheΛp 1S0 and1P1 phase shiftsδ as a function ofplab. The red/dark band shows the chiral EFT results to NLO for variations of the
cutoff in the rangeΛ = 500, . . . ,650 MeV, while the green/light band are results to LO forΛ = 550, . . . ,700 MeV. The dashed curve is the result of
the Jülich ’04 meson-exchange potential [36].

hypertriton binding energy is much more sensitive to theΛN 1S0 strength than to that of the3S1-3D1 partial wave,
as is known from studies in the past [80, 81]. Thus, the value of the 1S0 scattering length is strongly influenced by
our demand to reproduce a correctly bound hypertriton. Interestingly, in the incomplete NLO calculation (i.e. without
two-meson–exchange contributions) presented in Ref. [70]a bound hypertriton was achieved withΛp 1S0 scattering
lengths around−2.6 fm, i.e. close to the values of the two meson-exchange potentials, cf. Tab. 6.

The hypertriton results discussed above were all obtained without an explicit three-body force (3BF). It has been
argued that the variation of the three-baryon binding energy with the cutoff Λ could provide a measure for the size of
the 3BF [82]. If so one would expect its effect to be somewhere in the range of 10-90 keV, based on the values listed
in Tab. 6. Formally the first non-vanishing contributions tothe 3BF appear at next-to-next-to-leading order (NNLO)
in the scheme that we follow [29]. But we want to point out thatour present calculation includes already some 3BF
effects. These are generated automatically in the employed coupled-channelΛN-ΣN formalism and occur in the
form of the transition of theΛ to theΣ in the intermediate (YNN) state. However, these contributions are two-body
reducible and, therefore, do not constitute a genuine (irreducible) 3BF. Note that discussions of 3BF effects in the
strangeness sector in the literature [23, 24, 25, 26] are often related to the case of an intermediateΣ, sometimes even
exclusively. One should distinguish its role from that of anirreducible 3BF which would be generated, for example,
by the excitation of theΣ(1385) resonance in the intermediate state – analogous to the 3BF that arises in the standard
three-nucleon problem due to the∆(1232) excitation.

Calculations for the four-body hypernuclei4
Λ
H and4

Λ
He based on the preliminary version of the NLO interaction

presented in [71] can be found in Ref. [82]. That interactionreproduces qualitatively theΛ separation energies for
4
Λ
H and, in particular, it yields the correct ordering of the 0+ and 1+ states. However, a quantitative agreement with

the experimental information is not achieved. Corresponding computations for the EFT interactions discussed in the
present paper are in progress [83].

Finally, let us present predictions for a selection ofΛp andΣ+p phase shifts, evaluated in the isospin basis. They
can be found in Figs. 6 - 9. The behavior of the1S0 phase shift in theΛp channel predicted at NLO is similar to the
one of the Jülich ’04 model and other meson-exchange potentials [37, 38] though may be slightly more repulsive for
higher momenta, cf. Fig. 6. The1P1 phase shift is also similar to the result of the Jülich modeland has opposite sign
as compared to the LO result. Note that this partial wave is the onlyP-wave where we observed a noticeable cutoff
dependence of the results and we counterbalanced this via a smooth variation of the LECC8a

1P1
, see Tab. 4. In all other

P-waves the value of the additional LEC not determined from the NN sector (C8s
ξ

) is fixed independently of the cutoff
Λ.
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Figure 2: TheΛ s.p. potentialUΛ(pΛ = 0) (left) and the Scheerbaum factorSΛ (right), as a function of the Fermi momentumkF . The red/dark
band shows the chiral EFT results to NLO for variations of thecutoff in the rangeΛ = 500,. . .,650 MeV, while the green/light band are results to
LO for Λ = 550,. . .,700 MeV. The hatched band is the NLO fit from [4] without antisymmetric spin-orbit force. The dashed curve is the result of
the Jülich ’04 meson-exchange potential [48].

leads to a more attractiveG-matrix interaction resulting in a 10–20 % increase ofUΛ at pΛ = 0 as compared to the
gap choice (see, e.g., Ref. [15]).

For the NLO potential we obtainSΛ = −3.7 MeV fm5, as aimed at in the fitting procedure. It is interesting
to compare the new NLO results with the ones based on the original NLO interaction [4], i.e. the one without
antisymmetric spin-orbit force. Corresponding predictions, exemplary forΛ = 650 MeV, are included also in Table 3
and denoted by NLO†(650). Clearly in this caseSΛ is significantly larger. A closer inspection of the respective partial-
wave contributions reveals what one expects anyway, namelythat the main difference is due to the antisymmetric
spin-orbit force whose contribution is given in the column labelled with1P1↔3P1. It is zero for the LO interaction
(because there is no antisymmetric spin-orbit force at thatorder) and also for the original NLO interaction, where it
has been assumed to be zero. With the corresponding contact term included its strength can be used to counterbalance
the sizeable spin-orbit force generated by the basic interaction so that the smallSΛ is then achieved by a cancellation
between the spin-orbit and antisymmetric spin-orbit components of theG-matrix interaction.

Note, however, that the results in Table 3 indicate that sucha cancellation is not the only mechanism that can
provide a small spin-orbit force. For example, let us look atthe predictions for the interaction (denoted by) NLO
(600∗), where all two-meson-exchange contributions involving the η- and/or K meson have been omitted. Here, a
very smallSΛ is achieved without any antisymmetric spin-orbit force. Itis simply due to overall more repulsive
contributions, notably in the3P0 and 3P2 partial waves. We want to emphasize that the interaction NLO(600∗)
reproduces allΛN andΣN scattering data with the same high quality as the other EFT interactions at NLO, see the
results in Ref. [4]. It is worthwhile to mention that also theJülich meson-exchange potentials predict rather small
values for the Scheerbaum factor. For both interactions there is a substantial contribution from the antisymmetric
spin-orbit force which is primarily due to vector-meson (ω) exchange [37]. The magnitude is comparable to the one
of the chiral EFT interaction at NLO. Finally, we want to drawattention to a recent lattice QCD calculation dealing
with theΛN spin-orbit force [54]. In this work only a weak cancellationbetween the spin-orbit and antisymmetric
spin-orbit potentials is obtained. However, one has to keepin mind that the calculation is performed in the (flavor)
SU(3) limit and, specifically, for quark masses far away fromtheir physical values.

9

Figure: 1S0 ΛN phase shifts (left) and Λ single-particle potential in matter (right).
(Haidenbauer, Meißner, NPA 936, 29 (2015))
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Motivation Methodology Results Summary

Study of hypernuclei

improve understanding of YN interaction

provide important constraints on YN interaction

precise experimental data on hypernuclear spectroscopy

supplement (very sparse) hyperon–nucleon scattering data base

new precision experiments at J-PARC, J-Lab, FAIR, . . .

modern developments of YN interaction

based on SU(3) chiral EFT

require advanced many-body computational methods to
confront with hypernuclear structure measurements
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Motivation Methodology Results Summary

Ab initio calculations of light hypernuclei

given microscopic NN (+NNN) and YN interactions, calculate
the energy spectra of A-body hypernuclear system with
controllable approximations

calculations so far limited to A=3,4 hypernuclear systems
(Faddeev, Faddeev–Yakubovsky equations)

recent developments in computational many-body methods

Our aim:

develop a method applicable to heavier A≥5 hypernuclei

study available boson-exchange and chiral YN interaction
models
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Motivation Methodology Results Summary

No-core shell model for hypernuclei

Ab initio

all particles are active (no rigid core)

exact Pauli principle

realistic 2- and 3-body interactions
(accurate description of NN and Y N data)

controllable approximations

Hamiltonian is diagonalized in a finite A-particle harmonic
oscillator basis

NCSM results converge to exact results
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Motivation Methodology Results Summary

No-core shell model for hypernuclei

two independent NCSM formulations developed:

Slater-determinant HO basis

+ starting with atisymmetrized basis
+ second quantization methods
− c.m. degree of freedom present ⇒ huge basis

relative Jacobi-coordinate HO basis

+ c.m. d.o.f. removed
⇒ smaller basis
⇒ larger model space possible

− the basis has to be antisymmetrized
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Motivation Methodology Results Summary

Input VNN , VNNN , and VNY potentials

NN+NNN interaction

chiral N3LO NN potential
(Entem, Machleidt, PRC 68 (2003) 041001)

chiral N2LO NNN potential
(Navrátil, FBS 41 (2007) 14)

YN interaction

phenomenological meson-exchange Jülich04 potential
(Haidenbauer, Meißner, PRC 72 (2006) 044005)

chiral LO potential
NLO version recently developed (Haidenbauer et al., NPA 915 (2013) 24)

ΛN − ΣN mixing explicitly taken into account:

VNY =

(
VΛN−ΛN VΛN−ΣN

VΣN−ΛN VΣN−ΣN

)
+

(
0 0
0 mΣ −mΛ

)

D. Gazda (ECT∗ Trento, NPI Řež) Ab Initio Calculations of Light Hypernuclei 10 / 20



Motivation Methodology Results Summary

Similarity renormalization group effective interaction

“bare” interactions require large model spaces for reasonable
convergence
→ series of unitary transformations of the original Hamiltonian H:

Hλ = UλHU
†
λ, H = H∞

implemented as a flow equation in λ:

dHλ

dλ
= −4/λ5[[T,Hλ], Hλ]

low- and high-momentum parts of Hλ being decoupled: ✷
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D. Gazda (ECT∗ Trento, NPI Řež) Ab Initio Calculations of Light Hypernuclei 11 / 20

Figure: SRG evolved 1S0 partial wave of
chiral N3LO VNN . (Bogner, Furnstahl,
Perry, PRC 75, 061001 (2007))



Motivation Methodology Results Summary

Lee–Suzuki effective interaction

preserves exactly part of the Hamiltonian spectrum
σ(H) = {E1, E2, E3, . . . , EP , . . . , E∞}

σ(Heff) = {E1, E2, E3, . . . , EP }
decoupling condition

QXHX−1P = 0→ Heff = PXHX−1P

P

Q

P QP

H
(n)
eff

QnXnH
(n)X−1

n Qn0

0

n-body cluster approximation (2 ≤ n ≤ A): H
(n)
eff n-body operator

n = 2: takes into account 2-body correlations from outside of the
model space (← repulsive core)

D. Gazda (ECT∗ Trento, NPI Řež) Ab Initio Calculations of Light Hypernuclei 12 / 20



Motivation Methodology Results Summary

s-shell hypernuclei: 3
ΛH
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Figure: Ground state energy of 3
ΛH as a function of the size of the model space, with bare chiral LO @

600 MeV interactions.
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Motivation Methodology Results Summary

s-shell hypernuclei: 4
ΛH, 4

ΛHe
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Figure: Ground state (blue) and excited state (red) energy of 4
ΛH and 4

ΛHe as a function of the size of
the model space, with chiral LO @ 600 MeV interactions.
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Motivation Methodology Results Summary

s-shell hypernuclei: 4
ΛH with SRG interactions

Figure: Ground state and excited state energies of 4
ΛH with bare and SRG effective interctions as a

function of the size of the model space, with chiral LO @ 600 MeV interactions.
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Motivation Methodology Results Summary

s-shell hypernuclei: 5
ΛHe with Lee–Suzuki eff. interaction

Figure: Ground state energy and Λ binding energy in 5
ΛHe with bare and Lee–Suzuki effective interctions

as a function of the size of the model space, with chiral LO @ 600 MeV interactions.
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Motivation Methodology Results Summary

p-shell hypernuclei: 7
ΛLi
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FIG. 2. (color online) Absolute and excitation energies of the first
four states of 7

Λ
Li for the LO chiral (b) and the Jülich’04 YN inter-

action (c) compared to the non-strange parent nucleus 6Li (a). For
the LO chiral YN interaction in panel (b) we use the two cutoff val-
ues 600 MeV/c ( ) and 700 MeV/c ( ). Experimental data from
Refs. [1, 53, 54]. All calculations use αN = 0.08 fm4, αY = 0.0 fm4,
and ~Ω = 20 MeV.

The energies for the 0+ ground state obtained from an expo-
nential extrapolation using between 3 and 6 data points for the
largest Nmax are −10.3(1) and −9.5(1) MeV for 4

Λ
H and 4

Λ
He,

respectively, corresponding to Λ separation energies of 2.4(1)
MeV for both nuclei, consistent with Ref. [8]. The excitation
energies of the 1+ excited states, as shown in the lower plots,
also agree very well with previous few-body calculations and
with experiment. Both NCSM approaches agree at the level
of 1 − 5 keV in all model spaces accessible to both, thus vali-
dating the implementations.

Application to p-shell hypernuclei. The IT-NCSM enables
ab initio calculations for all single-Λ hypernuclei throughout
the p-shell. Here we focus on a representative subset, where
precise experimental data on the spectroscopy is available.
We discuss 7

Λ
Li as one of the best studied p-shell hypernuclei

in both experiment and phenomenological models, 9
Λ

Be for
which the first spin-doublet is degenerate posing a fine-tuning
problem for the interaction, and 13

Λ
C representing the upper p-

shell. In comparison to the well studied s-shell, hypernuclei in
the p-shell probe higher relative partial waves of the YN inter-
action and thus enhance spin-orbit and tensor effects. Based
on these calculations we asses the performance of present YN
interactions, in particular, the Jülich’04 and the LO chiral YN
interactions for cutoff momenta 600 and 700 MeV/c.

We start with the discussion of 7
Λ

Li in Fig. 2. Panel (a)
shows the absolute energies and the excitation energies of
the non-strange parent nucleus 6Li obtained with the chiral

NN+3N interaction with an SRG evolution to αN = 0.08 fm4.
Note that the converged energies are practically independent
of αN in the lower p-shell [21, 22]. The good agreement of ab-
solute and excitation energies with experiment resulting from
the chiral NN+3N Hamiltonian and the good convergence of
the IT-NCSM are evident and a prerequisite for accurate hy-
pernuclear calculations.

When adding a hyperon to the non-strange parent nucleus,
in a simple picture, the weak attractive YN interaction leads
to a lowering of the ground-state energy and to a splitting of
each J > 0 level into a doublet with angular momenta J + 1

2
and J − 1

2 . The energy splitting is directly controlled by and
sensitive to the YN interaction. Both effects are evident in
the IT-NCSM results for 7

Λ
Li in panels (b) and (c) of Fig. 2.

Moreover, the differences between the YN interactions are ev-
ident. For the Jülich’04 interaction employed in Fig. 2(c) the
ground-state energy is in reasonable agreement with experi-
ment, but the level ordering is wrong. The splitting of the
spin-doublet is significantly too large and has the wrong sign,
leading to a systematically reversed level ordering. This de-
ficiency is already visible for the excited states of the A = 4
hypernuclei [8].

The LO chiral YN interactions employed in Fig. 2(b) pro-
vide a consistently better description of the spectra. The
ground-state energies obtained for cutoff 600 and 700 MeV/c
are slightly below and above experiment, respectively. The
excitation energies exhibit a weaker cutoff dependence, with
the cutoff 600 MeV/c yielding slightly lower excitation ener-
gies. If we interpret this dependence on the YN cutoff as an
estimator for the effects of higher-order terms in the chiral ex-
pansion, then we can state that the LO chiral YN interaction
gives ground-state and excitation energies that agree with ex-
periment within the truncation uncertainties.

The IT-NCSM also gives access to spectroscopic observ-
ables such as transition strengths. As an example we con-
sider the B(E2) strength for the 5/2+ → 1/2+ transition in
7
Λ

Li, which has been experimentally determined to B(E2) =

3.6+0.5
−0.5(stat)+0.5

−0.4(syst) e2fm4 [53]. For the LO chiral YN in-
teration with cutoff 600 MeV/c we obtain B(E2) = 2.3(1)
and 2.4(1) e2fm4 for Nmax = 10 and 12, respectively, using
~Ω = 20 MeV. The numbers in brackets indicate the uncer-
tainties of the threshold extrapolation [22]. Obviously, con-
vergence of this long-range observable is problematic and a
systematic study exploiting the frequency-dependence to per-
form extrapolations is needed. A simpler example is the
B(M1) strength for the spin-flip transition 3/2+ → 1/2+. We
obtain B(M1) = 0.31(1) µ2

N for Nmax = 10 and 12, indicat-
ing good convergence. This is in excellent agreement with a
preliminary experimental value reported in [55].

As a second case we discuss the spectrum of 9
Λ

Be as de-
picted in Fig. 3. The nucleonic parent nucleus 8Be is un-
bound with respect to decay into two α-particles, but still
the IT-NCSM provides a good description of the ground- and
excited-state energies in a bound-state approximation. The
addition of the hyperon binds the 9

Λ
Be hypernucleus. Again

Figure: Calculations of 7
ΛLi with chiral LO @ 600@MeV (solid lines) and 700 MeV (dashed lines) and

Jülich04 YN interactions.
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p-shell hypernuclei: 9
ΛBe
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FIG. 3. (color online) Same as Fig. 2, but for 9
Λ

Be and 8Be.

the LO chiral YN interactions for cutoff 600 and 700 MeV/c
yield different ground-state energies that bracket the experi-
mental value. A peculiarity of 9

Λ
Be is that the spin-doublet re-

sulting from the 2+ state in 8Be is practically degenerate, with
the higher-J state being at slightly lower excitation energy ex-
perimentally, contrary to the other light hypernuclei. The LO
chiral YN interactions reproduce the excitation energy of the
doublet and the near degeneracy within threshold extrapola-
tion and convergence uncertainties. In contrast, the Jülich’04
interaction gives a significant splitting of the spin doublet in
contradiction to experiment.

As a final example from the upper p-shell we discuss 13
Λ

C
in Fig. 4. The SRG-evolved chiral NN+3N interaction at
αN = 0.08 fm4 gives a ground-state energy of the nucleonic
parent 12C about 6 MeV below experiment. This overbinding
is related to the emergence of SRG-induced 4N interactions in
the upper p-shell that are not included in the present calcula-
tions (see Refs. [21, 22]). The absolute energies of 13

Λ
C inherit

this overbinding, however, taking this into account, the chiral
LO interactions are consistent with the experimental ground-
state energies within the cutoff uncertainty. Also the excited
spin-doublet appears at a slightly too low excitation energy,
since the 2+ excited state in 12C is already too low. The split-
ting of the spin doublet is predicted by the LO chiral YN in-
teractions to be 650 to 700 keV for the largest model spaces.
Again, the Jülich’04 YN interaction predicts the opposite level
ordering for the doublet. Note that the 5/2+ state was not yet
observed experimentally, but cluster-model calculations [13]
put it below the 3/2+ state in contrast to the LO chiral YN
interaction. We also calculated the lowest doublet of unnatu-
ral parity states, shown in the lower panels of Fig. 4, which
are dominated by a hyperon in a p-orbit. Neither the chiral
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FIG. 4. (color online) Same as Fig. 2, but for 13
Λ

C and 12C. Note the
change of scale in the lower panels.

nor the Jülich’04 YN interaction can reproduce the near de-
generacy of the 1/2− and 3/2− states as observed experimen-
tally. This hints at deficiencies in higher partial waves, which
are strongly affected by sub-leading contributions to the chiral
YN interactions.

Conclusions. We have performed the first ab initio cal-
culations for single-Λ p-shell hypernuclei using NCSM ap-
proaches with explicit hyperons. After a validation for s-shell
hypernuclei, we have studied selected p-shell hypernuclei us-
ing Jülich’04 and the LO chiral YN interactions. Within the
expected cutoff dependence the LO chiral YN interactions re-
produce the experimental data up to the mid-p-shell, whereas
the Jülich’04 YN interaction systematically gives wrong or-
derings and splittings of the spin-doublet states. For 13

Λ
C the

situation is unclear as the 5/2+ state is not known experi-
mentally. Neither of the YN interactions describes the first
negative-parity doublet correctly, which hints at deficiencies
in the higher relative partial-waves. This illustrates the poten-
tial of systematic ab initio studies of p-shell hypernuclei for
improving our understanding of the YN interaction. In this
context, the inclusion and validation of the chiral YN interac-
tions at NLO is highly desirable. At the same time the impact
of SRG-induced and initial chiral YNN interactions needs to
be investigated.

We thank A. Nogga and J. Haidenbauer for useful dis-
cussions and for providing us with the YN interaction
codes. This work is supported by DFG through SFB 634,
by the Helmholtz International Center for FAIR (HIC for
FAIR), by the BMBF (06DA7047I), by the GACR Grant No.
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der the SPHERE and LEANNIS cooperation programs, and

Figure: Calculations of 9
ΛBe with chiral LO @ 600@MeV (solid lines) and 700 MeV (dashed lines) and

Jülich04 YN interactions.
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p-shell hypernuclei: 13
ΛC
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Λ

Be and 8Be.

the LO chiral YN interactions for cutoff 600 and 700 MeV/c
yield different ground-state energies that bracket the experi-
mental value. A peculiarity of 9

Λ
Be is that the spin-doublet re-

sulting from the 2+ state in 8Be is practically degenerate, with
the higher-J state being at slightly lower excitation energy ex-
perimentally, contrary to the other light hypernuclei. The LO
chiral YN interactions reproduce the excitation energy of the
doublet and the near degeneracy within threshold extrapola-
tion and convergence uncertainties. In contrast, the Jülich’04
interaction gives a significant splitting of the spin doublet in
contradiction to experiment.

As a final example from the upper p-shell we discuss 13
Λ

C
in Fig. 4. The SRG-evolved chiral NN+3N interaction at
αN = 0.08 fm4 gives a ground-state energy of the nucleonic
parent 12C about 6 MeV below experiment. This overbinding
is related to the emergence of SRG-induced 4N interactions in
the upper p-shell that are not included in the present calcula-
tions (see Refs. [21, 22]). The absolute energies of 13

Λ
C inherit

this overbinding, however, taking this into account, the chiral
LO interactions are consistent with the experimental ground-
state energies within the cutoff uncertainty. Also the excited
spin-doublet appears at a slightly too low excitation energy,
since the 2+ excited state in 12C is already too low. The split-
ting of the spin doublet is predicted by the LO chiral YN in-
teractions to be 650 to 700 keV for the largest model spaces.
Again, the Jülich’04 YN interaction predicts the opposite level
ordering for the doublet. Note that the 5/2+ state was not yet
observed experimentally, but cluster-model calculations [13]
put it below the 3/2+ state in contrast to the LO chiral YN
interaction. We also calculated the lowest doublet of unnatu-
ral parity states, shown in the lower panels of Fig. 4, which
are dominated by a hyperon in a p-orbit. Neither the chiral
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FIG. 4. (color online) Same as Fig. 2, but for 13
Λ
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nor the Jülich’04 YN interaction can reproduce the near de-
generacy of the 1/2− and 3/2− states as observed experimen-
tally. This hints at deficiencies in higher partial waves, which
are strongly affected by sub-leading contributions to the chiral
YN interactions.

Conclusions. We have performed the first ab initio cal-
culations for single-Λ p-shell hypernuclei using NCSM ap-
proaches with explicit hyperons. After a validation for s-shell
hypernuclei, we have studied selected p-shell hypernuclei us-
ing Jülich’04 and the LO chiral YN interactions. Within the
expected cutoff dependence the LO chiral YN interactions re-
produce the experimental data up to the mid-p-shell, whereas
the Jülich’04 YN interaction systematically gives wrong or-
derings and splittings of the spin-doublet states. For 13

Λ
C the

situation is unclear as the 5/2+ state is not known experi-
mentally. Neither of the YN interactions describes the first
negative-parity doublet correctly, which hints at deficiencies
in the higher relative partial-waves. This illustrates the poten-
tial of systematic ab initio studies of p-shell hypernuclei for
improving our understanding of the YN interaction. In this
context, the inclusion and validation of the chiral YN interac-
tions at NLO is highly desirable. At the same time the impact
of SRG-induced and initial chiral YNN interactions needs to
be investigated.
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Figure: Calculations of 13
ΛC with chiral LO @ 600@MeV (solid lines) and 700 MeV (dashed lines) and

Jülich04 YN interactions.
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Summary

Calculations of light hypernuclei within NCSM

reliable ab initio calculations of p-shell hypernuclei with microscopic
interactions are now possible
systematic study of p-shell hypernuclei improves understanding of YN
interactions
LO chiral YN interactions are consistent with measured low-lying
energy levels of light hypernuclei
indication of deficiencies for higher relative partial waves of LO chiral
YN interactions

Gazda, Mareš, Navrátil, Roth, Wirth, Few-Body Syst. 55, 857 (2014).
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Outlook

benchmark calculations
study chiral NLO NY interaction
lattice NY interactions, S=− 2 systems, . . .
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