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Dispersion relation for hadronic light-by-light scattering
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Abstract. The largest uncertainties in the Standard Model calculatiothe anomalous magnetic moment of
the muon § — 2), come from hadronic contributions. In particular, in a fevagethe subleading hadronic
light-by-light (HLbL) contribution might dominate the tbey uncertainty. We present a dispersive description
of the HLbL tensor, which is based on unitarity, analyticityossing symmetry, and gauge invariance. This
opens up the possibility of a data-driven determinationhef ILbL contribution to § — 2), with the aim of
reducing model dependence and achieving a reliable enionas.

Our dispersive approach defines unambiguously the pioagra the pion-box contribution to the HLbL tensor.
Using Mandelstam’s double-spectral representation, we peoven that the pion-box contribution coincides
exactly with the one-loop scalar QED amplitude, multiplBdthe appropriate pion vector form factors.

1 Introduction HLbL tensor? By making use of the fundamental princi-
ples of unitarity, analyticity, crossing symmetry, and gau
The anomalous magnetic moment of the mupnZ), has invariance, we provide an approach that reduces model de-

of about 0.5 ppm (see e.g. [2]). For more than a decade(,)f the HLbL contribution to g — 2),.

a discrepancy has persisted between the experiment and Here, we report on an improvement of our disper-

the Standard Model prediction, now of about.3Forth-  sive framework [16, 17]. We have constructed a gener-

coming measurements at FNAL [3] and J-PARC [4] will ating set of Lorentz structures for the HLbL tensor that is

update the experimental value. The aim is to increase théree of kinematic singularities and zeros. This simplifies

precision by a factor of 4 and check for systematic errors. significantly the calculation of the HLbL contribution to
The main uncertainty of the theory prediction is due (9 — 2).- Within our dispersive formalism, the definitions

to strong interactionféects. At present, the largest error Of both the pion-pole and pion-box topologies are unam-

arises from hadronic vacuum polarisation, which, how- biguous. By constructlng a Mandelstam representat_lon for

ever, forthcoming data fronete~ experiments [2] may the scalar functions, we prove that the box_topolog!es_, are

help reduce. Thus in a few years, the subleatiivegironic ~ €dual to the scalar QED (sQED) contribution multiplied

light-by-light contribution might dominate the theory er- by pion vectorform factors. First numerical results for thg

ror. In present calculations of the HLbL contribution, sys- Pion-box topologies are shown and future steps are dis-

tematic errors are icult, if not impossible, to quantify, cuSsed-

due to model dependence. A new strategy is required to

provide a solid estimate of the theory uncertainties and re-

duce them. In the r.ecerllt pfist, _Iattice QCD has made e |orentz structure of the HLbL tensor

markable progress in this direction, and may play a lead-

ing role in this field in the near future [8-12]. In [13, 14],

we have presented the first dispersive description of than order to study the HLbL contribution tg{2),, we need
a description of the HLbL tensor, namely the hadronic

de-mail: massimiliano.procura@cern.ch Green’s function of four quark electromagnetic currents,
Pe-mail: gilberto@itp.unibe.ch

Ce-mail: mhofer@uw.edu

de-mail: stdfer@hiskp.uni-bonn.de 2A different approach, which aims at a dispersive descriptioneof th

1Even higher-order hadronic contributions have been censitiin muon vertex function instead of the HLbL tensor, has beesgmted in
[5, 6]. [15].
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evaluated in pure QCD: are only seven distinct Lorentz structures:
T = PTG, Oy, s
T = (choy — Gr - g™ )(Ch05 — s - Qg™ ).
147 (g4, O, Gg) = —i f dix 'y o'z 1@ xr ) T = (0 - 0 - Gog”) (01 - (L — - Gg™)
o + G402 - Gs — 010} O - Cla).
X <0|T{Jem(X)Jem(y)Jem(Z)Jem(O)HOzi) I — (0 — - ) - GLCE — - ™)
+ Q405 Ch - O — G105 G - G,
T = (choh — o1 - G20)(0h - e — GG - G
Gauge invariance requires the HLbL tensor to satisfy the x (ngl e e Q4)’
Ward-Takahashi (WT) identities T4 = (choh - da — 0 - )
X (G545 — dsehc + 9" (dliC - Os — G5 - Gl
+9" (030 - O — 302 - Ga)
@ + 9" (0G0 G — 050 - )
The'" = (01 - U0z - Qg™ — G - GsCl - QuClyg™
+ 0, Q(01 02 - Gz — G0 - Gs)
+ 01+ Qa0 00, — G + Gl 0301
+ Ch - Gl - Ga(Ghg™ — ™))

{d}. O, A3, A5 M 10 (01, G2, O3) =

whereqs = g; + gz +gs. The HLbL tensor can be written a
priori in terms of 138 basic Lorentz structures built out of
the metric tensor and the four-momenta [18]. Our first task — 04(0h - GG - G0 — Gz - Glah - s
is to write the HLbL tensor in terms of Lorentz structures + (A - G — O30 - )

that satisfy the WT identities, while at the same time the + 0 QaqflO — o - Gl

scalar functions that multiply these structures must be fre

of kinematic singularities and zeros. A recipe for the con- + Ch - G0 - Ga(Cis”” — g™ )

struction of these structures has be_en given by B_ardeen, 40 q4((q‘}q§{ — O - g™ )OS — o - Gag””)
Tung [19], and Tarrach [20] for generic photon amplitudes. e > . .

Gauge invariance imposes 95 linear relations between the ~ (0% — G2+ Gug (e, — O - Gsg")). )

138 initial scalar functions. A generating $ebnsisting Al the remaining ones are just crossed versions of the
of 43 elements can be constructed following Bardeen andseven structures above. As each structure fullfils the WT

Tung [19]. However, as it was shown by Tarrach [20], identities, both crossing symmetry and gauge invariance
such a set is not free of kinematic singularities and has taare implemented in a manifest way in the gf_#v 7

be supplemented by additional structures. We find a re-
dundant generating set of dimension 54: 3 HLbL contribution to (g — 2),,

The HLbL contribution ta, = (g—2),/2 can be extracted
with the help of well-known Dirac projector techniques
[23]. With our decomposition of the HLbL tensor in 54

54
" (01, Gz, Q) = Z T TTi(s 1, u), (3)  structures, this amounts to the calculation of the follayin
! two-loop integral:
a 48m, J (21)* (2n)* gig5( + Gp)?
where the scalar functiorig; are free of kinematic sin- X 12 p_ 12
gularities and zeros, and therefore suited for a dispersive (P+01)? —m; (P~ G2)* —
description. The Mandelstam variables are defined by x Tr ((p+ M. Yol (P + M) yu

s=(qu+ 0%t =(qu+ )% u=(g@+0s)? There
(P+ 8y + M)ya(p— g + M)y

x Z ( 90, W 7(01. 92, G4 — 01 — CIz))

x ITi (01, O2, —Q1 — O2)- 5)

3n 4 space-time dimensions, there are two additional lingiations, ~ After a Wick rotation of th? moment_a, five of the_ eight
hence a basis consists of 41 elements [21, 22]. loop integrals can be carried out with the technique of

04=0




Flavour changing and conserving processes

Figure 1. Unitarity diagrams according to the Mandelstam represiemaCrossed diagrams are omitted.

Gegenbauer polynomials [24]. We have checked that this  In the Mandelstam representation, the sum over inter-
Wick rotation is justified even in the presence of anoma-mediate states in the unitarity relations (for the primary
lous thresholds in the scalar functiofs In analogy to  and secondary cuts) translates into a splitting of the HLbL
the pion-pole contribution [25], a master formula for the tensor into several topologies, shown in fig. 1. The first
full HLbL contribution to (g — 2), can be worked out: topology consists of the pion poléee. the terms arising
from a single pion intermediate state. This contribution is

3 00 ) 1 .
gHLbL _ Zifo dQlfo szfl dr VI— 2Q3Q3 well-known [25] and given by

M T 372
12 _
x > Ti(Q1, Q2 IIIi(Q1, Qz, ), (6) opole __ Tty (CQL ~Q))F oy (- Q5. 0)
i=1 ! Q2+ M2 ’
wherea = €/(4n) a_nd theT; are integration kernels_. With r-pole _ ﬂoy*y*(—Qz’ —Qg)ﬂow(—Qﬁ’ 0) 8
Qi we denote Euclidean momenta. Only twelve indepen- 2 - Q% + M2 . (8)

dent linear combinations of the hadronic scalar functions
IT; contribute, denoted bif; [17]. They have to be evalu-
ated for the reduced kinematics where¥o,.,. denotes the pion transition form factor (for
5 5 5 off-shell photons but an on-shell pion).
=-Q3 t=-Q, u=-Q

S
5 5 5 5 The other topologies are obtained by selecting two-
G =-Qn B=-Q pion intermediate states in the primary cut. The sub-
B=-Q=-Q-2Q1Qr-Q5, @;=0. (7) processy’y* — nris again cut in the crossed channel.
If we single out the pion-pole contribution in both of the
4 Mandelstam representation sub-processes, we obtain the box topologies for HLbL.

For higher intermediate states in the crossed channel of
Although the scalar functions in the master formula (6) y*y* — 7, we obtain boxes with multi-particle cuts in-

are needed only for the reduced kinematics (7), where thetead of poles in the sub-processes.

limit g4 — 0 is taken, we define the dispersion relation in B licitl tructing the Mandelst i
the Mandelstam variables of the four-point function with . y expiicitly constructing the Mandeistam representa-
tion, we have shown that the box topologies in the sense

general kinematics and evaluate it only afterwards for the

special casegy — 0. This procedure has the following ad- IOf umtagtg har\:'[eri;h?i sr?nrwne anzliilyélsvi:u?ttérelastrthg one-
vantage: the HLbL contribution tg/ 2), splits into con- oop sQED co dtion, muttipiie bion electromag-

tributions from ditferent topologies, each of them linked to netic form factorsz,Y(qiz_) for each of thg G-shell phqtons

a specific sub-process, which is either data input or agair‘F_SQED_)' Thezdlspersmn relatlc_)n defines unamblguously

a dispersively reconstructed quantity. Thesgedent con- this particulam; depende_nce. With the construction of the

tributions are discussed in the following. Mandel§tam representation, we prove that FSQED and qu
Gauge invariance, encoded in the decomposition (3)topplogles are the same. Notg that the SQE.D loop contri-

leads to Lorentz structure‘ﬁ”“" of mass dimension 4, bgtlon in terms of Feynman diagrams consists of b_oxgs,

6, and 8. Hence, we expect the scalar functiohgo triangles, and bulbs, but that the corresponding unitarity

be rather strongly suppressed at high energies. Thus ngagrams are just box topologies. This can be understood

write down unsubtracted double-spectral (Mandelstam)as follows: in SQED, the appearance of triangle and bulb

representations for thid; [26], i.e. parameter-free disper- d|agrar?ns:/|s;i d:e tol:]he ?e%a?#}" I;/enr]tex, nee(?re]:/j :? r?nSLi”e
sion relations. The input to the dispersion relation are9auge Invariance. our formalism, gauge invariance 15

the residues at poles (due to single-particle intermediatt?lIready encoded in the tensor decomposition (3). If the

states) and the discontinuities along branch cuts (due t(?QED contribution is projected on this tensor decomposi-

two-particle intermediate states). Both are defined by the O™ which separates kinematics from dynamics, one can

unitarity relation, in which the intermediate states are al qheck that the dynamical singularities of the scalar func-
ways on-shell. We neglect contributions from intermediatetIonSHi in SQED are the ones of a box topology.

states consisting of more than two particles in the primary  The equivalence of the pion-box topologies with
cut. Heavier intermediate states are expected to be sug=sQED allows us to derive compact expressions for the
pressed by higher thresholds and smaller phase space, oontribution to the scalar functiond; in terms of two-
agreement with the outcome of model calculations. dimensional Feynman parameter integrals. In the limit
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gs — 0, they are given by
(0. 63, @) = F () (o) F ()

1 1 1-Xx
goz [ o[ artxn. ©

where
2 (1= 25)(1 - 2x — 24)(1 - 6X(1 - X))
Il(X9 y) = _:_)) AZ s
123
2 (1 - 2%)(L + 2x(1 - 3x(1 - 2y) — 6y(L - )))
la(x, y) = 3 A2 ’
123
4(1-2x)%(1-2y)%(1-y)
123
4 x(1-2X)y(1 - 2y) ( 1 1 )
lis(X, y) = = —_t —,
16(%.9) 3 A213A13 Ar1z Asz
4(1-2x)%(1 - 2y)y(1 - y)(1 - 2x - 2y)
l19(X, y) = ~3 A3 ,
213
8 x2(1 - x)(1 - 2x)3y(1 - 2y)
I31(X,y) = ~3 Ayiahis
( 1 1 1 )
N " hoaL T2 )
AS; A213A13 AL,
4 (1-2X)(1 - 2y)%y(1 - y)(1 - 2x - 2y)
lso(X. ) = 3 A3 ,
123
laa(X. ) = 4 X1 - 2x)y(1 - 2y)(1 - 6y(1 - y))
2%y 3 A3z21A21
N (i N i)
Asp1 An)’
Iso(X, y) = 0, (10)
and

A = MZ = xyof = X(1— X = y)af — y(1 - X— y)of,
Aij = M2 = X(1 - )2 - y(1 - y)of. (11)

The remaining functiongl; that enter the master formula

can be obtained with crossing relations permuting cply
02, andqgs, which are still valid in the limitgy — 0.
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Figure2. Different parameterization of the pion vector form fac-
tor for space-like kinematics used in our numerical analysi
the pion box contribution ta,,.

allows us to describe here th&ext of two-pion rescatter-
ing in the primary channel. In [13], we already discussed
the S-wave contribution. The new Lorentz decomposition
allows us to include also higher partial waves. The contri-
bution of these topologies is given by dispersion integrals
over products of*y*) — zx helicity partial waves. The
Born terms of the sub-process have to be properly sub-
tracted to avoid double-counting with the box topologies.

5 Conclusion and outlook

Using the Mandelstam representation for the hadronic
scalar functiondl;, we have spliial'jLbL into three contri-
butions: pion-pole contributions, box topologies, amd
rescattering contributions:
m-pole | _box

o
+aﬂ +aﬂ +...,

gHLbL —

b &
where the dots denote neglected higher intermediate states
in the primary cut. We stress that in our approach we
need to solve the dispersion relation for the HLbL ten-

(13)

For a numerical analysis of the pion box contribution, sor atfixed photon virtualities The input quantities in
the only input needed is the pion vector form factor in our dispersive description are the pion transition form fac
the space-like region. In fig. 2 we show two fits: one is 1OF Fo,--(67, ), the pion electromagnetic form factor
based on a modified Omnés representation which accountsY (q?), and they*y* — = helicity partial waves. In the
for the prominent singularities in the low-energy region absence of experimental data on the doubly-virtual pro-

[27, 28], the other on vector meson (her¢ dominance.
Correspondently we obtain

P~ -159.10"

PP ~ _164. 1071

(12)

cesses, these quantities will be reconstructed againrdispe
sively [13, 29-36].

Our dispersive formalism defines unambiguously both
the pion-pole and pion-box contribution. They are treated
without any approximation. For the two-pion rescattering
contribution a partial-wave expansion is employed.

We have limited the discussion to pions although the

Error estimate is in progress but associated uncertainformalism can be extended to higher pseudoscalar poles

ties are expected to be very small.

(7, ") or KK intermediate states [37—40]. Future work

We treat the contribution from topologies with higher will include model estimates of the contribution from in-
intermediate states in a partial-wave picture. This meandermediate states with more than two pseudoscalar parti-
that the a multi-particle cut is approximated by a polyno- cles, and the incorporation of high-energy constraintsifro
mial, as illustrated in fig. 3. The dispersive formulation perturbative QCD.
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Figure 3. Partial-wave approximation of multi-particle interme@istates in the secondary cut.

Our dispersive approach is expected to help sub{13] G. Colangelo, M. Hoferichter, M. Procura and
stantially reduce model dependence in HLbL scattering P. Stdfer, JHEP 1409 (2014) 091 [arXiv:1402.7081
through a more data-driven evaluation of the HLbL con-  [hep-ph]].
tribution to (g - 2),.. A careful numerical study is currently [14] G. Colangelo, M. Hoferichter, B. Kubis,
under way, with the final goal to identify the experimental M. Procura and P. Sfter, Phys. Lett. B738 (2014) 6
input with the largest impact on the theory uncertainty. [arXiv:1408.2517 [hep-ph]].
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