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Introduction 

Limiting factor in the accuracy of SM predictions for                    is control over 
hadronic contributions, responsible for most of the theory uncertainty 

Hadronic vacuum polarization can be systematically improved

Intro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL

Hadronic light-by-light: irreducible uncertainty?

! Hadronic contributions responsible for most of the theory
uncertainty

! Hadronic vacuum polarization (HVP) can be systematically
improved

! basic principles: unitarity and analyticity
! direct relation to experiment: total hadronic cross section

σtot(e+e! ! γ" ! hadrons)
! dedicated e+e! program (BaBar, Belle, BESIII, CMD3,

KLOE2, SND)
(but going much below 1% is hard Ð dealing with radiative corrections poses nontrivial problems)

unitarity and analyticity relate it directly to 

dedicated        program (BaBar, Belle II, BESIII, CMD3, KLOE2, SND)e+e−

Intro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g ! 2)µ Approaches to HLbL

Hadronic light-by-light: irreducible uncertainty?

! Hadronic contributions responsible for most of the theory
uncertainty

! Hadronic vacuum polarization (HVP) can be systematically
improved

! basic principles: unitarity and analyticity
! direct relation to experiment: total hadronic cross section

σtot(e+ e− → γ∗ → hadrons)
! dedicated e+ e− program (BaBar, Belle, BESIII, CMD3,

KLOE2, SND)
(but going much below 1% is hard Ð dealing with radiative corrections poses nontrivial problems)

aµ = (g ! 2)µ/ 2



Introduction 

Hadronic light-by-light (HLbL) is more problematic. 
Only model calculations have been performed so far 
and they are characterized by large uncertainties in 
the individual contributions

1 Introduction

Hadronic light-by-light (HLbL) scattering

¥ up to now only model calculations

¥ uncertainty estimate based rather

on consensus than on a systematic

method

¥ lattice QCD making progress, but

not yet competitive

¥ will dominate theory error in a few

years
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Intro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g ! 2)µ Approaches to HLbL

Different evaluations of HLbL
Jegerlehner Nyffeler 2009

! large uncertainties (and differences among calculations) in
individual contributions

! pseudoscalar pole contributions most important
! second most important: pion loop, i.e. two-pion cuts (Ks are
subdominant)

! heavier single-particle poles decreasingly important
(unless one models them to resum the high-energy tail)

Jegerlehner and Nyffeler (2009)

Limiting factor in the accuracy of SM predictions for                    is control over 
hadronic contributions, responsible for most of the theory uncertainty 

aµ = ( g − 2)µ



Introduction 

a reliable uncertainty estimate is still an open issue

How to reduce model dependence? Recent strategies for an improved calculation :

lattice QCD

dispersion theory to make the evaluation as data driven as possible

Hadronic light-by-light (HLbL) is more problematic. 
Only model calculations have been performed so far 
and they are characterized by large uncertainties in 
the individual contributions
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Hadronic light-by-light (HLbL) scattering

¥ up to now only model calculations

¥ uncertainty estimate based rather

on consensus than on a systematic

method

¥ lattice QCD making progress, but

not yet competitive

¥ will dominate theory error in a few

years
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Limiting factor in the accuracy of  SM predictions for                    is control 
over hadronic contributions, responsible for most of the theory uncertainty 

aµ = ( g − 2)µ



Relate HLbL to experimentally accessible quantities through a dispersive approach

Exploit fundamental principles : 

Our strategy 

(for dispersive treatment of the HLbL contribution to Pauli FF, see talk by Pere)

Much more challenging task than for the hadronic vacuum polarization due to the 
complexity of the HLbL tensor, which is the key object of our analysis

gauge invariance and crossing symmetry

unitarity and analyticity 



The fully off-shell HLbL tensor :

The HLbL tensor

Mandelstam variables:

For the evaluation of         one photon will be taken on shell (        )

! µ!"# (q1, q2, q3) = ! i

�
d4x d4y d4z e−i(q1·x+ q2·y+ q3·z) "0|T { jµ

em(x)j!
em(y)j"

em(z)j#
em(0)}| 0#

q1

q2

−q3

k = q4

Figure 3: Kinematics of the light-by-light scattering amplitude.

We Þnd that the pion-pole contribution corresponds exactly to the sQED Born contribution multiplied by
electromagnetic pion form factors for the two o! -shell photons.7 Note that, if we think in terms of unitarity
diagrams, we have now considered the pure pole contribution to the scalar functions. However, in terms of
Feynman diagrams in sQED this corresponds to a sum of two pole diagrams and the seagull diagram.8 It is
important to be aware of the di! erent meaning of a topology in the sense of unitarity and a Feynman diagram,
see Fig.2. As will be shown in Sect.5, it is exactly this distinction that makes the sQED pion loop in HLbL
coincide with box-type unitarity diagrams representing ππ intermediate states with a pion-pole LHC, although,
in terms of Feynman diagrams, it is composed of the sum of box, triangle, and bulb topologies.

3 Lorentz structure of the HLbL tensor

3.1 Definitions
In order to study the contribution of HLbL scattering to the anomalous magnetic moment of the muon, we need
Þrst of all a description of the HLbL tensor. The object in question is the hadronic GreenÕs function of four
electromagnetic currents, evaluated in pure QCD (i.e. with Þne-structure constantα = e2/ (4π) = 0 ):

Πµ!"# (q1, q2, q3) = ! i
�

d4x d4y d4z e! i(q1 ·x+ q2 ·y+ q3 ·z) "0|T{ j µ
em(x)j !

em(y)j "
em(z)j #

em(0)}| 0#. (3.1)

The electromagnetic current includes only the three lightest quarks:

j µ
em := øqQγµq, (3.2)

where q = ( u, d, s)T and Q = diag( 2
3 , ! 1

3 , ! 1
3 ).

The contraction of the HLbL tensor with polarization vectors gives the hadronic contribution to the helicity
amplitudes for (o! -shell) photonÐphoton scattering:

H" 1 " 2 ," 3 " 4 = �" 1
µ (q1)�" 2

! (q2)�" 3
"

"
(! q3)�" 4

#
"
(k)Πµ!"# (q1, q2, q3). (3.3)

For notational convenience, we deÞne

q4 := k = q1 + q2 + q3. (3.4)

The kinematics is illustrated in Fig. 3.
We use the following Lorentz scalars as kinematic variables Ñ these are the usual Mandelstam variables:

s := ( q1 + q2)2, t := ( q1 + q3)2, u := ( q2 + q3)2, (3.5)

which fulÞll (we will take k2 = 0 at some later point)

s + t + u =
4�

i=1

q2
i =: Σ. (3.6)

Gauge invariance requires the HLbL tensor to satisfy the WardÐTakahashi identities

{ qµ
1 , q!

2 , q"
3 , q#

4 } Πµ!"# (q1, q2, q3) = 0 . (3.7)

7Therefore, the dispersive deÞnition of the pion pole ( 2.49) coincides with the gauge-invariant pole contribution of the Ôsoft-
photon amplitudeÕ in [ 43]. We thank S. Scherer for pointing this out.

8The equivalence of the pion pole and the Born term is surprising given the fact that ( 2.50) contains a term with gµ ν , while the
imaginary parts ( 2.46) and ( 2.47) do not. Tracing the above steps backwards, one sees that in the t- or u-channel imaginary parts
the coe! cient of gµ ν is proportional to (t ! M 2

π)δ(t ! M 2
π) or (u ! M 2

π)δ(u ! M 2
π) and hence vanishes due to the delta function.
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We Þnd that the pion-pole contribution corresponds exactly to the sQED Born contribution multiplied by
electromagnetic pion form factors for the two off-shell photons.7 Note that, if we think in terms of unitarity
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Feynman diagrams in sQED this corresponds to a sum of two pole diagrams and the seagull diagram.8 It is
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electromagnetic currents, evaluated in pure QCD (i.e. with Þne-structure constant" = e2/ (4! ) = 0):

! µ!"# (q1, q2, q3) = −i
!

d4x d4y d4z e−i(q1 ·x+q2 ·y+q3 ·z)�0|T{j µ
em(x)j !

em(y)j "
em(z)j #

em(0)}|0�. (3.1)
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j µ
em := q̄Q#µq, (3.2)

where q = (u, d, s)T and Q = diag( 2
3 ,− 1

3 ,− 1
3 ).

The contraction of the HLbL tensor with polarization vectors gives the hadronic contribution to the helicity
amplitudes for (off-shell) photonÐphoton scattering:

H" 1 " 2 ," 3 " 4 = $" 1
µ (q1)$" 2

! (q2)$" 3
"
∗
(−q3)$" 4

#
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For notational convenience, we deÞne

q4 := k = q1 + q2 + q3. (3.4)

The kinematics is illustrated in Fig. 3.
We use the following Lorentz scalars as kinematic variables Ñ these are the usual Mandelstam variables:

s := (q1 + q2)2, t := (q1 + q3)2, u := (q2 + q3)2, (3.5)

which fulÞll (we will take k2 = 0 at some later point)

s + t + u =
4"

i=1

q2
i =: " . (3.6)

Gauge invariance requires the HLbL tensor to satisfy the WardÐTakahashi identities

{qµ
1 , q!

2 , q"
3 , q#

4 }! µ!"# (q1, q2, q3) = 0. (3.7)

7Therefore, the dispersive definition of the pion pole (2.49) coincides with the gauge-invariant pole contribution of the ‘soft-
photon amplitude’ in [43]. We thank S. Scherer for pointing this out.

8The equivalence of the pion pole and the Born term is surprising given the fact that (2.50) contains a term with gµ ! , while the
imaginary parts (2.46) and (2.47) do not. Tracing the above steps backwards, one sees that in the t- or u-channel imaginary parts
the coefficient of gµ ! is proportional to (t−M2

" )! (t−M2
" ) or (u−M2

" )! (u−M2
" ) and hence vanishes due to the delta function.

13

q1

q2

! q3

k = q4

Figure 3: Kinematics of the light-by-light scattering amplitude.

We Þnd that the pion-pole contribution corresponds exactly to the sQED Born contribution multiplied by
electromagnetic pion form factors for the two off-shell photons.7 Note that, if we think in terms of unitarity
diagrams, we have now considered the pure pole contribution to the scalar functions. However, in terms of
Feynman diagrams in sQED this corresponds to a sum of two pole diagrams and the seagull diagram.8 It is
important to be aware of the different meaning of a topology in the sense of unitarity and a Feynman diagram,
see Fig.2. As will be shown in Sect.5, it is exactly this distinction that makes the sQED pion loop in HLbL
coincide with box-type unitarity diagrams representing !! intermediate states with a pion-pole LHC, although,
in terms of Feynman diagrams, it is composed of the sum of box, triangle, and bulb topologies.

3 Lorentz structure of the HLbL tensor

3.1 Definitions
In order to study the contribution of HLbL scattering to the anomalous magnetic moment of the muon, we need
Þrst of all a description of the HLbL tensor. The object in question is the hadronic GreenÕs function of four
electromagnetic currents, evaluated in pure QCD (i.e. with Þne-structure constant" = e

2
/(4! ) = 0):

! µνλσ(q1, q2, q3) = ! i

�
d
4
x d

4
y d

4
z e

! i (q1 ·x+q2 ·y+q3 ·z)"0|T{jµ
em(x)jν

em(y)jλ
em(z)jσ

em(0)}|0#. (3.1)

The electromagnetic current includes only the three lightest quarks:
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µ
em := q̄Q#µ

q, (3.2)

where q = (u, d, s)T and Q = diag( 2
3 , ! 1

3 , ! 1
3 ).

The contraction of the HLbL tensor with polarization vectors gives the hadronic contribution to the helicity
amplitudes for (off-shell) photonÐphoton scattering:

Hλ1 λ2 ,λ3 λ4 = $λ1
µ (q1)$λ2

ν (q2)$λ3
λ

"
(! q3)$λ4

σ
"
(k)! µνλσ(q1, q2, q3). (3.3)
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which fulÞll (we will take k
2 = 0 at some later point)

s + t + u =
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i =1

q
2
i =: " . (3.6)
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1 , q

ν
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3 , q
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photon amplitude’ in [43]. We thank S. Scherer for pointing this out.

8The equivalence of the pion pole and the Born term is surprising given the fact that (2.50) contains a term with gµν , while the
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2 Lorentz Structure of the HLbL Tensor

The HLbL tensor: definitions

• hadronic four-point function:

Πµνλσ(q1, q2, q3)

= ! i
�

dxdydze! i(q1x+ q2y+ q3z) "0|T j µem(x)j !
em(y)j "

em(z)j #
em(0)|0#

• EM current:
j µem =

�

i= u,d,s

Qiq̄i! µqi

• Mandelstam variables:

s = (q1 + q2)2, t = (q1 + q3)2, u = (q2 + q3)2

• for (g ! 2)µ, the external photon is on-shell:

q2
4 = 0, where q4 = q1 + q2 + q3

10 aHLbL
µ

2 Lorentz Structure of the HLbL Tensor

The HLbL tensor: deÞnitions

¥ hadronic four-point function:

! µνλσ(q1, q2, q3)

= −i

!
dxdydze! i (q1 x+q2 y+q3 z)�0|Tjµ

em(x)j
!
em(y)j

"
em(z)j

#
em(0)|0�

¥ EM current:
jµ
em =

"

i=u,d,s

Qi øqiγ
µqi

¥ Mandelstam variables:

s = ( q1 + q2)2, t = ( q1 + q3)2, u = ( q2 + q3)2

¥ for (g − 2)µ, the external photon is on-shell:

q24 = 0, where q4 = q1 + q2 + q3
10



Based on Lorentz covariance the HLbL tensor can be decomposed in 138 structures 

Lorentz structure of HLbL tensor

In 4 space-time dimensions there are 2 linear relations among these 138 structures

Scalar functions encode the hadronic dynamics and depend on 6 kinematic variables

3.2 Tensor decomposition

In general, the HLbL tensor can be decomposed into 138 Lorentz structures [13, 44, 45]:

Πµνλσ = gµνgλσ Π1 + gµλgνσ Π2 + gµσgνλ Π3

+
!

i =2,3,4
j =1,3,4

!

k=1,2,4
l=1,2,3

qµ
i qν

j qλ
k qσ

l Π4
ijkl

+
!

i =2,3,4
j =1,3,4

gλσqµ
i qν

j Π5
ij +

!

i =2,3,4
k=1,2,4

gνσqµ
i qλ

k Π6
ik +

!

i =2,3,4
l=1,2,3

gνλqµ
i qσ

l Π7
il

+
!

j =1,3,4
k=1,2,4

gµσqν
j qλ

k Π8
jk +

!

j =1,3,4
l=1,2,3

gµλqν
j qσ

l Π9
jl +

!

k=1,2,4
l=1,2,3

gµνqλ
k qσ

l Π10
kl

=:
138!

i =1

Lµνλσ
i Ξi . (3.8)

The 138 scalar functions

{ Ξi } := { Π1,Π2,Π3,Π4
ijkl ,Π5

ij ,Π6
ik ,Π7

il ,Π
8
jk ,Π9

jl ,Π10
kl } (3.9)

depend on six independent kinematic variables, e.g. on two Mandelstam variabless and t and the virtualities q2
1 ,

q2
2 , q2

3 , and q2
4 . They are free of kinematic singularities but contain kinematic zeros, because they have to fulÞll

kinematic constraints required by gauge invariance. The Ward identities (3.7) impose 95 linearly independent
relations on the scalar functions, reducing the set to 43 functions.

As we did in Sect. 2.2 for the case of! ∗! ∗ ! "" , we will now construct a set of Lorentz structures and
scalar functions, such that the scalar functions contain neither kinematic singularities nor zeros. Compared to
! ∗! ∗ ! "" , the application of the recipe given by Bardeen, Tung [31], and Tarrach [32] is much more involved.
Again, the recipe by Bardeen and Tung does not lead to a kinematic-free minimal basis (which would consist
here of 43 scalar functions).9 Following Tarrach, we will construct a redundant set of 54 structures, which is
free of kinematic singularities and zeros.

In a Þrst step, we deÞne the two projectors

Iµν
12 := gµν "

qµ
2 qν

1

q1 áq2
, Iλσ

34 := gλσ "
qλ
4 qσ

3

q3 áq4
, (3.10)

which have the following properties:

qµ
1 I12

µν = 0 , qν
2 I12

µν = 0 ,

qλ
3 I34

λσ = 0 , qσ
4 I34

λσ = 0 ,

Iµµ !

12 Πµ ! νλσ = Πµ
νλσ, Iν ! ν

12 Πµν ! λσ = Πµ
ν

λσ,

Iλλ!

34 Πµνλ! σ = Πµν
λ

σ, Iσ! σ
34 Πµνλσ! = Πµνλ

σ, (3.11)

i.e. the HLbL tensor is invariant under contraction with the projectors, but the contraction of every Lorentz
structure produces a gauge-invariant structure. Hence, we project the tensor

Πµνλσ = Iµµ !

12 Iν ! ν
12 Iλλ!

34 Iσ! σ
34 Πµ ! ν ! λ! σ!

=
138!

i =1

Iµµ !

12 Iν ! ν
12 Iλλ!

34 Iσ! σ
34 Li

µ ! ν ! λ! σ! Ξi

=:
138!

i =1

øLµνλσ
i Ξi =

43!

j =1

øLµνλσ
i j

Ξi j . (3.12)

Only 43 of the 138 projected structures øLµνλσ
i are non-zero, i.e. all constraints imposed by gauge invariance

are already manifestly implemented. Since the projected structures are still multiplied by the original scalar
9We use ‘basis’ in a loose terminology: as we will discuss in Sect. 3.3, a basis in the strict mathematical sense consists of 41

elements due to two peculiar redundancies in four space-time dimensions.

14

Eichmann, Fischer, Heupel, Williams (2014)

This set of functions is hugely redundant: Ward identities imply 95 linear relations 
between these scalar functions (kinematic zeros) 



Following Bardeen and Tung (1968) - “BT”-  we contracted the HLBL tensor with 

Lorentz structure of HLbL tensor

95 structures project to zero

removed the          and          poles by taking appropriate linear combinations

This procedure introduces kinematic singularities in the scalar functions : 
degeneracies in these BT Lorentz structures as          

2 Lorentz Structure of the HLbL Tensor

HLbL tensor: Lorentz decomposition

Recipe by Bardeen, Tung (1968) and Tarrach (1975):

• construct gauge projectors:

I µ!
12 = gµ! !

qµ
2 q!

1

q1 · q2
, I "#

34 = g"# !
q"

4 q#
3

q3 · q4

• gauge invariant themselves, e.g.

qµ
1 I 12

µ! = 0

• leave HLbL tensor invariant, e.g.

I µµ �

12 ! µ �!"# = ! µ
!"#
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2 Lorentz Structure of the HLbL Tensor

HLbL tensor: Lorentz decomposition

Following Bardeen, Tung (1968):

¥ apply gauge projectors to the 138 initial structures:

95 immediately project to 0

¥ remove 1/q1 áq2 and 1/q3 áq4 poles by taking

appropriate linear combinations

¥ BT basis: degenerate in the limits

q1 áq2 → 0, q3 áq4 → 0
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HLbL tensor: Lorentz decomposition

Following Bardeen, Tung (1968):

• apply gauge projectors to the 138 initial structures:

95 immediately project to 0

• remove 1/q1 · q2 and 1/q3 · q4 poles by taking

appropriate linear combinations

• BT basis: degenerate in the limits

q1 · q2 ! 0, q3 · q4 ! 0

15

2 Lorentz Structure of the HLbL Tensor

HLbL tensor: Lorentz decomposition

According to Tarrach (1975):

¥ no kinematic-free ÔbasisÕ of 43 elements exists

¥ degeneracies in the limits q1 áq2 → 0, q3 áq4 → 0:

�

k

cikT
µνλσ
k = q1 áq2X

µνλσ
i + q3 áq4Y

µνλσ
i

¥ extend basis by additional structures Xµνλσ
i , Y µνλσ

i

taking care of remaining kinematic singularities

¥ equivalent: implementing crossing symmetry

16



Following Tarrach (1975) we extended BT set to incorporate                 (“BTT”)

Lorentz structure of HLbL tensor

Lorentz structures are manifestly gauge invariant

2 Lorentz Structure of the HLbL Tensor

HLbL tensor: Lorentz decomposition

According to Tarrach (1975):

¥ no kinematic-free ÔbasisÕ of 43 elements exists

¥ degeneracies in the limits q1 áq2 ! 0, q3 áq4 ! 0:

!

k

ci
kT

µ!"#
k = q1 áq2X

µ!"#
i + q3 áq4Y

µ!"#
i

¥ extend basis by additional structures Xµ!"#
i , Y µ!"#

i

taking care of remaining kinematic singularities

¥ equivalent: implementing crossing symmetry
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2 Lorentz Structure of the HLbL Tensor

HLbL tensor: Lorentz decomposition

Solution for the Lorentz decomposition:

! µ!"# (q1, q2, q3) =
54!

i=1

T µ!"#
i ! i (s, t, u; q2j )

¥ Lorentz structures manifestly gauge invariant

¥ crossing symmetry manifest: only 7 distinct

structures, 47 follow from crossing

¥ scalar functions ! i free of kinematics

⇒ ideal quantities for a dispersive treatment

17

crossing symmetry is manifest (only 7 genuinely different structures, the 
remaining ones being obtained by crossing)

the BTT scalar functions are free of kinematic singularities and zeros : 
their analytic structure is dictated by dynamics only, suitable for a 
dispersive treatment



Differentiating the Ward identity with respect to    ,

Master formula for aμHLbLq1

q2

! q3

k = q4

Figure 3: Kinematics of the light-by-light scattering amplitude.

We Þnd that the pion-pole contribution corresponds exactly to the sQED Born contribution multiplied by
electromagnetic pion form factors for the two off-shell photons.7 Note that, if we think in terms of unitarity
diagrams, we have now considered the pure pole contribution to the scalar functions. However, in terms of
Feynman diagrams in sQED this corresponds to a sum of two pole diagrams and the seagull diagram.8 It is
important to be aware of the different meaning of a topology in the sense of unitarity and a Feynman diagram,
see Fig.2. As will be shown in Sect.5, it is exactly this distinction that makes the sQED pion loop in HLbL
coincide with box-type unitarity diagrams representing !! intermediate states with a pion-pole LHC, although,
in terms of Feynman diagrams, it is composed of the sum of box, triangle, and bulb topologies.

3 Lorentz structure of the HLbL tensor

3.1 Definitions
In order to study the contribution of HLbL scattering to the anomalous magnetic moment of the muon, we need
Þrst of all a description of the HLbL tensor. The object in question is the hadronic GreenÕs function of four
electromagnetic currents, evaluated in pure QCD (i.e. with Þne-structure constant" = e

2
/(4! ) = 0):

! µνλσ(q1, q2, q3) = ! i

�
d
4
x d

4
y d

4
z e

! i (q1 ·x+q2 ·y+q3 ·z)"0|T{jµ
em(x)jν

em(y)jλ
em(z)jσ

em(0)}|0#. (3.1)

The electromagnetic current includes only the three lightest quarks:

j
µ
em := q̄Q#µ

q, (3.2)

where q = (u, d, s)T and Q = diag( 2
3 , ! 1

3 , ! 1
3 ).

The contraction of the HLbL tensor with polarization vectors gives the hadronic contribution to the helicity
amplitudes for (off-shell) photonÐphoton scattering:

Hλ1 λ2 ,λ3 λ4 = $λ1
µ (q1)$λ2

ν (q2)$λ3
λ

"
(! q3)$λ4

σ
"
(k)! µνλσ(q1, q2, q3). (3.3)

For notational convenience, we deÞne

q4 := k = q1 + q2 + q3. (3.4)

The kinematics is illustrated in Fig. 3.
We use the following Lorentz scalars as kinematic variables Ñ these are the usual Mandelstam variables:

s := (q1 + q2)2, t := (q1 + q3)2, u := (q2 + q3)2, (3.5)

which fulÞll (we will take k
2 = 0 at some later point)

s + t + u =
4�

i =1

q
2
i =: " . (3.6)

Gauge invariance requires the HLbL tensor to satisfy the WardÐTakahashi identities

{qµ
1 , q

ν
2 , q

λ
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σ
4 }! µνλσ(q1, q2, q3) = 0. (3.7)

7Therefore, the dispersive definition of the pion pole (2.49) coincides with the gauge-invariant pole contribution of the ‘soft-
photon amplitude’ in [43]. We thank S. Scherer for pointing this out.

8The equivalence of the pion pole and the Born term is surprising given the fact that (2.50) contains a term with gµν , while the
imaginary parts (2.46) and (2.47) do not. Tracing the above steps backwards, one sees that in the t- or u-channel imaginary parts
the coefficient of gµν is proportional to (t−M2

π)! (t−M2
π) or (u−M2

π)! (u−M2
π) and hence vanishes due to the delta function.
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Figure 3: Kinematics of the light-by-light scattering amplitude.
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Only 12 linear combinations of the scalar functions contribute to         :

Master formula for aμHLbL

aHLbL
µ

3 Master Formula for (g ! 2)µ

Master formula: contribution to (g ! 2)µ

aHLbL
µ = e6

�
d4q1

(2! )4

d4q2

(2! )4

12�
i =1

öTi (q1, q2; p) öΠi (q1, q2, ! q1 ! q2)

q2
1q

2
2(q1 + q2)2[(p + q1)2 ! m2

µ][(p ! q2)2 ! m2
µ]

¥ öTi : known integration kernel functions

¥ five loop integrals can be performed with
Gegenbauer polynomial techniques

¥ Wick rotation possible even in the presence of
anomalous thresholds
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3 Master Formula for (g − 2)µ

Master formula: contribution to (g − 2)µ

aHLbL
µ = e6

�
d4q1

(2π)4

d4q2

(2π)4

12�
i =1

T̂i (q1, q2; p)!̂ i (q1, q2,−q1 − q2)

q2
1q

2
2(q1 + q2)2[(p+ q1)2 −m2

µ ][(p− q2)2 −m2
µ ]

• T̂i : known integration kernel functions

• five loop integrals can be performed with
Gegenbauer polynomial techniques

• Wick rotation possible even in the presence of
anomalous thresholds

20

we determined the integration kernel functions

Wick rotation of    ,    and   (allowed even in the presence of anomalous cuts)q1 q2 p

five out of eight integrals can be performed analytically



Obtained a general master formula

Master formula for aμHLbL

where    are known integration kernels and the scalar functions     are linear 
combinations of the BTT
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Generalization of the formula for the pion pole in Knecht and Nyffeler (2002)



Analytic properties of scalar functions relevant for the evaluation of         : 
right- and left-hand cuts, double spectral regions (box topologies)

Mandelstam representation of the Πi

Very complex analytic structure: approximations are required. We order the 
contributions according to the mass of intermediate states: the lightest states are 
expected to be the most important (in agreement with model calculations)

aHLbL
µ4 Mandelstam Representation

Mandelstam representation

¥ we limit ourselves to intermediate states of at most

two pions

¥ writing down a double-spectral (Mandelstam)

representation allows us to split up the HLbL tensor:

! µ!"# = ! $0-pole

µ!"# + ! box

µ!"# + ø! µ!"# + . . .

24

Here we consider the 2 lowest-lying contributions: one- and two-pion 
intermediate states in all channels



Mandelstam representation of the Πi

one-pion intermediate state :
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Analytic properties of scalar functions relevant for the evaluation of         : 
right- and left-hand cuts, double spectral regions (box topologies)

aHLbL
µ

two-pion intermediate state in both channels :

4 Mandelstam Representation

Mandelstam representation

• we limit ourselves to intermediate states of at most

two pions

• writing down a double-spectral (Mandelstam)

representation allows us to split up the HLbL tensor:

Πµ!"# = Π$0 -pole

µ!"# + Πbox

µ!"#

two-pion intermediate state in both channels:

+ øΠµ!"# + . . .
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Analytic properties of scalar functions relevant for the evaluation of         : 
right- and left-hand cuts, double spectral regions (box topologies)

aHLbL
µ

two-pion intermediate state in the direct channel:

4 Mandelstam Representation

Mandelstam representation

• we limit ourselves to intermediate states of at most

two pions

• writing down a double-spectral (Mandelstam)

representation allows us to split up the HLbL tensor:

Πµνλσ = Ππ0-pole
µνλσ + Πbox

µνλσ + Π̄µνλσ

two-pion intermediate state in Þrst channel:

+ . . .

24



Mandelstam representation of the Πi

Very complex analytic structure: approximations are required. We order the 
contributions according to the mass of intermediate states: the lightest states are 
expected to be the most important (in agreement with model calculations)

Here we consider the 2 lowest-lying contributions: one- and two-pion 
intermediate states in all channels
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Mandelstam representation
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Analytic properties of scalar functions relevant for the evaluation of         : 
right- and left-hand cuts, double spectral regions (box topologies)

aHLbL
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higher intermediate states: neglected so far



Pion transition FFs are input for a numerical analysis of the master formula: 
formulation of a dispersive framework in 

The pion pole contribution

From the unitarity relation with only π0 intermediate state, the pole residues in 
each channel are given by products of doubly-virtual and singly-virtual pion 
transition form factors (         and          )

Intro HLbL: gauge & crossing HLbL dispersive Conclusions Master Formula Dispersive calc. π
0 TFF π-box π-resc.

Setting up the dispersive calculation
We split the HLbL tensor as follows:

! µ!"# = ! $0-pole
µ!"# + ! FsQED

µ!"# + !̄ µ!"# + á á á

Pion pole: known
Projection on the BTT basis: done
Our master formula=explicit expressions in the literature

4 Mandelstam Representation

Pion pole

¥ input: doubly-virtual and

singly-virtual pion transition form

factors F! ∗! ∗" 0 and F! ∗!" 0

¥ dispersive analysis of transition

form factor:

! Hoferichter et al., EPJC 74 (2014) 3180

25

4 Mandelstam Representation

Pion pole

¥ input: doubly-virtual and

singly-virtual pion transition form

factors Fγ! γ! π0 and Fγ! γπ0

¥ dispersive analysis of transition

form factor:

! Hoferichter et al., EPJC 74 (2014) 3180

25

Hoferichter et al. (2014)



Pion box contribution

Defined by simultaneous two-pion cuts in two channels

Discontinuities as a dispersive integral over double spectral functions 

4 Mandelstam Representation

Box contributions

• simultaneous two-pion cuts in
two channels

• Mandelstam representation
explicitly constructed

! i =
1

π2

!
ds�dt�

ρst
i (s�, t�)

(s� ! s)(t� ! t)
+ (t " u) + (s " u)

• q2-dependence: pion vector form factors F V
π (q2

i ) for
each off-shell photon factor out

26

Dependence on     carried by the pion vector FFs for each off-shell photon 

sQED loop projected onto the BTT basis fulfills the same Mandelstam 
representation of the pion box, the only difference being the pion vector FFs :

4 Mandelstam Representation

Box contributions

• sQED loop projected on BTT basis fulÞls the same

Mandelstam representation

• only difference are factors of F V
π

• ⇒ box topologies are identical to FsQED:

≡ F V
π (q2

1)F V
π (q2

2)F V
π (q2

3)

×

!

" + +

#

$

• model-independent deÞnition of pion loop
27

q2
i



Numerics for the pion box contribution

Pion vector form factor in the space-like region :

4 Mandelstam Representation

Box contributions

Pion vector form factor in the space-like region:
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Preliminary results:
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Preliminary results: 

4 Mandelstam Representation

Box contributions

Pion vector form factor in the space-like region:
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The remaining ππ contribution

LH cut due to multi-particle intermediate states in the crossed channel neglected  

4 Mandelstam Representation

Rescattering contribution

• neglect left-hand cut due to
multi-particle intermediate states
in crossed channel

• two-pion cut in only one channel

• expansion into partial waves

• unitarity relates it to the helicity
amplitudes of the subprocess
! ∗! (∗) ! ""

29

unitarity relates this to the helicity amplitudes for the subprocess 

4 Mandelstam Representation

Rescattering contribution

• neglect left-hand cut due to

multi-particle intermediate states

in crossed channel

• two-pion cut in only one channel

• expansion into partial waves

• unitarity relates it to the helicity

amplitudes of the subprocess

! ∗! (∗) ! ""

29no double spectral region: partial wave expansion is possible. S-wave contribution 
discussed in Colangelo, Hoferichter, Procura, Stoffer (2014). BTT formalism 
facilitates the generalization to D-waves

Goal: reconstruct dispersively helicity partial waves for              . Treat ππ 
rescattering using the Omnes method (inclusion of resonance effects)

Intro HLbL: gauge & crossing HLbL dispersive Conclusions Master Formula Dispersive calc. ! 0 TFF ! -box ! -resc.

Dispersion relations for ! ∗! ∗ → ""

Roy-Steiner eqs. = Dispersion relations+ partial-wave expansion
+ crossing symmetry+ unitarity+ gauge invariance

! On-shell γγ → ππ: prominent D-wave
reson. f2(1270) Moussallam (10) Hoferichter, Phillips, Schat (11)

! γ∗γ → ππ Moussallam (13)

! γ∗γ∗ → ππ, new feature: anomalous
thresholds Hoferichter, GC, Procura, Stoffer (13)

! Constraints
! Low energy: pion polar., ChPT
! Primakoff: γπ → γπ at
COMPASS, JLAB

! Scattering: e+ e! → e+ e! ππ,
e+ e! → ππγ

! Decays: ω,φ → ππγ

π!

π!

Z

e
+

e
!

!

!

e
+

e
!

!

!

Two-pion cut only in the direct channel  



Conclusions and Outlook
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FIG. 12: Comparison of analytical predictions with DEL-
PHI data for both track and calorimeter thrust distributions.
There is good qualitative and quantitative agreement in the
tail region, though as shown in Fig. 3, the theoretical uncer-
tainties at NLL ! are larger than the experimental ones.
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FIG. 13: Calorimeter and track thrust distributions obtained
from Pythia 8. Apart from deviations in the peak region due
to higher-order non-perturbative corrections, these agree well
with our NLL ! calculation after the leading power correction
is included (compare to Fig. 3).

of the full non-perturbative corrections, whereas we only
include the leading power correction. Future track thrust
calculations could use a full non-perturbative shape func-
tion for better modeling of the !̄ ! 0 region.

VIII. DISCUSSION

In this paper, we have presented the first calculation of
track thrust in perturbative QCD. Our result is accurate
to O(" s) in a fixed-order expansion while also including
NLL resummation, i.e. NLL! order. By incorporating
both track functions and the leading power correction,
we have accounted for the dominant non-perturbative ef-
fects that determine the track thrust distribution. Our
result is in good agreement with track thrust measure-
ments performed at ALEPH and DELPHI.
One feature seen in the data is a remarkable similarity

between the calorimeter thrust and track thrust distri-
butions. At NLL, we traced this feature to a partial
cancellation between two non-perturbative parameters—
one associated with the gluon track function gL

1 , and one
associated with pairs of quark track functions qL . We
conjecture that a similar cancellation should be present
in most (if not all) dimensionless track-based observables.
This should be relatively straightforward to prove for
e+e" dijet event shapes with a thrust-like factorization
theorem, but is likely to persist for more general track-
based observables, including jet shapes relevant for the
LHC such as N -subjettiness ratios [50, 51] or energy cor-
relation functions ratios [52]. It is worth further study
to understand whether this partial cancellation is just an
accident or reflects some deeper property of track func-
tions. Crucially, we have seen that neither higher-order
terms at NLL! nor the leading power correction qualita-
tively spoil the similarity.

The track functions were originally designed to de-
scribe the energy fraction of a parton carried by tracks
(i.e. the large component of the light-cone momentum).
Track thrust essentially measures the small component of
the light-cone momentum carried by tracks, so it is per-
haps surprising that the same track functions can be used
in this context. The reason this works is that the track
thrust distribution can be thought of as arising from mul-
tiple gluon emissions, each of which carries its own track
function. Just as multiple emissions can be exponenti-
ated in the case of calorimeter thrust, multiple emissions
with track functions can also be exponentiated. In our
calculation, this shows up in the fact that the anomalous
dimension of the soft and jet functions depend on the
logarithmic moment of the gluon track function gL

1 . We
are confident that similar techniques could be applied to
any track-based observable, as long as the calorimetric
version of that observable has a valid factorization theo-
rem. This motivates future experimental and theoretical
studies of track-based observables.
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SUK/CRUS and by the Swiss National Science Foun-
dation. J.T. is supported by the DOE under coopera-
tive research agreement DE-FG02-05ER-41360 and un-
der the DOE Early Career research program DE-FG02-
11ER-41741.

Appendix A: Resummation

For the NLL! distribution in Eq. (50), we need ex-
pressions for the evolution kernels. Apart from the non-

Dispersive approach to HLbL scattering based on general principles: gauge 
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Single- and double-pion intermediate states are taken into account 

First step towards a reduction of model dependence of HLbL: within a dispersive 
framework, relations with experimentally accessible (or dispersively reconstructed) 
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Future work: model estimates for higher intermediate states (with more than 2 pions). 
Investigate and incorporate high-energy constraints
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