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Lepton Flavour Violation: a conceptual challenge

The Dim-4 SM provides an accidental flavour symmetry:
• it holds in QCD and EM interactions;
• in the quark sector, it’s broken by EW interactions.

The lepton sector strictly conserves the flavour.
At the same time, we have remarkable phenomenological
evidences of FV in the neutrino sector, but. . .

. . . No evidence of the following phenomenological realisations:
• l±h → γ + l±i where h, i = e, µ, τ ,
• l±h → l±i l

±
j l
∓
k where h, i, j, k = e, µ, τ ,

• Z → l±h l
∓
i where h, i = e, µ, τ ,

• H → l±h l
∓
i where h, i = e, µ, τ .
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What the experiments “measured”
MUONIC AND TAUONIC LFV TRANSITIONS - A SELECTION

• BR(µ→ 3e)< 1.0× 10−12 at the 90% C.L.
SINDRUM Collaboration, Nucl. Phys. B 299 (1988) 1;

• BR(µ→ γ + e)< 5.7× 10−13 at the 90% C.L.
MEG Collaboration, Phys. Rev. Lett. 110 (2013) 201801;

• BR(Z → e+ µ)< 7.5× 10−7 at the 95% C.L.
ATLAS Collaboration, Phys. Rev. D 90 (2014) 072010;

• BR(τ → 3e)< 2.1× 10−8 at the 90% C.L.
BELL Collaboration, Phys. Lett. B 687 (2010) 139-143;

• BR(τ → γ + µ)< 4.4× 10−8 at the 90% C.L.
BaBar Collaboration, Phys. Rev. Lett. 104 (2010) 021802;

• BR(Z → τ + µ)< 1.2× 10−5 at the 95% C.L.
DELPHI Collaboration, Z. Phys. C 73 (1997) 243-251;

• BR(H → τ + µ)< 1.8× 10−2 at the 90% C.L.
ATLAS/CMS Collaboration, arXiv:1508.03372/arXiv:1502.07400.
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Synergy among Low and High Energy Experiments

An extensive long-term programme is undergoing to push the
experimental limits both at low and high energy scales.

• Low energy (from mµ to mb):
• Muon: limit on µ→ e conversion (SINDRUM II), µ→ e+ γ

(MEG), µ→ 3e (SINDRUM), µ→ e+ 2γ (LAMPF), etc.
• Tau-lepton: τ → e/µ+ γ (BaBar, Belle), τ → lilj lk with
i, j, k = e, µ (BaBar, Belle and LHCb).

• High energy (from the EW scale to LHC run 2)
• Neutral current mediated: Z → lilj with i, j = e, µ, τ

(ALEPH, DELPHI, L3, OPAL, UA1).
• Higgs mediated: H → τµ (ATLAS&CMS).
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A bottom-up approach: dim-n effective theory

Assumptions: SM is merely an effective theory, valid up to
some scale Λ. It can be extended to a field theory that satisfy
the following requirements:
• its gauge group should contain SU(3)C × SU(2)L × U(1)Y ;
• all the SM degrees of freedom must be incorporated;
• at low energies (i.e. when Λ→∞), it should reduce to SM.

Assuming that such reduction proceeds via decoupling of New
Physics (NP), the Appelquist-Carazzone theorem allows us to
write such theory in the form:

L = LSM +
1

Λ

∑
k

C
(5)
k Q

(5)
k +

1

Λ2

∑
k

C
(6)
k Q

(6)
k +O

(
1

Λ3

)
.
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Dimension 5 operator

Only one dimension 5 operator is allowed by gauge symmetry:

Qνν = εjkεmnϕ
jϕm(lkp)TClnr ≡ (ϕ̃†lp)

TC(ϕ̃†lr).

After the EW symmetry breaking, it can generate neutrino
masses and mixing (no other operator can do the job).

Its contribution to LFV has been studied since the late 70s:
• in the context of higher dimensional effective realisations;

S. T. Petcov, Sov. J. Nucl. Phys. 25 (1977) 340 [Yad. Fiz. 25 (1977) 641]

• in connection with the “see-saw” mechanism.
P. Minkowski, Phys. Lett. B 67, 421 (1977)

It will not be considered in the current discussion.
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Dimension 6 operators
2-leptons

QeW = (l̄pσ
µνer)τ

IϕW I
µν ;

QeB = (l̄pσ
µνer)ϕBµν .

Q
(1)
ϕl = (ϕ†i

↔
Dµ ϕ)(l̄pγ

µlr)

Q
(3)
ϕl = (ϕ†i

↔
D I
µ ϕ)(l̄pτ

Iγµlr)

Qϕe = (ϕ†i
↔
Dµ ϕ)(ēpγ

µer)

Qeϕ = (ϕ†ϕ)(l̄perϕ)

4-leptons

Qll = (l̄pγµlr)(l̄sγ
µlt)

Qee = (ēpγµer)(ēsγ
µet)

Qle = (l̄pγµlr)(ēsγ
µet)

4-fermions

Q
(1)
lq = (l̄pγµlr)(q̄sγ

µqt)

Q
(3)
lq = (l̄pγµτ

I lr)(q̄sγ
µτ Iqt)

Qeu = (ēpγµer)(ūsγ
µut)

Qed = (ēpγµer)(d̄sγ
µdt)

Qlu = (l̄pγµlr)(ūsγ
µut)

Qld = (l̄pγµlr)(d̄sγ
µdt)

Qqe = (q̄pγµqr)(ēsγ
µet)

Qledq = (l̄jper)(d̄sq
j
t )

Q
(1)
lequ = (l̄jper)εjk(q̄ksut)

Q
(3)
lequ = (l̄jpσµνer)εjk(q̄ksσ

µνut)

They all provide LFV. . .
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Dim-6 operators: l2 → l1γ at the tree level

Only one dim-6 term can produce l2 → l1γ at the tree level:
B. Grzadkowski, M. Iskrzynski, M. Misiak and J. Rosiek, JHEP 1010 (2010) 085

Working in the physical basis, we consider:

QeB → QeγcW −QeZsW ,
QeW → −QeγsW −QeZcW ,

where sW = sin(θW ) and cW = cos(θW ) are the sine and cosine
of the weak mixing angle. The term

Leγ ≡
Ceγ
Λ2

Qeγ + h.c. =
Cpreγ
Λ2

(l̄pσ
µνer)ϕFµν + h.c.,

where Fµν is the electromagnetic field-strength tensor, is then
the only term in the D-6 Lagrangian that induces a l2 → l1γ
transition at tree level.
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Dim-6 operators: H → lilj at the tree level

Only one dim-6 term provides H → lilj at the tree level:

Qeϕ = (ϕ†ϕ)(l̄perϕ),

that sums to the SM Yukawa sector:

LD4 + Leϕ =
v√
2

(
−ypr +

v2

2Λ2
Cpreϕ

)
ēper

+
1√
2

(
−ypr +

v2

2Λ2
Cpreϕ

)
ēperh+ v2√

2Λ2C
pr
eϕ ēperh

+
i√
2

(
−ypr +

v2

2Λ2
Cpreϕ

)
ēperẐ

+i

(
−ypr +

v2

2Λ2
Cpreϕ

)
ēpνrŴ

+ + [. . . ] .
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Other operators that are relevant at the tree level

Other LFV processes such as Z → lilj or lj → 3li are
phenomenologically present at the tree-level if the
following operators appear in the Lagrangian:

2-leptons

QeW = (l̄pσ
µνer)τ

IϕW I
µν ;

QeB = (l̄pσ
µνer)ϕBµν .

Q
(1)
ϕl = (ϕ†i

↔
Dµ ϕ)(l̄pγ

µlr)

Q
(3)
ϕl = (ϕ†i

↔
D I
µ ϕ)(l̄pτ

Iγµlr)

Qϕe = (ϕ†i
↔
Dµ ϕ)(ēpγ

µer)

4-leptons

Qll = (l̄pγµlr)(l̄sγ
µlt)

Qee = (ēpγµer)(ēsγ
µet)

Qle = (l̄pγµlr)(ēsγ
µet)
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Dim-6 operators: µ(τ)→ e(µ/e)γ at one loop

For good eyes, even a point-like interaction. . .

. . . looks like a wild place to explore!
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FeynRules

The generation of Feynman Rules was automatised by means
of the FeynRules package.
Comput. Phys. Commun. 185 (2014) 2250 [arXiv:1310.1921 [hep-ph]]

At the end of the day, it was rather simple as we had great
technical assistance (thanks to C. Duhr and C. Degrande).

The philosophy is straightforward:
• write your operator in a Mathematica notebook,
• press a button,
• print out your Feynman Rules.

Plus, it can also produce a FeynArts/FormCalc model file.
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Interaction and branching ratio

Dim-6 operators contribute to the coefficients CTL and CTR of
the photon-mediated FV interaction:

V µ =
1

Λ2
iσµν (CTL ωL + CTR ωR) (pγ)ν .

Being the partial width of the process µ→ eγ

Γµ→eγ =
1

16πmµ
|M|2 , with |M|2 =

4
(
|CTL|2 + |CTR|2

)
m4
µ

Λ4
,

then the branching ratio is

BR(µ→ eγ) =
Γµ→eγ

Γµ
=

m3
µ

4πΛ4Γµ

(
|CTL|2 + |CTR|2

)
.

By calculating the dim-6 contributions to CTL and CTR one
obtain the connection between effective coefficients and BR.
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Dim-6 effective contributions to CTL and CTR
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No correlation: limits from some muonic transition
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No correlation: limits from some tauonic transition
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Effective coefficients and energy scale

The result of CT at one loop can schematically be written as

C
(1)
T = − v√

2

Ceγ (1 + e2c(1)
eγ

)
+
∑
i 6=eγ

e2c
(1)
i Ci

 .

In general, the coefficients c(1)
eγ and c(1)

i contain UV singularities,
i.e. a renormalisation of Ceγ is required.

Such procedure makes the scale dependence explicit via the
anomalous dimensions of the coefficient.

At the end of the day, the renormalised effective coefficients
and the CTL and CTR are running quantities.



Motivation Bottom-up Calculation RGE Conclusion

A scale dependent limit

MEG sets a limit on µ→ eγ at the λ = mµ scale; we combine it
with the information on the interacting current to obtain:√

|CTL(λ)|2 + |CTR(λ)|2
Λ2

∣∣∣∣∣
λ�Λ

≤ 4.3 · 10−14 [GeV]−1 .

In this formula there are two scale dependencies:
Λ: this is the scale� ΛEW at which the theory is defined,

according to the decoupling theorem.
λ: this is the scale at which the coefficient is probed by the

experiment.

Next step: let’s connect low and high energy scales.
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From λ = mµ to λ = ΛEW

In the assumption that Ceγ is the dominant coefficient in the
energy range mµ < λ < mZ ∼ mH , its running below the EW
scale is QED driven:

16π2 ∂Ceγ
∂ log λ

' e2

(
10 +

4

3

∑
q

e2
q(λ)

)
Ceγ .

Applying this to the limit on Cµeeγ (mµ) and Ceµeγ (mµ), one obtains:√
|Cµeeγ (mZ)|2 + |Ceµeγ (mZ)|2

2
< 1.8 · 10−16 Λ2

[GeV]2
.

This is the limit that must be used to determine the constraints
on the remaining effective coefficients at the scale Λ.
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Renormalisation Group Equations
If one consider only the gauge contributions and the top-Yukawa coupling, the evolution
of the coefficient Ceγ is described by a coupled SoDE:

16π2
∂ Cµeeγ

∂ log λ
'
(

47e2

3
+

e2

4c2W
−

9e2

4s2W
+ 3Y 2

t

)
Cµeeγ + 6e2

(
cW

sW
−
sW

cW

)
CµeeZ

+ 16eYt C
(3)
µett ,

16π2
∂ CµeeZ

∂ log λ
' −

2e2

3

(
2cW

sW
+

31sW

cW

)
Cµeeγ + 2e

(
3cW

sW
−

5sW

cW

)
Yt C

(3)
µett

+

(
−

47e2

3
+

151e2

12c2W
−

11e2

12s2W
+ 3Y 2

t

)
CµeeZ ,

16π2
∂ C

(3)
µett

∂ log λ
'

7eYt

3
Cµeeγ +

eYt

2

(
3cW

sW
−

5sW

3cW

)
CµeeZ +

+

(
2e2

9c2W
−

3e2

s2W
+

3Y 2
t

2
+

8g2S
3

)
C

(3)
µett +

e2

8

(
5

c2W
+

3

s2W

)
C

(1)
µett ,

16π2
∂ C

(1)
µett

∂ log λ
'
(

30e2

c2W
+

18e2

s2W

)
C

(3)
µett +

(
−

11e2

3c2W
+

15Y 2
t

2
− 8g2S

)
C

(1)
µett .
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Evolution and bounds from low energy

A remarkable set of
different constraints
on coefficients
defined at the
decoupling scale Λ!

Behaviour is not
completely linear:
solutions are not
analytically simple.

Bounds on C(1,3)
µett !
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Effects of correlation in the RGE analysis

Cancellations can represent a delicate issue:
naturalness is not a strong argument in effective scenarios!
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Limits for coefficients defined at the Λ scale (1)

If no correlation is assumed, one obtains the following limits:

Limits from MEG are applied at a fixed scale λ = mZ .
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Limits for coefficients defined at the Λ scale (2)

If no correlation is assumed, one obtains the following limits:

Limits from BaBar are applied at a fixed scale λ = mZ .
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Limits for coefficients defined at the Λ scale (3)

If no correlation is assumed, one obtains the following limits:

Limits from BaBar are applied at a fixed scale λ = mZ .
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Conclusion

√
The motivation to study a dim-5 and dim-6 effective field
theory containing LFV couplings was presented.

√
A systematic approach for the study of LFV observables
was presented, and the benchmark process µ→ eγ was
analysed at tree level and one loop.

√
For some relevant low and high energy processes,
quantitative limits on dim-6 effective coefficients were
provided in a scenario where no correlation among
operators is assumed.

√
The interpretation of LE constraints in terms of HE
complementary limits was analysed by means of
renormalisation group equations.
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