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Introduction: Fermions in a periodic Potential.

Let ψ+
x and ψ−x the creation and annihilation operator for a Fermion in one

dimension. Consider the Hamiltonian:

Hλ = −
∫ L

0
ψ+

x ∂
2
xψ
−
x dx +

∫ L

0
c(x)ψ+

x ψ
−
x dx + λ

∫ L

0
v(x − y)ψ+

x ψ
−
x ψ

+
y ψ
−
y dxdy

with
c(x + 1) = c(x) v(−x) = v(x), |v(x)| ≤ e−κ|x|.

When λ = 0 we can diagonalize the Hamiltonian using Bloch waves, i.e. the
solution of the eigenvalue problem

− ∂2
xφ(k , x) + c(x)φ(k , x) = ε(k)φ(k , x)

φ(k , x) = eikx w(k , x) w(k , x + 1) = w(k , x + 1)

Setting

ψ±x =
1
L

∑
k= 2πm

L

φ(k ,±x)ψ±k

we get

H0 =
1
L

∑
k= 2πm

L

ε(k)ψ+
k ψ
−
k .
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The Schwinger Functions.

As usual we define

〈O〉L,β =
Tr eβ(Hλ−µN)O
Tr eβ(Hλ−µN)

N =

∫
ψ+

x ψ
−
x dx

and µ is the chemical potential. Moreover we set

〈O〉 = lim
β→0

lim
L→∞
〈O〉L,β .

Calling
ψ±x = e(Hλ−µN)x0ψ±x e−(Hλ−µN)x0

where x = (x0, x) the 2-points Schwinger function defined as

Sλ,L,β(x, y) = 〈Tψ+
x , ψ

−
y 〉L,β

where T is the time-ordering operator.
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Using the Bloch waves we can write

Ŝ0,L,β(k) =
1
βL

∑
k∈D

φ(k , x)φ(k ,−y)eik0(x0−y0)S0,L,β(x, y)

where

D =

{
k = (k0, k) | k =

2πm
L

, k0 =
2π
β

(n +
1
2

)

}

and
Ŝ0(k) = lim

β→∞
lim

L→∞
Ŝ0,L,β(k) =

1
−ik0 + ε(k)− µ.
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The dispersion relation.

ε(k)

kπ−π

µ

−pF pF

S0(k) =
1

−ik0 + ε(k)− µ

Sλ(k) =
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The dispersion relation.

ε(k)

kπ−π

µ

−pF pF

S0(k) =
1

−ik0 + ε(k)− µ '
ϑ(k)

−ik0 + vF (k − pF )
+

ϑ(−k)

−ik0 + vF (k + pF )

Sλ(k) = ϑ(k)

(
k2

0 + vF (λ)2(k + pF (λ))2)η(λ)

−ik0 + vF (λ)(k + pF (λ))
(1 + R(λ)) + . . .
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The dispersion relation.

ε(k)

kπ−π

µ

S0(k) =
1

−ik0 + ε(k)− µ '
1

−ik0 + αk2 + r
r = ε(π)− µ

Sλ(k) =
1 + R(λ)

−ik0 + αk2 + r
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Almost Filled band

To understand what happens when the band is almost filled we can neglect
the existence of all band but the condution band.

Moreover nothing essentially changes if we assume that, instead of a
periodic potential, the Fermions live on a lattice of spacing 1.

Let thus x ∈ {1, 2, . . . , L} and consider the Hamiltonian

Hλ = −
∑

x

[
1
2

(a+
x+1a−x + a+

x a−x+1) + ha+
x a−x

]
− λ

∑
x,y

v(x − y)a+
x a−x a+

y a−y

This Hamiltonian can also be obtained via a Jordan-Wigner transformation
from a spin chain model with Hamiltonian

H = −
∑

x

1
2

[S1
x S1

x+1 + S2
x S2

x+1]− λ
∑
x,y

v(x − y)S3
x S3

y − h̄
∑

x

S3
x

where (S1
x ,S2

x ,S3
x ) = 1

2 (σ1
x , σ

2
x , σ

3
x ) are Pauli matrices, h̄ is the magnetic field.
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Again we can write

a±x =
1
L

∑
k∈D̃

e±ikx â±k

where D̃ =
{

k | k = 2πm
L , −π ≤ k < π

}
and find

H0 =
1
L

∑
k∈D̄

ε(k)â+
k â−k ε(k) = − cos k − h.

The two point Schwinger function is given by

S0,L,β(x) =
1
βL

∑
k∈D

e−ikxŜ0,β,L(k)

with

D =

{
k = (k0, k) | k =

2πm
L

, −π ≤ k < π, k0 =
2π
β

(n +
1
2

)

}
and

Ŝ0,L,β(k) =
1

−ik0 + cos k + h
.
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e−ikxŜ0,β,L(k)

with

D =

{
k = (k0, k) | k =

2πm
L

, −π ≤ k < π, k0 =
2π
β

(n +
1
2

)

}
and
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Beahviour for λ = 0

To summarize:

In the metallic phase |h| < 1 the Schwinger function Ŝ0(k) is singular in
correspondence of the Fermi points (0,±pF ). For |k | close to pF we have

Ŝ0(k) ∼ 1
−ik0 + vF (|k | − pF )

|k | ' pF .

At criticality when |h| = 1 the 2-point function Ŝ0(k) is singular only at
(0, 0) and

Ŝ0(k) ∼ 1
−ik0 + 1

2 k2
k ' 0

the elementary excitations do not have a relativistic linear dispersion
relation, as in the metallic phase, but a parabolic one.

Finally in the insulating phase for |h| > 1 the two point function has no
singularities.

We will focus on h ' −1 and we will write

h = −1 + r
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Convergence near r = 0.

Observe that

pF = arccos(1− r) '
√

r vF = sin pF '
√

r

We can again try to use the approximation

S0(k) ' ϑ(k)

−ik0 + vF (k − pF )
+

ϑ(−k)

−ik0 + vF (k + pF )

but the rigorous results for this model work only if

|λ| ' vF .

More precesely, the perturbative series in λ discussed by Benfatto yesterday
converge in a neighbor of the origin of radius proportional to vF .
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Heuristic Analysis near r = 0.

By the change of variable vF k ↔ k , one can see that a system with the above
propagator is formally equivalent to a system with

vF = 1 λ̃ =
λ

vF
' λ√

r

Thus the effective coupling contant appear to diverge when r → 0.

On the other hand, the effective coupling for Fermions at the Fermi surface is
given by the two processes

that is
λ0 = λ(v̂(0)− v̂(2pF )) ' λr .

Thus our system looks formally equivalent to a system with effective coupling

λ̃0 ' λ
√

r .
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The problem with this argument is that the linear approximation is valid only
very close to the Fermi points, that is

|k − pF | '
√

r

Away from the Fermi points the dispersion relation appears quadratic.

Moreover, the theory with quadratic dispersion relation is, prima facie, non
renormalizable so that the assumption that the λ0 ' λ

√
r is not justified.
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Momentum regions.

ε(k)

kpF−pF
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Momentum regions.

ε(k)

kpF−pFultrav. ultrav.
infrar.
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Results: main theorem.

Theorem

Given the Hamiltonian Hλ with h = −1 + r with |r | < 1, there exists ε > 0 and
C > 0 (independent from L, β, r ) such that, if |λ| < ε then the Fourier
transform of SL,β(x) can be written in the following way.

1 For r > 0 (metallic phase),

ŜL,β(k) =
[k2

0 + α(λ)2(cos k − 1 + ν(λ))2]η(λ)

−ik0 + α(λ)(cos k − 1 + ν(λ))
(1 + λRS(λ, k))

where

ν(λ) =r + λrRν(λ) α(λ) = 1 + λRα(λ)

η(λ) =bλ2r + λ3r
3
2 Rη(λ) (1)

with b > 0 a constant and |Ri | ≤ C for i = S, ν, α and η.
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Theorem

With the same hipothese as above we have:

2 For r = 0 (critical point)

ŜL,β(k) =
1 + λRS(λ, k)

−ik0 + α(λ)(cos(k)− 1)

where α(λ) = 1 + λRα(λ) and |Ri | ≤ C for i = α,S.

3 For r < 0 (insulating phase)

|ŜL,β(k)| ≤ C
|r |

Moreover Ŝ(k) = limβ→∞ limL→∞ ŜL,β(k) exists and is reached uniformly in
λ.

Identical results hold for h = 1− r thank to a hole-particle symmetry.
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Grassmann Variables.

Let

gM,L,β(x− y) =
1
βL

∑
k∈D

eik(x−y) χ0(γ−M |k0|)
−ik0 + cos k + h

where

χ0(t) =

t

χ0

1 γ

Let
Dβ = D ∩ suppχ0(γ−M |k0|) = {k ∈ D | |k0| < γM+1}

We consider the anticommuting Grassmannian variables

{ψ±k }k∈Dβ

that generate a Grasmannian Algebra G.
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On G we define the Grassmann integration, that is the the linear operator,
defined as ∫ [ ∏

k∈Dβ

dψ+
k dψ−k

] ∏
k∈Dβ

ψ−k ψ
+
k = 1

while ∫ [ ∏
k∈Dβ

dψ+
k dψ−k

]
Q(ψ−, ψ+) = 0

if the monomial Q(ψ−, ψ+) does not contains all of the variables {ψ±k }k∈Dβ .

We define the Grassmanian fields

ψ±x =
1
βL

∑
k∈Dβ

e±ikxψ±k x ∈ Γβ × Λ

while the Gaussiam Grassmann measure is defined as

P(dψ) =
[ ∏

k∈Dβ

βLdψ−κ dψ+
k ĝ(≤M)(k)

]
exp
{
− 1
βL

∑
k∈Dβ

(ĝ(≤M)(k))−1ψ+
k ψ
−
k

}
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We introduce the generating functionalWM (φ) defined in terms of the
following Grassmann integral

e−WM (φ) =

∫
P(dψ)e−V(ψ)+(ψ,φ)

where

(ψ, φ) =

∫
dx[ψ+

x φ
−
x + ψ−x φ

+
x ] (2)

V(ψ) = λ

∫
dxdyv(x− y)ψ+

x ψ
−
x ψ

+
y ψ
−
y + ν̄

∫
dxψ+

x ψ
−
x (3)

Here ∫
dx stands for

∑
x∈Λ

a
∑

x0∈Γβ

and v(x− y) = δ(x0 − y0)v(x − y).
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Calling limM→∞ gM,L,β(x) = gL,β(x) and we observe that

gL,β(x) = S0,L,β(x)

wherever S0,L,β(x) is continuous.

Finally we define

SM
L,β(x− y) =

∂2

∂φ+
x ∂φ

−
y
WM (φ)|φ=0.

The above Grassmann integral can be used to compute the thermodynamical
properties of the model with Hamiltonian Hλ.
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Ultraviolet Integration.

The starting point of the analysis is the following decomposition of the
propagator

gM,L,β(x) = g(>0)(x) + g(≤0)(x)

where

g(≤0)(x) =

∫
dkeikxχ0(γ−M |k0|)χ≤0(k)

−ik0 + cos k + h

Here

χ≤0(k) = χ0

(√
k2

0 + (cos k − 1 + r)2

)
.

Observe that χ≤0(k) is a smooth version of the characteristic function of the
set

A0 = {k | | − ik0 + (cos k − 1 + r)| ≤ 1}.

By using the addition property of Grassmann integrations we can write

e−W(φ) =

∫
P(dψ(≤0))

∫
P(dψ(≤0))e−V(ψ(>0)+ψ(>0))+(ψ(>0)+ψ(≤0),φ).
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After integrating the field ψ(>0) one obtains

e−W(φ) = e−βLF0

∫
P(dψ(≤0))e−V

(0)(ψ(≤0,φ)

where

V(0)(ψ, φ) =
∑

n+m≥1

∫
dx
∫

dy
n∏

i=1

ψ
εi
xi

m∏
j=1

φ
σj
xj

W (0)
n,m(x, y)

where x = (x1, . . . , xn) and y = (y1, . . . , ym).

We know that Wn,m(x, y) are given by convergent power series in λ for λ
small enough and they decay faster than any power in any coordinate
difference. Finally, the limit M →∞ of V(0)(ψ, φ) exists and is reached
uniformly in β, L.
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Multiscale Decomposition.

Thus we are left with the integration over ψ(≤0). The idea in order to to
perform this integration is to decompose ψ(≤0)

x as

ψ
(≤0)
x =

−∞∑
h=0

ψ
(h)
x

where ψ(h)
x depends only on the momenta k such that

|−ik0 + cos k − 1 + r | ' γh.

To do this, consider the sets

Ah = {k| γh−1 ≤ |ik0 + (cos(k)− 1 + r)| ≤ γh}

and write

ĝ(h)(k) =
IAh (k)

ik0 + (cos(k)− 1 + r)

where IAh is the characteristic function of Ah.
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We can also define
g(h)(x) =

∫
dkeikxĝ(h)(k)

so that
g(≤0)(x) =

∑
h≤0

g(h)(x)

The index h is called the scale of the field ψ(h). When r > 0, two different
regimes naturally appear in the analysis, separated by an energy scale
depending on r and defined as

h∗ = inf{h | γh+1 > |r |}.
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Behavior of the scales: γ = 2 and r = 0.27.

h > h∗: |Ah| = γ
3
2 h

ĝ(h)(k) ' γ−h ˆ̃g(γ−hk0, γ
− h

2 k)

g(h)(x) ' γ
h
2 g̃(γhx0, γ

h
2 x).

A1

A1A2A2A3A3A4A4
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Behavior of the scales: γ = 2 and r = 0.27.

h = h∗: transition scale, both scaling are good.

A1

A1

A2

A2A3

A3A4A4
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Behavior of the scales: γ = 2 and r = 0.27.

h < h∗: |Ah| = γ2h

ĝ(h)(k) = ĝ(h)
−1(k) + ĝ(h)

−1(k) ĝ(h)
ω ' γ−h ˆ̄g(γ−hk0, vFγ

−hk)

g(h)
ω ' v−1

F γhḡ(γhx0, v−1
F γhk)

A1

A1

A2

A2

A3

A3A4

A4
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ĝ(h)(k) = ĝ(h)
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The first Regime

We saw that after the ultraviolet integration we have

e−W(0) = e−βLF0

∫
P(dψ(≤0))e−V

(0)(ψ(≤0))

where
P(dψ(≤0)) ←→ g(≤0)(k)

with
g(≤0)(x) =

∫
dkeikxχ≤0(k)

D0(k)
χ<0(k) = χ0 (γ|D0(k)|)

and
D0(k) = | − ik0 + (cos(k)− 1 + r)|
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Moreover V(0)(ψ(≤0)) = V(0)(ψ, 0) is the effective potential on scale 0 and can
be written has

V(0)(ψ) =
∑
n≥1

∫
dx
∫

dyW (0)
2n (x, y)

n∏
i=1

ψ+
xiψ
−
yi =

∑
n≥1

V(0)
2n (ψ).

With a dimensional analysis of the perturbation theory we get:

n = 1, 2: relevant;

n = 3: marginal;

n > 3: irrelevant;
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Localization

We define
V(0) = L1V(0) +R1V(0)

with R1 = 1− L1 and R1 is defined in the following way;
1 for n ≥ 4

R1V(0)
2n = V(0)

2n ;

2 for n = 3, 2

R1V(0)
4 (ψ) =

∫ 4∏
i=1

dxiW
(0)
4 (x)ψ+

x1 D+
x2,x1ψ

−
x3 D−x4,x3

R1V(0)
6 (ψ) =

∫ 6∏
i=1

dxiW
(0)
6 (x)ψ+

x1 D+
x2,x1 D+

x3,x1ψ
−
x4 D−x5,x4 D−x6,x4

where

Dε
x2,x1 = ψεx2 − ψ

ε
x1
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3 For n = 1
R1V(0)

2 (ψ) =

∫
dx1dx2W (0)

2 (x)ψ+
x1 H−x1,x2

where

H−x1,x2 =ψ−x2 − ψ
−
x1 − (x0,1 − x0,2)∂0ψ

−
x1 − (x1 − x2)∂̃1ψ

−
x1−

1
2

(x1 − x2)2∆̃1ψ

and

∂̃1ψ
−
x =

1
2

(ψ−x+(0,1) − ψ
−
x−(0,1)) =

∫
dki sin keikxψ̂−k

∆̃1ψ
−
x = ψ−x+(0,1) − 2ψ−x + ψ−x−(0,1) = 2

∫
dk(cos k − 1)eikxψ̂−k
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As a consequence of the above definitions, calling

Ŵ (0)
2 (k) =

∫
dxeikxW (0)

2 (x)

we get

L1V(0) =Ŵ (0)
2 (0)

∫
dxψ+

x ψ
−
x + ∂0Ŵ (0)

2 (0)

∫
dxψ+

x ∂0ψ
−
x +

1
2
∂2

1Ŵ (0)
2 (0)

∫
dxψ+

x ∆̃1ψ
−
x

where we have used that

i. g(0)(k0, k) = g(0)(k0,−k), so that we get

∂1Ŵ (0)
2 (0) = 0

ii. There are no terms in L1V(0) with four or six fermionic fields, as

ψεx1 Dε
x2,x1 = ψεx1ψ

ε
x2

and therefore
R1V(0)

4 = V(0)
4 R1V(0)

6 = V(0)
6 .
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Since L1V(0) is quadratic in the fields, we can include it in the free integration
finding

e−W(0) = e−βL(F0+e0)

∫
P̃(dψ(≤0))e−R1V(0)(ψ(≤0))

where the propagator of P̃(dψ(≤0)) is now

g̃(≤0)(x) =

∫
dkeikx χ≤0(k)

D−1(k)

with

D−1(k) = −ik0(1 + z−1) + (1 + α−1)(cos k − 1) + r + γ−1µ−1

and

z−1 =z0 + χ≤0(k)∂0Ŵ (0)
2 (0) α−1 = α0 + χ≤0(k)∂2

1Ŵ (0)
2 (0) (4)

γ−1µ−1 =µ0 + χ≤0(k)Ŵ (0)
2 (0) (5)

where z0 = α0 = µ0 = 0.
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We can now write
g̃(≤0)(x) = g(≤−1)(x) + g̃(0)(x)

where

g(≤−1)(x) =

∫
dkeikxχ≤−1(k)

D−1(k)
χ<−1(k) = χ0 (γ|D−1(k)|)

and

g̃(0)(x) =

∫
dkeikx f0(k)

D−1(k)
f0(k) = χ≤0(k)− χ≤−1(k).

and define the new integrations

P̃(dψ(0)) ←→ g̃(0)(x)

P(dψ(≤−1)) ←→ g̃(≤−1)(x)
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Using again additivity we get

e−W(0) =e−βL(F0+e0)

∫
P(dψ(≤−1))

∫
P̃(dψ(0))e−R1V(0)(ψ(≤0)) =

=e−βLF−1

∫
P(dψ(≤−1))e−V

(−1)(ψ(≤−1))

where
e−βLẽ0−V(−1)(ψ(≤−1)) =

∫
P̃(dψ(0))e−R1V(0)(ψ(≤0))

and F−1 = F0 + e0 + ẽ0.

F. Bonetto bonetto@math.gatech.edu Quantum Phase Transition in an Interacting Fermionic Chain.



Iteration.

At the h step (i.e. at scale h) we start with the integration

e−W(0) = e−βLFh

∫
P(dψ(≤h))e−V

(h)(ψ(≤h))

where
P(dψ(0)) ←→ g(≤h)(x) =

∫
dkeikxχ≤h(k)

Dh(k)

with

Dh(k) = −ik0(1 + zh) + (1 + αh)(cos k − 1) + r + γhµh

χ≤h(k) = χ0

(
γ−ha−1

0 |Dh(k)|)
)
.

Finally

V(h)(ψ) =
∑
n≥1

∫
dx
∫

dyW (h)
2n (x, y)

n∏
i=1

ψ+
xiψ
−
yi =

∑
n≥1

V(h)
2n (ψ)
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Again we can wirte
V(h) = L1V(h) +R1V(h).

where

L1V(h) =Ŵ (h)
2 (0)

∫
dxψ+

x ψ
−
x + ∂0Ŵ (h)

2 (0)

∫
dxψ+

x ∂0ψ
−
x +

1
2
∂2

1Ŵ (h)
2 (0)

∫
dxψ+

x ∆̃1ψ
−
x

Moving the relevant part of the effective potential into the integration we get

e−W(0) = e−βL(Fh+eh)

∫
P̃(dψ(≤h))e−RV

(h)(ψ(≤h))

where the propagator of

P̃(dψ(≤h)) ←→ g̃(≤h)(x) =

∫
dkeikx χ≤h(k)

Dh−1(k)

and the running coupling constants are defined recursively by

zh−1 = zh + χ≤h(k)∂0Ŵ (h)
2 (0) αh−1 = αh + χ≤h(k)∂2

1Ŵ (h)
2 (0)

µh−1 = γµh + χ≤h(k)γ−hŴ (h)
2 (0)

F. Bonetto bonetto@math.gatech.edu Quantum Phase Transition in an Interacting Fermionic Chain.



Finally we can write

e−W(0) = e−βL(Fh+eh)

∫
P(dψ(≤h−1))

∫
P̃(dψ(h))e−R1V(h)(ψ(≤h))

where
P̃(dψ(h)) ←→ g̃(h)(x) =

∫
dkeikx fh(k)

Dh−1(k)

and fh(k) = χ≤h(k)− χ≤h−1(k); thus

e−βLēh−Vh−1
=

∫
P̃(dψ(h))e−R1V(h)(ψ(≤h)).
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To show that the above procedure is well defined we need a precise
estimates on the propagator.

Lemma

Assume that there exists a constant K > 0 such that

|zh|, |αh|, |µh| < K |λ|

for h ≥ h∗. Then for |x0| ≤ β/2, every N and λ small enough we have∣∣∣∂n0
0 ∂̃

n1
1 g̃(h)(x)

∣∣∣ ≤ CN
γ

h
2

1 + [γh|x0|+ γ
h
2 |x |]N

γh(n0+n1/2)

with CN independent from K .
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Lemma

There exists a constants λ0 > 0, independent of β, L and r , such that the
kernels W (h)

l in the domain |λ| ≤ λ0, are analytic function of λ and satisfy for
h ≥ h∗

1
βL

∫
dxdy|W (h)

2l (x, y)| ≤ γh( 3
2−

l
2 )γϑh (C|λ|)max(1,l−1)

with ϑ = 1
4 .

Observe that for h = h∗ we get

1
βL

∫
dxdy|W (h∗)

2l (x, y)| ≤ (C|λ|)max(1,l−1)r
3
2−

l
2

that is a generalization of the condition for the effective coupling since we get

1
βL

∫
dxdy|W (h∗)

4 (x, y)| ≤ Cλr
1
2
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The second region: Anomalous scaling

We have now to consider the integration of the scales with h < h∗, that is

e−W(0) = e−βLFh∗
∫

P(dψ(≤h∗))e−V
(h∗)(ψ(≤h∗))

where
P(dψ(≤h∗)) ←→ g(≤h∗)(x)

with

g(≤h∗)(x) =

∫
dk

χ≤h∗(k)

−ik0(1 + zh∗) + (1 + αh∗)(cos k − 1) + r + γh∗µh∗
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We first extract a counterterm to fix the fermi surface∫
P(dψ(≤h∗))e−V

(h∗)(ψ(≤h∗)) =∫
P̃(dψ(≤h∗))e−V

(h∗)(ψ(≤h∗))−γh∗νh∗
∫

dxψ(≤h∗)+
x ψ

(≤h∗)−
x

where
P̃(dψ(≤h∗)) ←→ g(≤h∗)(x)

with

g(≤h∗)(x) =

∫
dkeikx χ≤h∗(k)

−ik0(1 + zh∗) + (1 + αh∗)(cos k − cos pF )

and
(1 + αh∗) cos pF = (1 + αh∗)− r − γh∗µh∗ + γh∗νh∗
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The strategy of the analysis is the following:
1 we will perform a multiscale analysis. In this analysis we will have to

chose νh∗ = O(λ) as function of pF and λ to obtain a convergent
expansion.

2 at the end of the above construction we will use the above relation
between pF and νh∗ to obtain the Fermi momentum pF as function of λ
and r .
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We can now write

χ≤h∗(k) = χ≤h∗,1(k) + χ≤h∗,−1(k)

where

χ≤h∗,ω(k) = ϑ̃

(
ω

k
pF

)
χ≤h∗(k)

where ω = ±1, ϑ̃ is a smooth function such that ϑ̃(k) = 1 for k > 1
2 and

ϑ̃(k) = 0 for k < − 1
2 and

ϑ̃(k) + ϑ̃(−k) = 1

for every k .
Thus we can write

g(≤h∗)(x) =
∑
ω=±1

eiωpF x g(≤h∗)
ω (x)

where

g(≤h∗)
ω (x) =

∫
dkei(k−ωpF )x χ≤h∗,ω(k)

−ik0(1 + zh∗) + (1 + αh∗)(cos k − cos pF )

with pF = (0, pF ).
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A new localization operation is defined in the following way

L2

∫
dxW4(x1, x2, x3, x4)

4∏
i=1

ψ
εi
xi ,ωi

=Ŵ4(0)

∫
dxψ+

x,1ψ
−
x,1ψ

+
x,−1ψ

−
x,−1

L2

∫
dxW2(x1, x2)ψ+

x1,ωψ
−
x2,ω =Ŵ2(0)

∫
ψ+

x,ωψ
−
x,ωdx+

∂1Ŵ2(0)

∫
ψ̄+

x,ω∆1ψ
−
x,ωdx+∂0Ŵ2(0)

∫
ψ+

x,ω∂0ψ
−
x,ωdx

where

∆̄1f (x) = 2
∫

dk(cos k − cos pF )eikx f̂ (k) if f (x) =

∫
dkeikx f̂ (k)
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After the integration of the scale ψ(h∗), ..ψ(h) we get

e−W(0) = e−βLFh

∫
PZh (dψ(≤h))e−V

(h)(
√

Zhψ
(≤h))

where

PZh (dψ(≤h)) ←→ g(≤h)
ω

Zh

with

g(≤h)
ω (x) =

∫
dkei(k−ωpF ) χ≤h,ω(k)

−(1 + zh∗)ik0 + (1 + αh∗)(cos k − cos pF )

where

χ≤h,ω(k) = ϑ̃

(
ω

k
pF

)
χ0(a0γ

−h|(1 + zh∗)ik0 − (1 + αh∗)(cos k − cos pF )|).
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We can now write∫
PZh (dψ(≤h))e−V

(h)(
√

Zhψ
(≤h)) =

∫
P̃Zh−1 (dψ(≤h))e−Ṽ

(h)(
√

Zhψ
(≤h))

where

L2Ṽ(h)(ψ) =lh
∫

dxψ+
x,1ψ

−
1,xψ

+
x,−1ψ

−
−1,x + (ah − zh)

∑
ω

∫
dxψ+

ω,x∆1ψ
−
ω,x+

nh

∫
dxψ+

ω,xψ
−
ω,x

(6)

while P̃h(dψ(≤h)) is the integration with propagator identical to g(≤h)
ω (x) but

with χ≤h,ω(k) replaced by χ≤h,ω(k)

Z̃h−1(k)
with

Z̃h−1(k) = Zh + χ≤h,ω(k)Zhzh
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Setting Zh−1 = Z̃h−1(0), we can finally write∫
PZh (dψ(≤h))e−V

(h)(
√

Zhψ
(≤h)) =

e−βLeh

∫
PZh−1 (dψ(≤h−1))

∫
P̃Zh−1 (dψ(h))e−V̄

(h)(
√

Zh−1ψ
(≤h))

where

P̃Zh−1 ←→ g̃(h)
ω

Zh−1

with

g̃(h)
ω (x) =

∫
dkeix(k−ωpF ) f̃h,ω(k)

−(1 + zh∗)ik0 + (1 + αh∗)(cos k − cos pF )

and

f̃h,ω(k) = Zh−1

[
χ≤h,ω(k)

Z̃h−1(k)
− χ≤h−1,ω(k)

Zh−1

]
.
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Finally we have

V̄(h)(ψ(≤h)) = Ṽ(h)

(√
Zh

Zh−1
ψ(≤h)

)
so that

L2Ṽh = λh

∫
dxψ+

x,1ψ
−
1,xψ

+
x,−1ψ

−
−1,x + δh

∑
ω

∫
dxψ+

ω,x∆1ψω,x+

γhνh

∑
ω

∫
dxψ+

ω,xψω,x

with

γhνh =
Zh

Zh−1
nh δh =

Zh

Zh−1
(ah − zh) λh =

(
Zh

Zh−1

)2

lh

We can now integrate the field ψ(h)∫
P̃Zh−1 (dψ(h))e−V̄

(h)(
√

Zh−1ψ
(≤h)) = e−βLẽh−V(h−1)(

√
Zh−1ψ

(≤h−1))

so that the procedure can be iterated.
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The propagator.

Again we need precise estimates on the propagator.

Lemma

For h ≤ h∗, every N and λ small enough we have

|∂n0
0 ∂

n1
1 g̃(h)

ω (x)| ≤ CN
v−1

F γh

1 + [γh|x0|+ v−1
F γh|x |]N

γh(n0+n1)v−n1
F

with vF = sin(pF ) = O(r
1
2 ).

Assume now that, given h < h∗ we have

|λk |, |δk | ≤ CvF |λ| |νk | ≤ C|λ| h∗ ≥ k > h

then we have

Lemma

There exists a constants λ0 > 0, independent of β, L and r , such that the
kernels W (h)

2l are analytic functions of λ for |λ| ≤ λ0. Moreover they satisfy

1
βL

∫
dxdy|W (h)

2l (x, y)| ≤ γh(2−l)v l−1
F (C|λ|)max(1,l−1) .
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The flow of the runing coupling constants.

We need to prove by induction that, for h ≤ h∗ and ϑ = 1
4 we have

|λh| ≤ C|λ|r
1
2 +ϑ, |δh| ≤ C|λ|r

1
2 +ϑ |νh| ≤ C|λ|γϑh

It is not hard to check that this is true for h = h∗.

The main observation is that we can decompose the propagator as

g̃(h)
ω (x) = g(h)

ω,L(x) + r (h)
ω (x)

where

g(h)
ω,L(x) =

∫
dkeikx f̃h(k)

−ik0 + ωvF k

and

|r (h)
ω (x)| ≤

(
γh

vF

)3
CN

1 + γh(|x0|+ v−1
F |x |)N

.
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The flow of the runing coupling constants.

We need to prove by induction that, for h ≤ h∗ and ϑ = 1
4 we have

|λh| ≤ C|λ|r
1
2 +ϑ, |δh| ≤ C|λ|r

1
2 +ϑ |νh| ≤ C|λ|γϑh

It is not hard to check that this is true for h = h∗.

The main observation is that we can decompose the propagator as

g̃(h)
ω (x) = g(h)

ω,L(x) + r (h)
ω (x)

where

g(h)
ω,L(x) =

∫
dkeikx f̃h(k)

−ik0 + ωvF k

and

|r (h)
ω (x)| ≤

(
γh

vF

)3
CN

1 + γh(|x0|+ v−1
F |x |)N

.

F. Bonetto bonetto@math.gatech.edu Quantum Phase Transition in an Interacting Fermionic Chain.



The flow of νh is given by

νh−1 = γνh + β(h)
ν (~vh, ..., ~vh∗)

where ~vh = (λh, δh, νh). Using the decomposition of the propagator we can
write

β(h)
ν = β̄(h)

ν + β
(h)
ν,R

where
β̄(h)
ν = 0 β

(h)
ν,R = O(λγϑh)

Thus by iteration

νh−1 = γ−h+h∗ [νh∗ +
h∗∑

k=h

γk−h∗β(k)
ν ].

and we can choose νh∗ so that

νh∗ = −
h∗∑

k=−∞

γk−h∗β(k)
ν

This implies that

νh−1 = γ−h+h∗ [−
h∑

k=−∞

γk−h∗β(k)
ν ]

and |νh| ≤ C|λ|γϑh.
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The flow equations for λh and δh with h < h∗ are

λh−1 = λh + β
(h)
λ (~vh, ..., ~vh∗)

δh−1 = δh + β
(h)
δ (~vh, ..., ~vh∗)

Again we can use decomposition of the propagator and decompose the beta
function for α = λ, δ as

β(h)
α (~vh, ..., ~vh∗) = β̄(h)

α (λh, δh, ..., λ0, δ0) + β
(h)
α,R(~vh, ..., ~vh∗)

where β̄(h)
α contains only propagators g(h)

ω,L(x) and end-points to which is
associated λk , δk .
The dimensional gains give us:

|β(h)
α,R | ≤ CvFλ

2γϑh

It is easy to see that

β̄
(h)
λ (λh, δh, ..., λh∗ , δh∗) =vF β̂

(h)
λ

(
λh

vF
,
δh

vF
, ...,

λh∗

vF
,
δh∗

vF

)
(7)

β̄
(h)
δ (λh, δh, ..., λh∗ , δh∗) =vF β̂

(h)
δ

(
λh

vF
,
δh

vF
, ..,

λh∗

vF
,
δh∗

vF

)
(8)

where β̂(h)
λ (λd , δh, .., λ,δ0) is the beta function of a Luttinger model with

vF = 1.
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The following crucial result, called asymptotic vanishing of the beta function,

|β̂(h)
λ (λd , δh, .., λh∗ , δh∗)| ≤ C[max(|λk |, |δk |)]2γϑ(h−h∗)

Assuming by induction that |λk |, |δk | ≤ 2|λ|r
1
2 +ϑ for k ≥ h we get

|β̄(h)
α (λh, δh, ..., λh∗ , δh∗)| ≤ 4CvFλ

2r 1+2ϑγϑhv−2
F r−ϑ ≤ 4CvFλ

2γϑhrϑ

Thus

|λh−1| ≤ |λh∗ |+
h∗∑

k=h

4CvFλ
2γϑhrϑ ≤ 2|λ|r

1
2 +2ϑ

and the same is true for δh.
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Moreover we have
Zh−1

Zh
= 1 + β

(h)
z

so that

γη = 1 + β−∞
(
λ−∞
vF

)
where β−∞ is the beta function with vF = 1; therefore

Zh = γ−η(h−h∗)(1 + A(λ))

with |A(λ)| ≤ C|λ|. Observe that η = O(λ2r 4ϑ), hence is vanishing as r → 0
as O(λ2r).
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Thank You.
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