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Motivation: why mQ?
What is a quark mass?
From kinematics:
the position of the production threshold (applies for fundamental particles)

Pole Mass: M2 = E2 � p2

But particles are not really isolated (need corrections)

H
⌧+

⌧�

�(H ! ⌧+⌧�) ⇠ GFM
2
⌧

4⇡
p
2
MH

M2
⌧What is        ? 

✓
1� ↵

⇡

✓
3

2

log

M2
H

M2
⌧

� 9

4

◆◆
QED correction

M⌧ (MH) = M⌧

✓
1� ↵

⇡

✓
3

4

log

M2
H

M2
⌧

+ 1

◆◆
depends on how 

to define the mass
Pere Masjuan WG, Frascati, 20th April 2015

↵ = ↵em = 1/132



4

Motivation: why mQ?
Select the       schemeMS m ! m(µ)

mq(µ) = Mq
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large log’s, resum them using renormalization group evolution
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Motivation: why mQ?

m(µ) = m(µ0)

✓
↵(µ)

↵(µ0)

◆�0/�0

1 +

✓
�1
�0

� �1�0
�2
0

◆✓
↵(µ)

⇡
� ↵(µ0)

⇡

◆
+ · · ·

�

�(↵) = �
X

k�0

�k
⇣↵
⇡

⌘k+1

µ2 d
dµ2

m(µ) = m(µ)�(↵)

solve RGE numerically or perturbatively

m(µ) = m(µ0)
[ αs(µ)
αs(µ0)

]γ0
m/β0

[
1+

(γ1
m
β0

−
β1γ

0
m

β2
0

)(αs(µ)
π

−
αs(µ0)
π

)
+ . . .

]

µ (GeV)
m

b(
µ

) (
G

eV
)

2.6

2.8

3

3.2

3.4

3.6

3.8

4

4.2

10 10 2

mb(mb) = 4165 MeV

mb(10GeV) = 3610 MeV

mb(MZ) = 2836 MeV

mb(161GeV) = 2706 MeV

10

Renormalization group evolution of quark mass:
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Motivation: why mQ?

MH = 126GeV

↵(MH) = 0.115
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[Kuhn et al ’05]
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Motivation: why precise mQ?

Higgs decay ⇠ mb(MH)2
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Motivation: why precise mQ?

m(⌥(1S)) = 2Mb � C↵2Mb + · · ·

Z
ds

sn+1
Rq(s) ⇠

✓
1

mq

◆2n

Υ-spectroscopy

lattice:  HPQCD ’14

QCD Sum Rules

mb(10GeV) = 3617(25)MeV

mc(3GeV) = 986(6)MeV

8Pere Masjuan

[Ayala et al ’14]
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Motivation: why precise mQ?

mc(mc) method reference

1275.8 ± 5.8 lattice (Nf = 4), PS current HPQCD, 1408.4169
1348 ± 46 lattice (2+1+1), MD ETM, 1403.4504
1274 ± 36 lattice (Nf = 2), fD ALPHA, 1312.7693
1240 ± 50 cc̄ X-section DIS Alekhin et al, 1310.3059
1260 ± 65 cc̄ X-section NLO fit HI and ZEUS, 1211.1182
1262 ± 17 SR J/ , (2S � 6S ) Narison, 1105.5070
1260 ± 36 lattice (2+1), fD PACS-CS, 1104.4600
1278 ± 9 SR J/ , ,R Bodenstain et al, 1102.3835
1282 ± 24 1st moment SR J/ , ,R Dehnadi et al, 1102.2264
1280 ± 70 lattice + pQCD in static potential Laschka et al, 1102.0945
1279 ± 13 1st moment SR J/ , ,R Chetyrkin et al, 1010.6157
1275 ± 25 PDG average PDG 2014

mb(mb) method reference

4174 ± 24 lattice (Nf = 4), PS current HPQCD, 1408.4169
4201 ± 43 N3LO pQCD, M⌥ Ayala et al, 1407.2128
4169 ± 9 SR ⌥(1S � 6S ) Penin, Zerf, 1401.7035

4247 ± 34 SR, fB Lucha et al, 1305.7099
4166 ± 43 lattice + pQCD, M⌥, MBs HPQCD, 1302.3739
4235 ± 55 SR ⌥(1S � 6S ), R Hoang et al, 1209.0450
4171 ± 9 SR ⌥(1S � 6S ), R Bodenstain et al, 1111.5742
4177 ± 11 SR ⌥(1S � 6S ) Narison, 1105.5070
4180 ± 50 lattice + pQCD in static potential Laschka et al, 1102.0945
4163 ± 16 2nd moment SR ⌥(1S � 6S ), R Chetyrkin et al, 1010.6157
4.180 ± 30 PDG average PDG 2014

1
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QCD Sum Rules

6 46. Plots of cross sections and related quantities

σ and R in e+e− Collisions
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Figure 46.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

�(e+e� ! µ+µ�) = 4⇡↵em(s)
2/3sR(s) =

�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Pere Masjuan WG, Frascati, 20th April 2015
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Rq(s) = RRes

q (s) +Rth

q (s) +Rcont

q (s)R(s) = Ruds(s) +Rq(s)
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QCD Sum Rules
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Rq(s) = RRes

q (s) +Rth

q (s) +Rcont

q (s)R(s) = Ruds(s) +Rq(s)
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QCD Sum Rules
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Rq(s) = RRes

q (s) +Rth

q (s) +Rcont

q (s)R(s) = Ruds(s) +Rq(s)
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46. Plots of cross sections and related quantities 7

R in Light-Flavor, Charm, and Beauty Threshold Regions

10
-1

1

10

10 2

0.5 1 1.5 2 2.5 3

Sum of exclusive
measurements

Inclusive
measurements

3 loop pQCD

Naive quark model

u, d, s

ρ

ω

φ

ρ′

2

3

4

5

6

7

3 3.5 4 4.5 5

Mark-I

Mark-I + LGW

Mark-II

PLUTO

DASP

Crystal Ball

BES

J/ψ ψ(2S)

ψ3770

ψ4040

ψ4160

ψ4415

c

2

3

4

5

6

7

8

9.5 10 10.5 11

MD-1
ARGUS CLEO CUSB DHHM

Crystal Ball CLEO II DASP LENA

Υ(1S)
Υ(2S)

Υ(3S)

Υ(4S)

b

R

√
s [GeV]

Figure 46.7: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and statistical above 2 GeV.
The curves are the same as in Fig. 46.6. Note: CLEO data above Υ(4S) were not fully corrected for radiative effects, and we retain
them on the plot only for illustrative purposes with a normalization factor of 0.8. The full list of references to the original data and
the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. The computer-readable data are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

Fig. 1. Comparison of rescaled CLEO data (divided by 1.28) for Rb with BABAR data [12], [24]:

the black bar on the right corresponds to the theory prediction [25].

Fig. 2. The same data as in Fig. 1 in the region around
√

s = 11.2 GeV magnified: only the BABAR

data is shown. The shaded band corresponds to a linear interpolation between R(11.2062 GeV) and

R(13GeV) (see case A in the text). The black bar on the right corresponds to the theory predic-

tion [25].

Case A. We suppose that the pQCD holds only at higher energies, for example, above 13GeV with lin-
ear interpolation between Rb(11.2GeV) = 0.32 and RpQCD

b (13GeV) = 0.377. The results for the moments
and mb(10GeV) are shown in the respective Tables 5 and 6, assuming a 4% uncertainty at

√
s = 11.2062GeV

and no uncertainty for R(13GeV). A remarkable stability is observed for the bottom quark mass as can be
seen from Table 6. For n = 2, we obtain mb(10GeV) = 3.630GeV.

Case B: We suppose that the pQCD holds at 11.2GeV and that the systematic error obtained in [24]
is underestimated. Therefore, we rescale the data in the threshold region by the factor RpQCD

b /Rb =

221

QCD Sum Rules

Pere Masjuan WG, Frascati, 20th April 2015
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QCD Sum Rules

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

Mn :=
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⇧̂q(t)

����
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=

Z 1

4m2
q

ds

sn+1
Rq(s)

R(s) = 12⇡Im[⇧(s+ i✏)]

⇧̂q(s) MS

⇧q(s)        is the correlator of two heavy-quark vector currents can be calculated in pQCD 
order by order and satisfies a Dispersion Relation:

in

For t→0

Using the optical theorem: [SVZ,’79]

Pere Masjuan WG, Frascati, 20th April 2015
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can be Taylor expanded:

⇧q(t) = Q2
q
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q
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QCD Sum Rules

Pere Masjuan WG, Frascati, 20th April 2015
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Figure 1: ↵
s

expansion of the theoretical moments for the charm quark using
m

c
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) = 1.277 GeV. Blue squares show results at order ↵
s

, red circles at
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s

, and green triangles at ↵3

s

.

Let us first have a closer look at the contribution in the charm sector
from the energy range 2M

D

0  p
s  4.8 GeV which contains the  (3770)

resonance. Table 3 exhibits the corresponding contributions to the moments
for 0  n  5. The second column shows results obtained from a fit to the
available data after subtraction of the light-quark contribution (see Ref.
[17]). The third column shows the theoretical calculation ??? adjusting

�
3

to exactly obtain the second experimental moment ???, and the
forth column is the theoretical calculation obtained by just ??? solving

the sum rules relation ???. The agreement between these three columns
is remarkable. Can we conclude then that from these results there

appears to be no reason to separate the  (3770) resonance ???

Table 4 shows a comparison of charm moments in the vicinity of the
 (3770) resonance. In the column labeled ’Data’, the moments have been
calculated directly from data in the energy range 2M

D

0  p
s  3.83 GeV,

again after subtraction of the light-quark contribution. In the third column
( (3S)) we display results obtained by integrating over a Breit-Wigner res-
onance using M

 (3770)

= 3.773 GeV and �e
 (3S)

= 0.262(18) keV [8]. Obvi-
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Pere Masjuan

[Maier et al, ’08]
[Chetyrkin, Steinhauser’06]

[Melnikov, Ritberger’03]
[Kiyo et al ’09]

[Hoang et al ’09]
[Greynat et al ’09]
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Running of the QCD’s coupling constant:
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integrate numerically
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QCD Sum Rules

Pere Masjuan

[Ritbergen et al ’97]

+ threshold effects

WG, Frascati, 20th April 2015



Motivation: why precise mQ?
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Mb = 4.7GeV

Mc = 1.6GeV

5 flavors

Running from ↵(Mz) = 0.1185(6)

4 flavors

3 flavors

Pere Masjuan

[Kniehl et al ’06]
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Motivation: why precise mQ?

↵(Mz) = 0.1185(6)

↵(m⌧ ) = 0.3142From to ↵(Mz)

Uncertainty on threshold effects (due to 
truncation + mass uncertainty):

0.7 · 10�4 2 · 10�40.2 · 10�4

(charm thr.) (bottom thr.)

1.5 · 10�4

(beta truncation) (total)
+ +

Pere Masjuan

�↵(Mz) = 1.5 · 10�4

To compare with PDG ’14:

WG, Frascati, 20th April 2015



MpQCD
n =

9

4
Q2

q

✓
1

2m̂q(m̂q)

◆2n

C̄n
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QCD Sum Rules

Rq(s) = RRes

q (s) +Rth
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Background

R
background

= R
uds

+R
uds(cb)

+R
sing

+R
QED

Light flavor 
contribution in 
charm region

Using pQCD below threshold, calculate R, and extrapolate

Pere Masjuan WG, Frascati, 20th April 2015
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Background

R
background

= R
uds

+R
uds(cb)

+R
sing

+R
QED

Light flavor 
contribution in 
charm region

+
secondary 
production

uds

c

⇠ ↵2
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Background

R
background

= R
uds

+R
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sing

+R
QED

Light flavor 
contribution in 
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+
secondary 
production

+
singlet contribution
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Background

R
background

= R
uds

+R
uds(cb)

+R
sing

+R
QED

Light flavor 
contribution in 
charm region

+
secondary 
production

+
singlet contribution

+
2loop QED
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Non-perturbative effects

Cond = h↵
⇡
G2i = 3

⇡2
(2± 2) · 10�3

Mnonp

n (µ2) =
12⇡2Q2

q

(4m̂2
q)

n+2
Cond an

 
1 +

↵s(m̂2
q)

⇡
bn

!

Non-perturbative effects due to gluon condensates to the moments are:

an , bn are numbers, and [Dominguez et al ’14]

Mnonp

n (m̂c)

Mexp

n

���
c
⇠ 0.5%� 2%

Mnonp

n (m̂b)

Mexp

n

���
b
⇠ 0%� 0.05%

up to 2% on mc ⇠ 2MeV

up to 0.05% on mb ⇠ 2MeV

Pere Masjuan

[Chetyrkin et al ’12]

WG, Frascati, 20th April 2015

from fits to tau data
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QCD Sum Rules

[Kuhn et al ’07,’09,’12]

Results (mc)

PRD 80: (2009) 074010

n mc(3GeV) exp αs µ np total
1 986 9 9 2 1 13
2 976 6 14 5 0 16
3 978 5 15 7 2 17
4 1004 3 9 31 7 33

Remarkable consistency between n= 1,2,3,4

and stability (O(α2s ) vs. O(α3s ));

prefered scale: µ= 3GeV,

conversion to mc(mc):

• mc(3GeV) = 986±13MeV

• mc(mc) = 1279±13MeV

39

9

4
Q2

q

✓
1

2m̂q(m̂q)

◆2n

C̄n =

Z 1

4m2
q

ds

sn+1
Rq(s)

Rq(s) = RRes

q (s) +Rth

q (s) +Rcont

q (s)
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QCD Sum Rules

[Kuhn et al ’07,’09,’12]

Rq(s) = RRes

q (s) +Rth

q (s) +Rcont

q (s)

n mb(10GeV) exp αs µ total mb(mb)
1 3597 14 7 2 16 4151
2 3610 10 12 3 16 4163
3 3619 8 14 6 18 4172
4 3631 6 15 20 26 4183

Consistency (n= 1,2,3,4) and stability (O(α2s ) vs. O(α3s ));

(slight dependence on n could result from input into M n
exp)

• mb(10GeV) = 3610±16MeV

• mb(mb) = 4163±16MeV

well consistent with KSS 2007

45

Pere Masjuan

9

4
Q2

q

✓
1

2m̂q(m̂q)

◆2n

C̄n =

Z 1

4m2
q

ds

sn+1
Rq(s)

WG, Frascati, 20th April 2015
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QCD Sum Rules
Potential improvements

• Local duality at high energies

• Below threshold: pQCD fitted to data and 

extrapolated. Higher orders in fit? Energy dependence?

• the same shift is not applied at high energy tail

• Effects of the truncation of the running?

• Different moments, different results. Correlations?

Pere Masjuan WG, Frascati, 20th April 2015
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QCD Sum Rules
Our proposal

• Consider global duality

• Below threshold: the difference between pQCD and data is extra 

source of error (not used for normalization)

• do not use experimental data on threshold region, only resonances

• Exp data in threshold only for error estimation

• Include in α an error from the truncation

• Use two different moments to extract the mass
Pere Masjuan WG, Frascati, 20th April 2015
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QCD Sum Rules
Our proposal

For a global duality:

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

⇧̂q(s) MSin

t ! 1 define the M0

Pere Masjuan WG, Frascati, 20th April 2015
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QCD Sum Rules
Our proposal

For a global duality:

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

⇧̂q(s) MSin

t ! 1 define the M0

lim

t!1
ˆ

⇧q(�t) ⇠ log(t)

Z 1

4m2
q

ds

s
Rq(s) ⇠ log(1)

(but has a divergent part)

Fortunately, divergence given by the zero-mass limit of R(s)

Pere Masjuan WG, Frascati, 20th April 2015
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�q
1(s) = 1 +

↵s(s)

⇡

+nq

✓
�7847

216
+

11

6
⇣(2) +

262

9
⇣(3)� 25

9
⇣(5)

◆

+


↵s(s)

⇡

�2 365
24

� 11⇣(3) + nq

✓
2

3
⇣(3)� 11

12

◆�

+


↵s(s)

⇡

�3 87029
288

� 121

8
⇣(2)� 1103

4
⇣(3) +

275

6
⇣(5)

+n2
q

✓
151

162
� 1

18
⇣(2)� 19

27
⇣(3)

◆�

QCD Sum Rules
Our proposal

Pere Masjuan WG, Frascati, 20th April 2015
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X

resonances

9⇡�e
R

3Q2

qMR↵̂2

em(MR)
+

1Z

4M2

ds

s

Rcont

q

3Q2

q

�
1Z

m̂2
q

ds

s
�q
1

(s)

= �5

3
+

↵̂s

⇡


4⇣(3)� 7

2

�

+

✓
↵̂s

⇡

◆2 2429
48

⇣(3)� 25

3
⇣(5)� 2543

48
+ nq

✓
677

216
� 19

9
⇣(3)

◆�

+

✓
↵̂s

⇡

◆3 ⇥
�9.86 + 0.40nq � 0.01n2

q

⇤

QCD Sum Rules
Our proposal

Zeroth Sum Rule:

nq active flavors

Pere Masjuan WG, Frascati, 20th April 2015
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QCD Sum Rules

Rcont

q (s) = 3Q2

q�
q
1

(s)

r
1�

4 m̂2

q(2M)

s0

"
1 + �q

3

2 m̂2

q(2M)

s0

#

s0 = s+ 4(m̂2
q(2M)�M2)

Our proposal
Zeroth Sum Rule:

Two parameters to determine: mq ,�
q
3

We use Zeroth + 2nd moments
(no use of experimental data on R(s) so far)

Pere Masjuan WG, Frascati, 20th April 2015

n Resonances Continuum Total Theory

Charm

0 1.231 (24) �3.228(25) �1.997(35) Input (11)

1 1.184 (24) 0.962(10) 2.146(26) 2.166(17)

2 1.161 (25) 0.327(5) 1.489(26) Input (26)

3 1.157 (26) 0.149(3) 1.306(26) 1.290(40)

4 1.167 (27) 0.077(2) 1.244(27) 1.204(61)

5 1.188 (28) 0.042(1) 1.230(28) 1.154(96)

6 1.217 (29) 0.024(1) 1.241(30) 1.104(151)

7 1.253 (31) 0.015(1) 1.267(31) 1.038(240)

Bottom

0 1.222 (12) �5.215(480) �3.994(480) Input (8)

1 1.289 (12) 3.045(207) 4.334(207) 4.486 (9)

2 1.366 (13) 1.285(117) 2.651(118) 2.786 (9)

3 1.456 (15) 0.723(75) 2.179(77) 2.280 (11)

4 1.558 (16) 0.460(51) 2.018(54) 2.085 (14)

5 1.675 (18) 0.314(37) 1.989(41) 2.022 (19)

6 1.807 (19) 0.224(27) 2.031(33) Input (29)

7 1.958 (21) 0.165(21) 2.123(30) 2.089 (45)

Table 2: Results for the lowest moments, Mn, defined in Eq. (6) for n = 0
(multiplied by 3Q2

q) and Eq. (2) for n � 1. The upper (lower) half of
the Table corresponds to the charm (bottom) quark. Each moment has
been multiplied by 10nGeV2n for charm (102n+1GeV2n for bottom). The
error for the continuum part is obtained from the shift of �c

3

= 1.22 !
�c,exp
3

= 1.30, and �b
3

= 1.81 ! �b,exp
3

= 1.24. The last column shows
the theoretical predictions for m̂c(m̂c) = 1.274(1) GeV, m̂b(m̂b) = 4.195(1)
GeV, and ↵s(MZ) = 0.1185(6).

shifted values for the moments. The di↵erences are given as an error in Ta-
ble 2, combined quadratically with an uncertainty from �↵s(MZ) = 0.0006.

5

preliminary results
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preliminary results
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mc = 1.275GeV

�c
3 = 1.23
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QCD Sum Rules
Our proposal: error budget

(exp) (fit) (predict)

��c
3 = 0.10 �! �mc = 1MeV

Pere Masjuan 39

(2MD 
p
s  4.8GeV)

WG, Frascati, 20th April 2015

�c
3 = 1.23

mc = 1.275GeV

n Data �c
3

= 1.30(12) �c
3

= 1.23

0 6.428(196) 6.322(137) 6.240

1 3.516(93) 3.483(78) 3.436

2 1.956(45) Input 1.928

3 1.106(22) 1.119(27) 1.103

4 0.635(12) 0.651(16) 0.642

5 0.371(6) 0.386(10) 0.380

Table 4: Contributions to the charm moments (⇥10n+1GeV2n) from the
energy range 2MD0  p

s  4.8 GeV. For the results in the columns labeled
’Data’, light-quark contributions have been subtracted using the pQCD pre-
diction at order O(↵3

s) (see text for details).

n Data  (3S)
��
NW

 (3S)
��
BW

�c
3

= 1.22

0 0.272(16) 0.352(24) 0.319(22) 0.338

1 0.191(11) 0.247(17) 0.224(15) 0.235

2 0.134(8) 0.174(12) 0.157(11) 0.164

3 0.094(5) 0.122(8) 0.111(8) 0.114

4 0.066(4) 0.086(6) 0.078(5) 0.080

5 0.046(3) 0.060(4) 0.055(4) 0.056

Table 5: Contributions to the charm moments (⇥10n+1GeV2n) from the
energy range 2MD0  p

s  3.83 GeV. For the results in the column labeled
’Data’, light-quark contributions have been subtracted using the pQCD pre-
diction at order O(↵3

s). NW refers to narrow width, Eq. (4), and BW to
Breit-Wigner, Eq. (13).

Table 5 shows a comparison of charm moments in the closer vicinity of
the  (3770) resonance. In the column labeled ’Data’, the moments have
been calculated as above, i.e. directly from data, but now restricted to the
energy range 2MD0  p

s  3.83 GeV, see Fig. 3, again after subtraction
of the light-quark contribution. The upper limit on this energy interval is
chosen to cover the  (3770) resonance completely.

10
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QCD Sum Rules
Our proposal: error budget

We use Zeroth + 2nd moments

mc(mc) method reference

1275.8 ± 5.8 lattice (Nf = 4), PS current HPQCD, 1408.4169
1348 ± 46 lattice (2+1+1), MD ETM, 1403.4504
1274 ± 36 lattice (Nf = 2), fD ALPHA, 1312.7693
1240 ± 50 cc̄ X-section DIS Alekhin et al, 1310.3059
1260 ± 65 cc̄ X-section NLO fit HI and ZEUS, 1211.1182
1262 ± 17 SR J/ , (2S � 6S ) Narison, 1105.5070
1260 ± 36 lattice (2+1), fD PACS-CS, 1104.4600
1278 ± 9 SR J/ , ,R Bodenstain et al, 1102.3835
1282 ± 24 1st moment SR J/ , ,R Dehnadi et al, 1102.2264
1280 ± 70 lattice + pQCD in static potential Laschka et al, 1102.0945
1279 ± 13 1st moment SR J/ , ,R Chetyrkin et al, 1010.6157
1275 ± 25 PDG average PDG 2014

mb(mb) method reference

4174 ± 24 lattice (Nf = 4), PS current HPQCD, 1408.4169
4201 ± 43 N3LO pQCD, M⌥ Ayala et al, 1407.2128
4169 ± 9 SR ⌥(1S � 6S ) Penin, Zerf, 1401.7035

4247 ± 34 SR, fB Lucha et al, 1305.7099
4166 ± 43 lattice + pQCD, M⌥, MBs HPQCD, 1302.3739
4235 ± 55 SR ⌥(1S � 6S ), R Hoang et al, 1209.0450
4171 ± 9 SR ⌥(1S � 6S ), R Bodenstain et al, 1111.5742
4177 ± 11 SR ⌥(1S � 6S ) Narison, 1105.5070
4180 ± 50 lattice + pQCD in static potential Laschka et al, 1102.0945
4163 ± 16 2nd moment SR ⌥(1S � 6S ), R Chetyrkin et al, 1010.6157
4.180 ± 30 PDG average PDG 2014

• ��3 from errors on experimental moments on threshold region

• �res from experimental error on resonance parameters (�e
R)

• �th is error due truncation of Cn coe�cients

• �(↵(Mz) is experimental error on ↵(Mz) and running (⇠ 1 + 1)

• � Cond is the impact of condensate

• SideBand is the impact of fitting below threshold or using pQCD

1
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mb(mb) method reference

4174 ± 24 lattice (Nf = 4), PS current HPQCD, 1408.4169
4201 ± 43 N3LO pQCD, M⌥ Ayala et al, 1407.2128
4169 ± 9 SR ⌥(1S � 6S ) Penin, Zerf, 1401.7035

4247 ± 34 SR, fB Lucha et al, 1305.7099
4166 ± 43 lattice + pQCD, M⌥, MBs HPQCD, 1302.3739
4235 ± 55 SR ⌥(1S � 6S ), R Hoang et al, 1209.0450
4171 ± 9 SR ⌥(1S � 6S ), R Bodenstain et al, 1111.5742
4177 ± 11 SR ⌥(1S � 6S ) Narison, 1105.5070
4180 ± 50 lattice + pQCD in static potential Laschka et al, 1102.0945
4163 ± 16 2nd moment SR ⌥(1S � 6S ), R Chetyrkin et al, 1010.6157
4.180 ± 30 PDG average PDG 2014

n Data �c
3 = 1.22(10) �c

3 = 1.22
0 6.283(156) 6.213(108) 6.221
1 3.446(74) 3.422(62) 3.425
2 1.921(36) 1.921(36) 1.922
3 1.089(18) 1.099(21) 1.099
4 0.627(10) 0.640(13) 0.639
5 0.366(6) 0.379(8) 0.379

��3 �res �th �↵s(Mz) � Cond SideBand final
1 5 6 2 3 2 1.275(10) GeV

��3 �res �th �↵s(Mz) � Cond SideBand final
5 3 5 2 2 5 4195(10) MeV

2
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QCD Sum Rules
Our proposal: error budget

We use Zeroth + other moments

blue: total
red: data
green: res
cyan: theory
orange: 

Pere Masjuan 41 WG, Frascati, 20th April 2015

mc(mc) = 1.275(10)GeV

0th+1st 0th+2nd 0th+3rd 0th+4th 0th+5th 0th+6th 0th+7th
1.22

1.24

1.26

1.28

1.30

m̀
cHm̀ c
L

Figure 4: m̂c(m̂c) using di↵erent combinations of moments and for each
combination, the error budget. Blue is full error, red is the one-sided error
from the shift of �c

3

, green the one from resonance region, cyan from the
theoretical moments, and orange from �↵(Mz). �c

3

= 0.130 was kept fixed
for all values.

15

�↵(Mz)

preliminary results



Outlook: Bottom mass
Our proposal: bottom mass

We use Zeroth + 6th moments

mb(mb) method reference

4174 ± 24 lattice (Nf = 4), PS current HPQCD, 1408.4169
4201 ± 43 N3LO pQCD, M⌥ Ayala et al, 1407.2128
4169 ± 9 SR ⌥(1S � 6S ) Penin, Zerf, 1401.7035

4247 ± 34 SR, fB Lucha et al, 1305.7099
4166 ± 43 lattice + pQCD, M⌥, MBs HPQCD, 1302.3739
4235 ± 55 SR ⌥(1S � 6S ), R Hoang et al, 1209.0450
4171 ± 9 SR ⌥(1S � 6S ), R Bodenstain et al, 1111.5742
4177 ± 11 SR ⌥(1S � 6S ) Narison, 1105.5070
4180 ± 50 lattice + pQCD in static potential Laschka et al, 1102.0945
4163 ± 16 2nd moment SR ⌥(1S � 6S ), R Chetyrkin et al, 1010.6157
4.180 ± 30 PDG average PDG 2014

n Data �c
3 = 1.22(10) �c

3 = 1.22
0 6.283(156) 6.213(108) 6.221
1 3.446(74) 3.422(62) 3.425
2 1.921(36) 1.921(36) 1.922
3 1.089(18) 1.099(21) 1.099
4 0.627(10) 0.640(13) 0.639
5 0.366(6) 0.379(8) 0.379

��3 �res �th �↵s(Mz) � Cond SideBand final
1 5 6 2 3 2 1.274(9) GeV

��3 �res �th �↵s(Mz) � Cond SideBand final
5 3 5 2 2 5 4195(10) MeV

2

mb(mb) = 4.195(10)GeV

• By comparing with BABAR data, we 
find a large discrepancy 
• Low fit comes from an artificial 5% 
error to resolve our puzzle (lack of 
subthreshold data)

�b
3 = 1.81

��b
3 = 0.60

Fig. 1. Comparison of rescaled CLEO data (divided by 1.28) for Rb with BABAR data [12], [24]:

the black bar on the right corresponds to the theory prediction [25].

Fig. 2. The same data as in Fig. 1 in the region around
√

s = 11.2 GeV magnified: only the BABAR

data is shown. The shaded band corresponds to a linear interpolation between R(11.2062 GeV) and

R(13GeV) (see case A in the text). The black bar on the right corresponds to the theory predic-

tion [25].

Case A. We suppose that the pQCD holds only at higher energies, for example, above 13GeV with lin-
ear interpolation between Rb(11.2GeV) = 0.32 and RpQCD

b (13GeV) = 0.377. The results for the moments
and mb(10GeV) are shown in the respective Tables 5 and 6, assuming a 4% uncertainty at

√
s = 11.2062GeV

and no uncertainty for R(13GeV). A remarkable stability is observed for the bottom quark mass as can be
seen from Table 6. For n = 2, we obtain mb(10GeV) = 3.630GeV.

Case B: We suppose that the pQCD holds at 11.2GeV and that the systematic error obtained in [24]
is underestimated. Therefore, we rescale the data in the threshold region by the factor RpQCD

b /Rb =

221

BABAR sys. error ~ 3%
Pere Masjuan 42 WG, Frascati, 20th April 2015

preliminary results

low fit



QCD Sum Rules
Our proposal: bottom mass

We use Zeroth + 6th moments

mb(mb) = 4.195(10)GeV

mc(mc) method reference

1275.8 ± 5.8 lattice (Nf = 4), PS current HPQCD, 1408.4169
1348 ± 46 lattice (2+1+1), MD ETM, 1403.4504
1274 ± 36 lattice (Nf = 2), fD ALPHA, 1312.7693
1240 ± 50 cc̄ X-section DIS Alekhin et al, 1310.3059
1260 ± 65 cc̄ X-section NLO fit HI and ZEUS, 1211.1182
1262 ± 17 SR J/ , (2S � 6S ) Narison, 1105.5070
1260 ± 36 lattice (2+1), fD PACS-CS, 1104.4600
1278 ± 9 SR J/ , ,R Bodenstain et al, 1102.3835
1282 ± 24 1st moment SR J/ , ,R Dehnadi et al, 1102.2264
1280 ± 70 lattice + pQCD in static potential Laschka et al, 1102.0945
1279 ± 13 1st moment SR J/ , ,R Chetyrkin et al, 1010.6157
1275 ± 25 PDG average PDG 2014

mb(mb) method reference

4174 ± 24 lattice (Nf = 4), PS current HPQCD, 1408.4169
4201 ± 43 N3LO pQCD, M⌥ Ayala et al, 1407.2128
4169 ± 9 SR ⌥(1S � 6S ) Penin, Zerf, 1401.7035

4247 ± 34 SR, fB Lucha et al, 1305.7099
4166 ± 43 lattice + pQCD, M⌥, MBs HPQCD, 1302.3739
4235 ± 55 SR ⌥(1S � 6S ), R Hoang et al, 1209.0450
4171 ± 9 SR ⌥(1S � 6S ), R Bodenstain et al, 1111.5742
4177 ± 11 SR ⌥(1S � 6S ) Narison, 1105.5070
4180 ± 50 lattice + pQCD in static potential Laschka et al, 1102.0945
4163 ± 16 2nd moment SR ⌥(1S � 6S ), R Chetyrkin et al, 1010.6157
4.180 ± 30 PDG average PDG 2014

1

preliminary results



QCD Sum Rules
Our proposal: improvements

• Better measurements in subthreshold: helps 
to normalize the extrapolation
• Better measurements of the electric decay 
widths of the narrow states
• Smaller error on alpha (from exp.)
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s

R
• Calculation of the coefficients Cn of the 
Taylor expansion up to higher orders in both n 
and alpha
• Study eventual Duality Violations?
• Smaller error on alpha (from theory)

Measurement of R for bottom region at Belle: 
both sub- and above threshold

Pere Masjuan 44 WG, Frascati, 20th April 2015

CB 86 BES00 BES02
BES06 BES06 BES09

CLEO09



Conclusions and Outlook

• Heavy quark masses are interesting: for being fundamental parameters as 

well as for they implications on many phenomenological scenarios

• From the different strategies, one of the most precise is the use of SR

• Using SR with new features, we extract them: remark on improvements

• Results still preliminary

• Proposal: instead of averaging, take a range of values

• Error sources are understood: seems a clear roadmap for improvements

Pere Masjuan 45

Thanks!
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