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TMD phenomenology  
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the nucleon is still a very mysterious object É..  
and the most abundant piece of matter in the Universe

TMDs = 
exploring the 

3D nucleon 
structure, in 
momentum 

space 

GPDs = 
exploring the 

3D nucleon 
structure, in 
coordinate 

space (talk by 

D. MŸller)  
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 TMDs = Transverse Momentum Dependent 
Parton Distribution Functions (TMD-PDF) or   

Transverse Momentum Dependent 
Fragmentation Functions (TMD-FF)

TMD-PDFs give the number density of partons, with 
their intrinsic motion and spin, inside a fast moving 

proton, with its spin.

S á(p ! k�) sq á(p ! k�) S ásq á á á
ÒSivers effectÓ ÒBoer-Mulders effectÓ

simple parton model 



there are 8 independent TMD-PDFs

gq
1L(x,k2

�)

fq
1 (x,k2

�)

hq
1T (x,k2
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correlate sL of quark with SL of proton 
unintegrated helicity distribution 

correlate sT of quark with ST of proton 
unintegrated transversity  distribution 

unpolarized quarks in unpolarized protons 
unintegrated unpolarized distribution 

only these survive in the collinear limit 

f�q
1T (x,k2

�) correlate k⊥ of quark with ST of proton (Sivers)

h�q
1 (x,k2

�) correlate k⊥ and sT of quark (Boer-Mulders) 
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different double-spin correlations  
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TMD-FFs give the number density of hadrons, with 
their momentum, originated in the fragmentation of a 

fast moving parton, with its spin.

“Collins effect”sq á(pq ⇥ p�)

there are 2 independent TMD-FFs for spinless hadrons

Dq
1(z,p2

?) unpolarized hadrons in unpolarized quarks 
unintegrated fragmentation function 

H?q
1 (z,p2

?) correlate p⊥ of hadron with sT of quark (Collins)



how to ÒmeasureÓ TMDs? 

needs processes which relate physical observables 
to parton intrinsic motion 

SIDIS Drell-Yan processes 
`N ! `hX pN ! !+! ! X

a similar diagram for e+e� ! h1 h2 X
and, possibly, for p N ! h X



The nucleon correlator, in collinear 
configuration: 3 distribution functions  
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Fig. 1. – The handbag diagram for DIS. At leading QED order, the interaction between the
lepton (not shown) and the nucleon is mediated by the exchange of a virtual photon. Thus, the
DIS cross section is just the total cross section for the � ! N � X process, which, by the optical
theorem, is related to the forward scattering amplitude. In the parton model, at leading QCD
order, the virtual photon scatters o! a single quark in the nucleon, as represented in the figure.
The lower blob is thus the matrix element between the nucleon initial and final states of two
quark fields, one ”extracted from” and the other ”replaced into” the nucleon. It is a matrix in
the Dirac spinor space.

and it shows the chiral-odd nature of transversity, as it relates quarks with opposite
helicities. It is then clear why h1 cannot be measured in DIS: the bottom blob of Þg. 2
cannot be inserted in the handbag diagram of Þg. 1, as the QED (and QCD) interactions
conserve helicity and there is no way, by photon or gluon couplings, of ßipping the helicity
of massles quarks.

A measurement of transversity requires a process in whichh1 couples to another
chiral-odd function. Several suggestions have been discussed in the literature. At the
moment the most practicable way appears via SIDIS processes [7], in whichh1 couples
to a chiral-odd fragmentation function, the Collins fragmentation function, as depicted
in Þg. 3. In principle, the cleanest and most direct way should be via the measurement
of the double transverse spin asymmetryATT in Drell-Yan processes, which couples two
transversity distributions (see Þg. 4), as discussed in Section 5.

So far we have only considered collinear partonic conÞgurations, in which the rele-
vant degrees of freedom, describing the nucleon structure, are the parton longitudinal
momentum fraction x and the helicities. Yet, it is already clear that the spin transverse
degree of freedom is at least as interesting, but much less known. It will be much more
so when also the intrinsic transverse motions of partons,k ! , in addition to x, will be
considered. Which requires a detour into the issue of SSA.

3. – The (problem of) transverse Single Spin Asymmetries

Let us consider a 2 into 2 physical process, likeAB ⇥ C D, in the center of mass
reference frame,A(p) + B(�p) ⇥ C(p") + D(�p"), like in Þg. 5. We wonder whether
or not the cross section for such a process can depend on the spin polarizationS of one
particle only, say A; particle B is not polarized and the polarization of the Þnal particles
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TMD-PDFs: the leading-twist correlator, with intrinsic k ┴, 
contains 8 independent functions 
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 with partonic interpretation  



TMDs in SIDIS 

�q ! 0
q

p, Sp, S

Q2Q2

h h
d6� � d6�⌅p! �⌅hX

dxB dQ2 dzh d2P T d⇥S

TMD factorization holds at large  Q2, and PT ≈ k⊥ ≈ ΛQCD

PT � Q2Two scales:

d�⇥p! ⇥hX =
�

q

f q(x, k" ; Q2) � dö�⇥q! ⇥q(y, k" ; Q2) � D h
q (z,p" ; Q2)

(Collins, Soper,  Ji, J.P. Ma, Yuan,  Qiu, Vogelsang, Collins, Metz...)

TMD-PDFs hard scattering TMD-FFs

P T = p? + zk?
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Figure 1: Illustration of kinematics, especially the azimuthal angles, for SIDIS in the target
rest frame [6]. P hT and ST are the transverse parts ofP h and S with respect to the photon
momentum q = l − l′.

notation of [6], one has

dσ

dx dy dφS dz dφh dP 2
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∝
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In Eq. (8), ε is the degree of longitudinal polarization of the virtual photon which can
be expressed throughy [15, 6], S∥ denotes longitudinal target polarization, and λe is the
lepton helicity. The structure functions FX,Y (X,Y refer to the lepton and the nucleon,
respectively: U = unpolarized; L, T = longitudinally, transversely polarized) merely depend
on x, z, and PhT . By choosing speciÞc polarization states and weighing withthe appropriate
azimuthal dependence, one can extract each structure function in (8) as past experiments
have already unambiguously shown.

For TMD studies one is interested in the kinematical region deÞned by

PhT ≃ ΛQCD ≪ Q , (9)

for which the structure functions can be written as certain convolutions of TMDs. In this
region, the components in Eq. (8) appear at leading order when expanding the cross section
in powers of 1/Q, while additional ones show up at subleading order [1, 15, 6,16]. Measuring
the structure functions in Eq. (8) allows one to obtain information on all eight leading quark
TMDs. To be speciÞc, one has (for a spinless Þnal state hadron) [6, 16],
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TMDs in Drell-Yan processes              
COMPASS, RHIC, Fermilab, NICA, AFTER...              
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factorization holds, two scales, M2, and qT << M
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direct product of TMDs,   no fragmentation process



Case of one polarized nucleon only
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Unpolarized cross section already very interesting
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Collins-Soper frame 

� = 1 µ = ⇤ = 0naive collinear parton model:



Collins function from  e+eÐ processes  
Belle, BaBar, BES-III
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another similar asymmetry can be measured, A 0 
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Experimental results:   
clear evidence for Sivers and Collins effects from 

SIDIS data  (HERMES, COMPASS, JLab) 
(talks by L. Pappalardo, H. Avakian, F. Bradamante, P. RossiÉ)  



independent evidence for Collins effect 
from e +e- data at Belle, BaBar  and BES-III
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Figure 3. – Preliminary BABAR measurement of Collins asymmetries (full circle in red). By
comparison the superseded Belle off-peak results (open circle in blue), and Belle results on the
full data sample (full green circles) are shown. Systematic and statistical errors are added in
quadrature.
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Figure 4. – Collins asymmetry A12 (a), and A0 (b), as a function of (sin2 θ)/ (1 + cos2 θ), where
θ = θT and θ = θ2 have been used in plot (a) and (b), respectively.

The asymmetries are studied in function of symmetric bins (z1, z2) of the pion fractional
energies and in function of sin2 ! / (1 + cos2 ! ), and are compared with the Belle analysis.
The results are in overall good agreement each other. However, the o! -peak data sample
is statistically limited, and the update of the measurement with the full BABAR data
sample is ongoing.
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RF0: comparison of  ## asymmetry from previous results
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FIG. 2. Double ratio RU /RL versus 2φ0 in the bin z1 ∈
[0.3, 0.5], z2 ∈[0.5, 0.9] (top) and bin z1 ∈ [0.5, 0.9], z2 ∈
[0.5, 0.9] (bottom). The solid lines show the results of the fit.

tio RU /R L(C) follows the expression

RU

RL(C)
= A cos(2φ0) + B, (3)

whereA and B are free parameters.B should be consis-
tent with unity, and A mainly contains the Collins effect.
The AUL , AUC are used to denote the asymmetries for
UL and UC ratios, respectively.

The analysis is performed in (z1, z2) bins with bound-
aries at zi = 0.2, 0.3, 0.5 and 0.9 (i = 1 , 2), where comple-
mentary off-diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each (z1, z2) bin, normalized rates RU,L ,C and
double ratios RU /R L ,C are evaluated in 15 bins of con-
stant width in the 2 φ0 angles. In Fig. 2, the distributions
of the double ratio RU /R L are shown for two highest (z1,
z2) bins with the Þt results using Eq. 3. In Fig. 3, the
asymmetry values (A) obtained from the Þt are shown as
a function of six symmetric (z1, z2) bins. Studying the
dependence onpt is valuable for investigating the trans-
verse momentum dependent evolution of the Collins func-
tion. The expected behavior of the Collins asymmetries
as a function of sin2θ2/ (1 + cos2θ2) is linear (see Eq. 2).
Therefore, the Collins asymmetries are investigated also
in bins of pt and sin2θ2/ (1 + cos2θ2), as shown in Fig. 4
and Fig. 5. The numerical results in each (z1,z2) and pt
bins are listed in Table I. Since one pion is allowed to be
assigned to different pion pairs, the statistical uncertain-
ties are expected to be underestimated. This is checked
by repeating the whole procedure but allowing each pi-
on to be only involved in one pion pair. We Þnd that
the statistical uncertainty in each bin becomes slightly
larger, and we therefore scale the statistical errors by a
factor of 1.1 for all bins.

Several potential sources of systematic uncertainties
are investigated. An important test of the analysis
method is the extraction of double ratios from MC sam-
ples, in which the Collins asymmetries are not included
but radiative gluon and detector acceptance effects are
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FIG. 3. Asymmetries as a function of fractional energies
(z1, z2) for the UL (dots) and UC (triangles) ratios. The
lower scales show the boundaries of the bins in z1 and z2 .
Theoretical predictions from the authors of Ref. [20] are over-
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the points show the center values.
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FIG. 4. Asymmetries as a function of pt for UL (dots) and
UC (triangles) ratios, where the pt refers to the transverse
momentum of the first hadron relative to the second hadron,
as shown in Fig. 1. Theoretical predictions from the authors
of Ref. [20] are shown using the hatched bands and the corrse-
ponding points shows the center values.
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tio RU /R L(C) follows the expression

RU

RL(C)
= A cos(2! 0) + B, (3)

where A and B are free parameters. B should be consis-
tent with unity, and A mainly contains the Collins e! ect.
The AUL , AUC are used to denote the asymmetries for
UL and UC ratios, respectively.
The analysis is performed in (z1, z2) bins with bound-

aries at zi= 0.2, 0.3, 0.5 and 0.9 (i = 1, 2), where comple-
mentary o! -diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each (z1, z2) bin, normalized rates RU ,L ,C and
double ratios RU /R L ,C are evaluated in 15 bins of con-
stant width in the 2! 0 angles. In Fig. 2, the distributions
of the double ratio RU /R L are shown for two highest (z1,
z2) bins with the fit results using Eq. 3. In Fig. 3, the
asymmetry values (A) obtained from the fit are shown as
a function of six symmetric (z1, z2) bins. Studying the
dependence on pt is valuable for investigating the trans-
verse momentum dependent evolution of the Collins func-
tion. The expected behavior of the Collins asymmetries
as a function of sin2" 2/ (1 + cos2" 2) is linear (see Eq. 2).
Therefore, the Collins asymmetries are investigated also
in bins of pt and sin2" 2/ (1 + cos2" 2), as shown in Fig. 4
and Fig. 5. The numerical results in each (z1,z2) and pt
bins are listed in Table I. Since one pion is allowed to be
assigned to di! erent pion pairs, the statistical uncertain-
ties are expected to be underestimated. This is checked
by repeating the whole procedure but allowing each pi-
on to be only involved in one pion pair. We find that
the statistical uncertainty in each bin becomes slightly
larger, and we therefore scale the statistical errors by a
factor of 1.1 for all bins.
Several potential sources of systematic uncertainties

are investigated. An important test of the analysis
method is the extraction of double ratios from MC sam-
ples, in which the Collins asymmetries are not included
but radiative gluon and detector acceptance e! ects are
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FIG. 3. Asymmetries as a function of fractional energies
(z1, z2) for the UL (dots) and UC (triangles) ratios. The
lower scales show the boundaries of the bins in z1 and z2.
Theoretical predictions from the authors of Ref. [20] are over-
laid, where the hatched areas show the predicted bands and
the points show the center values.
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FIG. 4. Asymmetries as a function of pt for UL (dots) and
UC (triangles) ratios, where the pt refers to the transverse
momentum of the first hadron relative to the second hadron,
as shown in Fig. 1. Theoretical predictions from the authors
of Ref. [20] are shown using the hatched bands and the corrse-
ponding points shows the center values.
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a similar asymmetry just measured by BES-III 
(arXiv 1507:06824)

Collins effect clearly observed both in SIDIS 
and e+e- processes, by several Collaborations

Q2 = 13 GeV2
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with HERMES measurements for ! + SIDIS production o ↵ a proton target [15]. The shaded uncertainty bands
correspond to a 5% variation of the total " 2.
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unpolarised TMDs - fit of SIDIS multiplicities    
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Although the HERMES and COMPASS data cover similar Q2 regions (1 ! Q2 ! 10 GeV2), they
di! er in the experimental set-up, in the statistics, in the binning choices and in the explored xB range; in
addition, there seems to be some discrepancy between the two measurements. We then fit the HERMES
and the COMPASS multiplicities separately. A simultaneous fit of both sets of data would lead to poor
results and is not presented here.

Recently, another study of the unpolarised TMDs has appeared [28], which follows a procedure somehow
similar to that of this work, but which considers only the HERMES set of experimental data and does
not include any attempt to check for signs of scale evolution.

After a short Section II devoted to the formalism, we present our main results in Section III. In Section
IV we briefly discuss the possible role, and look for possible signs, of TMD evolution. In Section V we
compare our present results with those of previous analyses [9, 11] and check their consistency with other
measurements of SIDIS cross sections and PT -distributions [10, 12, 13, 29] which were not included in
our fits. Further comments and concluding discussions are presented in Section VI.

II. FORMALISM

The unpolarised ! + p " ! ! h X , SIDIS cross section in the TMD factorisation scheme, at order (k" /Q )
and " 0

s , in the kinematical region where PT # k" $ Q , reads [30, 31]:

d#! + p# ! 0hX

dxB dQ2 dzh dP2
T

=
2$2" 2

(xB s)2

!
1 + (1 %y)2

"

y2

&
#

q

e2
q

$
d2k " d2p" %(2)

%
P T %zh k " %p"

&
f q/p (x, k" )Dh/q (z, p" ) (1)

'
2$2" 2

(xB s)2

!
1 + (1 %y)2

"

y2 FUU á

In the &$ % p c.m. frame the measured transverse momentum, P T , of the final hadron is generated by
the transverse momentum of the quark in the target proton, k " , and of the final hadron with respect to
the fragmenting quark, p" . At order k" /Q it is simply given by

P T = z k " + p" . (2)

As usual:

s = (! + p)2 Q2 = %q2 = %(! %! !)2 xB =
Q2

2p áq
y =

Q2

xB s
zh =

p áPh

p áq
(3)

and the variables x, z and p" are related to the final observed variables xB , zh and P T and to the
integration variable k " . The exact relations can be found in Ref. [9]; at O(k" /Q ) one simply has

x = xB z = zh . (4)

The unpolarised TMD distribution and fragmentation functions, f q/p (x, k" ) and Dh/q (z, p" ), depend
on the light-cone momentum fractions x and z and on the magnitudes of the transverse momenta k" =
|k " | and p" = |p" |. We assume these dependences to be factorized and we assume for the k" and p"
dependences a Gaussian form, with one free parameter which fixes the Gaussian width,

f q/p (x, k" ) = f q/p (x)
e%k 2

?/ &k 2
? '

$(k2
" )

(5)

Dh/q (z, p" ) = Dh/q (z)
e%p2

?/ &p2
? '

$(p2
" )

á (6)

The integrated PDFs, f q/p (x) and Dh/q (z), can be taken from the available fits of the world data: in
this analysis we will use the CTEQ6L set for the PDFs [32] and the DSS set for the fragmentation
functions [33]. In general, the widths of the Gaussians could depend on x or z and might be di! erent

clear support for a gaussian distribution  
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for di! erent distributions: here, we Þrst assume them to be constant and ßavour independent and then
perform further tests to check their sensitivity to ßavour, x, z and Q2 dependence. The constant Gaussian
parameterisation, supported by a number of experimental evidences [11] as well as by dedicated lattice
simulations [34], has the advantage that the intrinsic transverse momentum dependence of the cross
section can be integrated out analytically. In fact, inserting Eqs. (5) and (6) into Eq. (1), one obtains

FUU =
!

q

e2
q f q/p (xB ) Dh/q (zh )

e! P 2
T / "P 2

T #

! !P2
T "

(7)

where

!P2
T " = !p2

$ " + z2
h !k2

$ " . (8)

Notice that !k2
$ " and !p2

$ " will be taken as the free parameters of our Þt.
According to COMPASS [16] notation the di! erential hadron multiplicity is deÞned as:

d2nh (xB , Q2, zh , P2
T )

dzh dP2
T

#
1

d2" DIS (xB , Q2)
dxB dQ2

d4" (xB , Q2, zh , P2
T )

dxB dQ2 dzh dP2
T

, (9)

while HERMES [15] deÞnition is

M h
n (xB , Q2, zh , PT ) #

1
d2" DIS (xB , Q2)

dxB dQ2

d4" (xB , Q2, zh , PT )
dxB dQ2 dzh dPT

á (10)

where the indexn denotes the kind of target.
The Deep Inelastic Scattering (DIS) cross section has the usual leading order collinear expression,

d2" DIS (xB , Q2)
dxB dQ2 =

2! # 2

(xB s)2

"
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q

e2
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Inserting Eq. (1), (7) and (11) into Eq. (9) we have a simple explicit expression for the COMPASS and
HERMES multiplicities:

d2nh (xB , Q2, zh , PT )
dzh dP2

T
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1
2PT

M h
n (xB , Q2, zh , PT ) =

!
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q e2
q f q/p (xB ) Dh/q (zh )
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q e2
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T #
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, (12)

with !P2
T " given in Eq. (8). Notice that, by integrating the above equation over P T , with its magnitude

ranging from zero to inÞnity, one recovers the ratio of the usual leading order cross sections in terms
of collinear PDFs and FFs. Its agreement with experimental data has been discussed, for instance, in
Refs. [15] and [28].

III. RESULTS

As mentioned in the introduction, the most recent analyses of HERMES and COMPASS Collaborations
provide (unintegrated) multivariate experimental data, presented in bins of xB = x, Q2, zh = z and PT .
The HERMES multiplicities refer to identiÞed hadron productions ( ! + , ! ! , K + , K ! ) o! proton and
deuteron targets, and are presented in 6 bins of deÞniteQ2 and xB values, each for several di! erent values
of zh and PT , for a total of 2 660 data points. The selected events cover the kinematical region ofQ2

values between 1 and 10 GeV2 and 0.023 % xB % 0.6, with a hadronic transverse momentumPT < 2
GeV and a fractional energyzh in the range 0.1 % zh % 0.9.

Instead, the COMPASS multiplicities refer to unidentiÞed charged hadron production (h+ and h! )
o! a deuteron target (6LiD), and are presented in 23 bins of deÞniteQ2 and xB values, each for several
values of zh and PT , for a total of 18 624 data points. The Q2 and zh regions covered by COMPASS
are comparable to those explored by the HERMES experiment, while they span a region of smallerxB

values, 0.0045 % xB % 0.12, and cover a widerPT region (reaching lower PT values). Moreover, the
binning choices are very di! erent and COMPASS statistics is much higher than that of HERMES.

For all these reasons, we consider the two data sets separately and perform individual Þts.
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a similar analysis performed by Signori, Bacchetta, Radici, Schnell, 
JHEP 1311 (2013) 194; it also assumes gaussian behaviour 
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FIG. 6: In the left panel we plot (solid red lines) the transversity distribution functions x h 1q(x) = x ! T q(x) for q = u, d,
with their uncertainty bands (shaded areas), obtained from our best Þt of SIDIS data on Asin( ! h + ! S )

UT and e+ e! data
on A12 , adopting the standard parameterisation (Table II). Similarly, in the right panel we plot the corresponding Þrst
moment of the favoured and disfavoured Collins functions, Eq. (33). All results are given at Q2 = 2 .41 GeV2. The
dashed blue lines show the same quantities as obtained in Ref. [7] using the data then available onAsin( ! h + ! S )

UT and AUL
12 .

transversely polarised quark. In addition, the SIDIS asymmetry can only be observed if coupled to a non negligi-
ble quark transversity distribution. The first original extraction of the transversity distribution and the Collins
fragmentation functions [6, 7], has been confirmed here, with new data and a possible new functional shape of
the Collins functions. The results on the transversity distribution have also been confirmed independently in
Ref. [8].

A further improvement in the QCD analysis of the experimental data, towards a more complete understanding
of the Collins and transversity distributions, and their possible role in other processes, would require taking into
account the TMD-evolution of ! T q(x, k! ) and ! NDh/q ! (z, p! ). Great progress has been recently achieved in the
study of the TMD-evolution of the unpolarized and Sivers transverse momentum dependent distributions [33–37]
and a similar progress is expected soon for the Collins function and the transversity TMD distribution [38].
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We adopt here the same notations and kinematical variables as deÞned in Refs. [6, 13], to which we refer for
further details, in particular for the deÞnition of the azimuthal angles which appear above and in the following
equations.

By considering the sin(! h + ! S) moment of AUT [14], we are able to single out the e! ect originating from
the spin dependent part of the fragmentation function of a transversely polarised quark, embedded in the
Collins function, " NDh/q ! (z, p$ ) = (2 p$ /z m h ) H $ q

1 (z, p$ ) [15], coupled to the TMD transversity distribution
" T q(x, k$ ) [6]:
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where p$ = P T ! zk $ , and
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The usual integrated transversity distribution is given, according to some common notations, by:

" T q(x) " h1q(x) =
#

d2k $ " T q(x, k$ ) . (5)

This analysis, performed atO(k$ /Q ), can be further simpliÞed adopting a Gaussian and factorized parame-
terization of the TMDs. In particular for the unpolarized parton distribution (TMD-PDFs) and fragmentation
(TMD-FFs) functions we use:

f q/p (x, k$ ) = f q/p (x)
e%k 2

# / &k 2
# '

%#k2
$ $

(6)

Dh/q (z, p$ ) = Dh/q (z)
e%p2

# / &p2
# '

%#p2
$ $

, (7)

with #k2
$ $ and #p2

$ $ Þxed to the values found in Ref. [16] by analyzing unpolarized SIDIS azimuthal dependent
data:

#k2
$ $= 0 .25 GeV2 #p2

$ $= 0 .20 GeV2 . (8)

The integrated parton distribution and fragmentation functions, f q/p (x) and Dh/q (z), are available in the
literature; in particular, we use the GRV98LO PDF set [17] and the DSS fragmentation function set [18].

For the transversity distribution, " T q(x, k$ ), and the Collins FF, " NDh/q ! (z, p$ ), we adopt the following
parameterizations [6]:

" T q(x, k$ ) =
1
2
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" T q(x) " h1q(x) =
#

d2k $ " T q(x, k$ ) . (5)

This analysis, performed atO(k$ /Q ), can be further simpliÞed adopting a Gaussian and factorized parame-
terization of the TMDs. In particular for the unpolarized parton distribution (TMD-PDFs) and fragmentation
(TMD-FFs) functions we use:

f q/p (x, k$ ) = f q/p (x)
e%k 2

# / &k 2
# '

%#k2
$ $

(6)

Dh/q (z, p$ ) = Dh/q (z)
e%p2

# / &p2
# '

%#p2
$ $

, (7)

with #k2
$ $ and #p2

$ $ Þxed to the values found in Ref. [16] by analyzing unpolarized SIDIS azimuthal dependent
data:

#k2
$ $= 0 .25 GeV2 #p2

$ $= 0 .20 GeV2 . (8)

The integrated parton distribution and fragmentation functions, f q/p (x) and Dh/q (z), are available in the
literature; in particular, we use the GRV98LO PDF set [17] and the DSS fragmentation function set [18].

For the transversity distribution, " T q(x, k$ ), and the Collins FF, " NDh/q ! (z, p$ ), we adopt the following
parameterizations [6]:

" T q(x, k$ ) =
1
2

N T
q (x) [f q/p (x) + " q(x)]

e%k 2
# / &k 2

# ' T

%#k2
$ $T

(9)

" NDh/q ! (z, p$ ) = 2 N C
q (z) Dh/q (z) h(p$ )

e%p2
# / &p2

# '

%#p2
$ $

, (10)

SIDIS and e+e- data, simple parameterization, no TMD 
evolution , agreement with extraction using di-hadron FF 

(recent papers by Bacchetta, Courtoy, Guagnelli, Radici, JHEP 1505 (2015) 123 ;  
 Kang, Prokudin, Sun, Yuan, Phys. Rev. D91 (2015) 071501; arXiv:1505.05589 )
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results.

14

-0.01

 0

 0.01

 0.02

 0.03

 0.04

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

A
U

C
0

P1T [GeV]

-0.01

 0

 0.01

 0.02

 0.03

 0.04

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

A
U

L
0

P1T [GeV]

FIG. 5. The experimental data on the azimuthal correlations AUL
0 and AUC

0 as functions of P1T in unpolarised e+ e! ! h1 h2 X
processes, as measured by the BaBar Collaboration [34], are compared to the curves obtained from our global reference Þt.
The solid lines correspond to the parameters given in Table I, while the shaded areas correspond to the theoretical uncertainty
on these parameters, as explained in the text.

-0.4
-0.3
-0.2
-0.1

 0
 0.1

 0.001  0.01  0.1  1

!
T
d

x

-0.1
 0

 0.1
 0.2
 0.3
 0.4

    

!
T
 u

 

Q2=2.4 GeV2

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.2  0.4  0.6  0.8

z 
!

N
 D

u/
"- (z

)

z

-0.2

-0.1

 0

 0.1

 0.2

 0.3

    

z 
!

N
 D

u/
"+

(z
)

 

Q2=2.4 GeV2

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.2  0.4  0.6  0.8

z 
!

N
 D

u/
"- (z

)

z

-0.2

-0.1

 0

 0.1

 0.2

 0.3

    

z 
!

N
 D

u/
"+

(z
)

 

Q2=112 GeV2

FIG. 6. Our best Þt results for the valence u and d quark transversity distributions at Q2 = 2 .4 GeV2 (upper left plot) and for
the favoured and disfavoured Collins function at Q2 = 2 .4 GeV2 (upper middle plots) and at Q2 = 112 GeV 2 upper right plots.
The solid lines correspond to the parameters given in Table I, while the shaded areas correspond to the theoretical uncertainty
on these parameters, as explained in the text. The lower plots compare these results with those from our previous analysis [14].

V. COMMENTS AND CONCLUSIONS

¥ This global analysis of SIDIS ande+ e! high statistics and high precision new data sets delivers very satisfactory
results.

recent BaBar data on the p !  dependence of the 
Collins function (first direct measurement)

gaussian p!  dependence of Collins functions 
(M.A., Boglione, DÕAlesio, Gonzalez, Melis, Murgia, Prokudin, in preparation) 



extraction of u and d Sivers functions - first phase
M.A, M. Boglione, U. DÕAlesio, S. Melis, F. Murgia, A. Prokudin               

(in agreement with several other groups)
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FIGURE 1. Fit of HERMES data [6] for pion (left panel) and kaon production (right panel).
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x ! Nf (1)
q (x, Q)

! Nf (1)
q (x, Q)

=
!

d2k !
k!

4M p
! N "f q/p ! (x, k ! ; Q)

= ! f ! (1) q
1T (x, Q)

parameterization of the 
Sivers function:

! N !f q/p ! (x, k ! ; Q) = 2 N (x) h(k! ) f q(x, Q)
1

! !k2
! "

e" k 2
" / #k 2

" $

Q2 evolution only taken into account in the collinear part (usual PDF) 



Sivers effects induces distortions in the 
parton distribution 

!f q/p ! (x, k ! , S öj ; Q) = !f q/p (x, k! ; Q) � !f ! q
1T (x, k! ; Q)

kx
!

M p

courtesy of Alexei Prokudin

S = 0 u quark S = S öj



Sivers function and angular momentum              

JiÕs sum rule
forward limit of GPDs

J q =
1
2

! 1

0
dx x [H q(x, 0, 0) + E q(x, 0, 0)]

usual PDF q(x)
cannot be 

measured directly

anomalous magnetic moments

! p =
! 1

0

dx
3

"
2E u v (x, 0, 0) ! E dv (x, 0, 0) ! E sv (x, 0, 0)

#

! n =
! 1

0

dx
3

"
2E dv (x, 0, 0) ! E u v (x, 0, 0) ! E sv (x, 0, 0)

#

(E qv = E q ! E øq)



Sivers function and angular momentum 
assume

f ! (0) a
1T (x; Q2

L ) = ! L (x)E a(x, 0, 0;Q2
L )

f ! (0) a
1T (x, Q) =

!
d2k !

"f ! a
1T (x, k! ; Q)

L(x) = lensing function                                                
(unknown, can be computed in models)

parameteris e Sivers and lensing functions

fit SIDIS and magnetic moment data

obtain E q and estimate total  angular momentum 

results at Q 2 = 4 GeV2: J u ! 0.23, J q"u ! 0
Bacchetta, Radici, PRL 107 (2011) 212001

Talks by C. LorcŽ and M. Burkardt for Wigner distribution  
and orbital angular momentum 
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FIG. 3: Transverse momentum distribution of the Higgs plus jet pair in the process p p ! H jet X , as defined in Eq. (29), for
the subprocess gg ! Hg , q2

T max = M 2
H / 4, and yH = yj . The TMDs are the same as in Fig. 2. The solid line indicates the

distribution in absence of linear polarization. The blue band indicates the range for K ! ! 0.

By substitution into Eqs. (41)-(43), one Þnds

R0(q2
T ) =

1
2

M 4
H

9K 4
! + 8 K 2

! M 2
H + M 4

H

c2

8

! "
0 dbbJ0(b|qT |) b2

R 2
h

K 1(b/R h )2

! "
0 dbbJ0(b|qT |)K 0(b/R )2

, (53)

R2(q2
T ) =

K 2
! (2 K 2

! + M 2
H )

9K 4
! + 8 K 2

! M 2
H + M 4

H

! c
2

! "
0 dbbJ2(b|qT |) b

R h
K 0(b/R )K 1(b/R h )

! "
0 dbbJ0(b|qT |)K 0(b/R )2

, (54)

R4(q2
T ) =

1
4

K 4
!

9K 4
! + 8 K 2

! M 2
H + M 4

H

c2

8

! "
0 dbbJ4(b|qT |) b2

R 2
h

K 1(b/R h )2

! "
0 dbbJ0(b|qT |)K 0(b/R )2

. (55)

Results for the upper bound ofR0 in Eq. (41) are shown in Fig. 2, where we use the unpolarized TMD distribution
in Eq. (44), while h! g

1 is given by Eq. (45) in the left panel and by Eq. (46) in the right panel. The results are
presented for two di! erent choices ofK ! " |K ! |: K ! " |K ! | = 10 and 100 GeV.

The corresponding results for the transverse momentum distribution deÞned in Eq. (38), with ! 0 given in Eq. (32)
and q2

T max = M 2
H / 4, are depicted in Fig. 3. The choice ofqT max is motivated by the requirement of TMD factorization

that qT # Q, where Q denotes the hard scale. In the present case we have two hard scales: M H and K ! . The kine-
matics considered here is strictly speaking the back-to-back correlation region where|qT | # |K ! |. By integrating up
to q2

T max = M 2
H / 4, one however also includes conÞgurations|qT | >

$ |K ! | in which H and the jet are not approximately
back to back in the lab frame. This situation is not included in the calculation of 2 % 2 scattering processes presented
here. However, for the model where the TMD has a power-law tail, the recoil against a third particle emitted into the
Þnal state in 2 % 3 processes, is mimicked to some extent. Di! erently put, the tail of the TMD is su" ciently hard
to produce large-qT pairs. This is the reason why we extend the integration toq2

T max = M 2
H / 4. For the numerical

results it does not make too much of a di! erence. In the Gaussian model considered in the next subsection, the tail
of the TMDs is too suppressed to mimick the contribution from 2 % 3 processes, hence, in that case we will restrict
to q2

T max = K 2
! / 4 to emphasize the proper region of validity. As a last comment on thispoint, sometimes the angular

distribution of pair production processes are considered in the rest frame of the pair, for instance the Collins-Soper
frame [25, 40]. In that case the relative magnitude of|qT | w.r.t. |K ! | is not automatically apparent. In the case of
Higgs plus jet, the center of mass energy of the pair is generally much larger than |qT |, while |qT | can be smaller or
larger than |K ! |. If one restricts to 2 % 2 scattering processes, one should realize that the region|qT | >$ |K ! | is not
properly described, but at best mimicked by including the perturbative tails of the TMDs.

Our estimates for &cos 2" ' qT and &cos 4" ' qT are presented in Figs. 4 and 5, respectively, withK ! = 10 and 100
GeV. As before, for f g

1 we have adopted theAnsatz in Eq. (44), while h! g
1 is given either by Eq. (45), in the left

panels, or by Eq. (46), in the right panels. Moreover, we have chosen againq2
T max = M 2

H / 4.
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FIG. 4: Absolute value of the !cos 2! "qT asymmetries for the process p p # H jetX , deÞned in Eq. (36), as a function of the
transverse momentum qT of the Higgs plus jet pair, under the same conditions as in Fig. 3. The blue band indicates the range
for K ! # $ .

Although we have plotted its absolute value, we point out that !cos 2! "qT is the only observable, among the ones
discussed here, that is sensitive to the sign of the polarized gluon distribution, and it is expected to be negative if
h! g
1 > 0.
Since the magnitudes of!cos 2! "qT and !cos 4! "qT turn out be very small, it will be easier to measure the integral of

these observables overq2
T , up to q2T max, as deÞned in Eq. (37). In both models forh! g

1 , we Þnd that |!cos 2! "| # 12%
when K ! = 100 GeV, while its value is about 0.5% whenK ! = 10 GeV. We Þnd that !cos 4! " is about 0.2% at
K ! = 100 GeV and completely negligible atK ! = 10 GeV. These numbers are forq2T max = M 2

H / 4 in both numerator
and denominator.
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Although we have plotted its absolute value, we point out that ⟨cos 2! ⟩qT is the only observable, among the ones
discussed here, that is sensitive to the sign of the polarized gluon distribution, and it is expected to be negative if
h! g

1 > 0.
Since the magnitudes of⟨cos 2! ⟩qT and ⟨cos 4! ⟩qT turn out be very small, it will be easier to measure the integral of

these observables overq2
T , up to q2

T max , as deÞned in Eq. (37). In both models forh! g
1 , we Þnd that |⟨cos 2! ⟩| ≈ 12%

when K ! = 100 GeV, while its value is about 0.5% whenK ! = 10 GeV. We Þnd that ⟨cos 4! ⟩ is about 0.2% at
K ! = 100 GeV and completely negligible atK ! = 10 GeV. These numbers are forq2

T max = M 2
H / 4 in both numerator

and denominator.
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beyond the scope of this paper. Here we focus on the cross section expressions and on the differences of the Higgs
plus jet process to Higgs production and to some other similar processes, pointing out the advantages it in principle
has to offer.

In this paper we present the relevant expressions for Higgs plus jet production in leading order and study the
impact of the gluon polarization in two models for the gluon distribution s involved. Both models have the advantage
that they allow to obtain analytic expressions, but we will mostly present numerical results to show the qualitative
differences between the two cases more clearly. We also present results for angular distributions, which have the
advantage of singling out speciÞc contributions. Although measurements of angular distributions generally require
large statistics, probing a nonzero result may nevertheless be possible when integrating over transverse momenta up
to some maximum value as suggested in Ref. [25].

II. OUTLINE OF THE CALCULATION

We study the process

p(PA ) + p(PB ) ! H (K H ) + jet( K j ) + X , (1)

where the four-momenta of the particles are given within round brackets, and the Higgs boson and jet in the Þnal state
are produced with momenta that have components in the plane orthogonal to the direction of the initial protons that
are almost back to back. To leading order in perturbative QCD the reaction proceeds via the partonic subprocesses

a(pa) + b(pb) ! H (K H ) + c(K j ) , (2)

with parton c fragmenting into the observed jet. SpeciÞcally, the following channels can contribute: gg ! Hg,
gq ! Hq and qøq ! Hg [26Ð28]. The corresponding Feynman diagrams are depicted in Fig. 1.In the calculation of
the scattering amplitudes, we take the quark masses to be zero, except for the top quark mass M t . Therefore the
Higgs boson can couple to gluons only via a top quark loop. We considerthe limit M t ! " in which this coupling can
be approximated by a point interaction. The corresponding Feynman rules of the effective Lagrangian can be found,
for example, in Ref. [28]. Furthermore, we perform a lightcone decomposition of the two incoming hadronic momenta,
PA and PB , in terms of the light-like vectors n+ and n! , which satisfy the relations n2

+ = n2
! = 0 and n+ án! = 1:

Pµ
A = P+

A nµ
+ +

M 2
p

2P+
A

nµ
! , and Pµ

B =
M 2

p

2P!
B

nµ
+ + P!

B nµ
! . (3)

The partonic momenta pa and pb can be expressed in terms of the lightcone momentum fractions (xa, xb) and the
intrinsic transverse momenta (paT , pbT ), as follows

pµ
a = xaP+

A nµ
+ +

p2
a+ p2

aT

2xaP+
A

nµ
! + pµ

aT , and pµ
b =

p2
b+ p2

bT

2xb P !
B

nµ
+ + xb P !

B nµ
! + pµ

bT
. (4)

Using n+ and n! the lightcone components of any vectorv are deÞned asv± # v án" , while v# refers to the
components ofv orthogonal to the proton momenta PA and PB . Moreover, one hasv2

# = $ v2
# . Therefore in Eq. (4),

if we neglect the proton mass,pµ
aT = pµ

a# and pµ
bT

= pµ
b# .

We assume that, at sufficiently high energies, TMD factorization [10, 11] holds for the process in Eq. (1), hence its
cross section is given by the convolution of one soft, partonic correlator for each proton and a hard part,

d! =
1
2s

d3K H

(2" )3 2EH

d3K j

(2" )3 2Ej

!

a,b,c

"
dxa dxb d2paT d2pbT (2" )4#4(pa+ pb$ K H $ K j )

%Tr
#
Φ[U ]

a (xa ,paT )Φ[U ]
b (xb,pbT )

$
$M ab$ Hc (pa, pb; K H , K j )

$
$2

%
, (5)

with s = ( PA + PB )2 being the total energy squared in the hadronic center-of-mass frame. The sum in Eq. (5) runs
over all the partons that take part in the reaction, the appropria te trace is taken over Dirac and Lorentz indices,
and M ab$ Hc denotes the amplitude for the processab ! Hc. The parton correlators Φ[U ]

a,b describe the hadron!
parton transitions. They can be parameterized in terms of TMDs and are deÞned in terms of QCD operators on the
lightfront (LF): $án # 0, wheren # n! for parton a with momentum p = pa and n # n+ for parton b with momentum
p = pb. SpeciÞcally, at leading twist the quark correlator for an unpolarized hadron can be written as [29, 30]

Φ[U ]
q ij (x,pT ) =

"
d($áP) d2$T

(2" )3 eip á! &P| %j (0) U[0,! ] %i ($) |P '
&

LF =
1
2

'
f q

1 (x,p2
T ) /Pij + ih # q

1 (x,p2
T )

[/pT , /P ]ij
2M p

(
, (6)
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where we have introduced the sum and di! erence of the Þnal transverse momenta,K ! = ( K H ! ! K j ! )/ 2 and
qT = K H ! + K j ! . Moreover, v is the vacuum expectation value and! is the azimuthal angle betweenK ! and qT ,
namely ! = ! ! ! ! T . The functions A, B , and C contain convolutions of the various TMDs and, besidesq2

T , they
depend also on the Mandelstam variables ös, öt, öu for the partonic subprocesses in Eq. (2), which satisfy the relations

ös = ( pa + pb)2 = 2 pa ápb = ( K H + K j )2 = M 2
H + 2 K H áK j = xaxbs ,

öt = ( pa ! K H )2 = M 2
H ! 2pa áK H = M 2

H ! xa M !
"

s e" yH

= ( pb ! K j )2 = ! 2pb áK j = ! xb |K j ! |
"

s eyj ,

öu = ( pa ! K j )2 = ! 2pa áK j = ! xa |K j ! |
"

s e" yj

= ( pb ! K H )2 = M 2
H ! 2pb áK H = M 2

H ! xb M !
"

s eyH , (12)

with ös + öt + öu = M 2
H . The explicit expressions forA, B and C are provided in the following three subsections.

A. Angular independent part of the cross section

The term A in Eq. (11) is given by the sum of contributions from the relevant partonic subprocesses, i.e.

A(q2
T ) =

!

a,b,c

A ab# Hc
f + A gg# Hg

h , (13)

where

A gg# Hg
f =

Nc

N 2
c ! 1

M 8
H + ös4 + öt4 + öu4

ösöt öu
C[f g

1 f g
1 ] , (14)

A gq# Hq
f =

1
2Nc

"
!

ös2 + öu2

öt
C[f g

1 f q
1 ] !

ös2 + öt2

öu
C[f q

1 f g
1 ]

#
, (15)

A qøq# Hg
f =

N 2
c ! 1
2N 2

c

öt2 + öu2

ös
C[f q

1 f øq
1 ] , (16)

A gg# Hg
h =

Nc

N 2
c ! 1

M 4
H

ös
öt öu

C[whh
0 h! g

1 h! g
1 ] =

1
9

Nc

N 2
c ! 1

M 4
H

K 2
!

C[whh
0 h! g

1 h! g
1 ] . (17)

In Eqs. (14)-(16), Nc is the number of colors and we have introduced the convolutions of TMDs

C[w f f ] #
$

d2paT

$
d2pbT " 2(paT + pbT ! qT ) w(paT , pbT ) f (xa , p2

aT ) f (xb, p2
bT ) , (18)

with the transverse weight whh
0 given by

whh
0 =

1
M 4

p

%
(paT ápbT )2 !

1
2

p2
aT p2

bT

&
. (19)

The expressions in Eqs. (14)-(16) are in full agreement with the unpolarized partonic cross sections calculated for the
Þrst time in Ref. [26]. The term in Eq. (17), due to the presence of linearly polarized gluons inside an unpolarized
proton, is a new result, similar to the modiÞcations of the transverse momentum distribution of Higgs bosons [3, 4]
and (pseudo)scalar quarkonia [35] inclusively produced in hadronic collisions.

B. The cos 2! angular distribution of the Higgs-jet system

Similarly to Eq. (13), the term B in Eq. (11) can be written as

B (q2
T ) =

!

a,b,c

Bab# Hc , (20)
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where we have introduced the sum and di! erence of the Þnal transverse momenta,K ! = ( K H ! ! K j ! )/ 2 and
qT = K H ! + K j ! . Moreover, v is the vacuum expectation value and! is the azimuthal angle betweenK ! and qT ,
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In Eqs. (14)-(16), Nc is the number of colors and we have introduced the convolutions of TMDs

C[w f f ] #
$

d2paT
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d2pbT " 2(paT + pbT ! qT ) w(paT , pbT ) f (xa , p2

aT ) f (xb, p2
bT ) , (18)

with the transverse weight whh
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The expressions in Eqs. (14)-(16) are in full agreement with the unpolarized partonic cross sections calculated for the
Þrst time in Ref. [26]. The term in Eq. (17), due to the presence of linearly polarized gluons inside an unpolarized
proton, is a new result, similar to the modiÞcations of the transverse momentum distribution of Higgs bosons [3, 4]
and (pseudo)scalar quarkonia [35] inclusively produced in hadronic collisions.

B. The cos 2! angular distribution of the Higgs-jet system

Similarly to Eq. (13), the term B in Eq. (11) can be written as

B (q2
T ) =
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FIG. 1: The Z -boson transverse momentumqT spectrum in pp collisions at the LHC [1].

enhanced contributions in the ratio M/q T to the perturbation series expansions for the physical observables
to all higher orders in the QCD coupling. It is only after this generalized factorization analysis Ñ going
beyond the collinear factorization Ñ is carried through that the physical behavior of the Z boson spectrum
observed in Fig. 1 can be predicted.

A second example concerns the rise of protonÕs structure functions at small longitudinal momentum
fractions. Since in pp collisions the product of initial-state longitudinal fractions scales like 1/s at Þxed
momentum transfer, wheres is the squared centre-of-mass energy, as we push forward the high-energy frontier
more and more events at small longitudinal fractions contribute to processes probing short-distance physics.
Many hard-production cross sections at the LHC receive sizeable contributions from protonÕs structure
functions in this region. As parton longitudinal momenta become small, the fraction of momentum carried
by transverse degrees of freedom becomes increasingly important.

Fig. 2 shows the protonÕs gluon density resulting from global Þts [9] to hadronic collision data, performed
at LO, NLO, NNLO [10Ð12] of perturbation theory, as a function of the longitudinal momentum fraction
x for di! erent values of the evolution mass scaleQ2. In the low-x regime the perturbative higher-order
corrections to structure functions are large, and the gluon pdf uncertainty is large. The strong corrections at
low x come from multiple radiation of gluons over long intervals in rapidity [13, 14], in regions not ordered in
the gluon transverse momentapT , and are present beyond NNLO to all orders of perturbation theory [15, 16].
The theoretical framework to resum these unordered multi-gluon emissions is a generalized form of QCD
factorization [17, 18] in terms of TMD pdfs. Analogously to the Drell-Yan case discussed earlier, the TMD
pdfs obey a suitable set of evolution equations [19Ð21], appropriate to this kinematic region. These provide
another generalization, valid in the high-energy limit, of the ordinary renormalization-group evolution. The
TMD factorization in this case allows one to resum logarithmically enhanced corrections in the ratio

!
s/Q

to all higher orders in the QCD coupling.
Besides the above examples of Drell-Yan and structure functions, TMD factorization theorems apply to a

wide variety of processes at the LHC. In particular, with extensive measurements of Higgs boson production
at the LHC Run II, a new set of QCD processes becomes available in which the Higgs boson acts as a
color-singlet, pointlike source (in the heavy top limit) which couples to gluons. This is to be contrasted
with Drell-Yan and deep-inelastic scattering cases, based on weak and electromagnetic currents providing
color-singlet pointlike sources coupled to quarks. This opens up the possibility of a new program of precision
QCD measurements in gluon fusion at high mass scales in the LHC high-luminosity runs [22, 23].

Analogously to the case of vector bosons in the example of Fig. 1, theoretical predictions for the Higgs-
boson production di! erential spectrum over the whole range in transverse momenta accessible at the LHC

Z-boson transverse momentum q T spectrum in pp collisions at the LHC 
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collinear PDF factorization: needs TMD-PDFs  
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Transverse spin structure of the proton 

A natural next step in the investigation of nucleon structure is an expansion of our current picture of the 
nucleon by imaging the proton in both momentum and impact parameter space. At the same time we need to 
further our understanding of color interactions and how they manifest in different processes. In the new 
theoretical framework of transverse momentum dependent parton distributions (TMDs) we can obtain an 
image in the transverse as well as longitudinal momentum space (2+1 dimensions).  This has attracted 
renewed interest, both experimentally and theoretically in transverse single spin asymmetries (SSA) in 
hadronic processes at high energies, which have a more than 30 years history. First measurements at RHIC 
have extended the observations from the fixed-target energy range to the collider regime. Future PHENIX 
and STAR measurements at RHIC with transversely polarized beams will provide unique opportunities to 
study the transverse spin asymmetries in Drell-Yan lepton pair, direct photon, and W boson productions, and 
other complementary processes. Also evolution and universality properties of these functions can be studied. 
Polarized nucleon-nucleus collisions may provide further information about the origin of SSA in the forward 
direction and the saturation phenomena in large nuclei at small x. 

Transverse asymmetries at RHIC  

Single spin asymmetries in inclusive hadron production in proton-proton collisions have been measured at 
RHIC for the highest center-of-mass energies to date, �¥s=500 GeV.  Figure 6 summarizes the measured 
asymmetries from different experiments as functions of Feynman-x (xF ~ x1-x2) and transverse momentum. 
Surprisingly large asymmetries are seen that are nearly independent of  over a very broad range. To 
understand the observed significant SSAs one has to go beyond the conventional collinear parton picture in 
the hard processes.  Two theoretical formalisms have been proposed to generate sizable SSAs in the QCD 
framework: transverse momentum dependent parton distributions and fragmentation functions, which 
provide the full transverse momentum information and the collinear quark-gluon-quark correlation, which 
provides the average transverse information.   

 
At RHIC the pT-scale is sufficiently large to make the collinear quark-gluon-quark correlation formalism the 
appropriate approach to calculate the spin asymmetries. At the same time, a transverse momentum dependent 
model has been applied to the SSAs in these hadronic processes as well. Here, various underlying 
mechanisms can contribute and need to be disentangled to understand the experimental observations in 
detail, in particular the pT-dependence. These mechanisms are associated with the spin of the initial state 
nucleon (Sivers/Qiu-Sterman effects) and outgoing hadrons (Collins effects). We identify observables below, 
which will help to separate the contributions from initial and final states, and will give insight to the 
transverse spin structure of hadrons.  

 
Figure 6: Transverse single spin asymmetry measurements for neutral pions at different center-of-mass energies as function of 

Feynman-x (left) and pT-dependence at = 500 GeV (right) . 
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 TMD phenomenology - phase 2
how does gluon emission affect the transverse motion?

a few selected results
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FIG. 1: (Color online.) The (negative of the) up quark Sivers function at x = 0 .1 evolved from Q =
!

2.4 GeV(solid maroon)
to Q = 5 GeV(dashed blue) and Q = 91.19 GeV(dot-dashed red). The upper plot is found by evolving t he Gaussian Þts of
the Bochum group [14] and the lower plot is found by evolving t he Gaussian Þts of the Torino group [15]. In the case of the
Bochum Þts, the down quark Sivers function is just the negati ve of the up quark one. For the Torino Þts, the down quark
Sivers function is obtained by multiplying the up quark Sive rs function by " 1.35. These functions acquire an overall reversal
of sign if used in Drell-Yan.

lattice QCD calculations [48] can aid in providing mean-
ingful parametrizations of the nonperturbative input over
the whole of phase space and open up interesting ques-
tions regarding the matching of purely nonperturbative
descriptions of the Sivers function to pQCD.

C. Evolved Gaussian Parametrizations

Figure 1 suggests that, apart from the tail at large
kT , the Sivers function continues to be well described by
a Gaussian shape, even after evolution to largeQ. To
describe the evolution of a purely Gaussian parametriza-
tion, with the x and kT dependence factorized, requires
only a speciÞcation of the scale dependence of the Gaus-
sian parameters. This saves having to directly calculate
Eq. (44), and its transformation to momentum space,
separately for each value ofQ and x. Because of the
general convenience of working with Gaussian functions,
we have obtained Gaussian Þts for a range ofQ starting
at Q =

!
2.4 GeV for the Bochum and Torino Þts up

to Q = 90 GeV. The Þts are obtained using the Wol-
fram Mathematica 7 FindFit routine, and examples
are shown as the dashed curves in Fig. 2. A table of the
resulting values for the Gaussian parameters is shown in
Table I. (Fortran, C++, and Wolfram Mathematica
7 code that produce evolved Gaussian Þts is available

at [49].)

In Fig. 2, we illustrate the quality of the Gaussian
Þts to the Sivers function at intermediate and large
Q (Q = 5 GeV and 91.19 GeV, respectively). In
practice, the Sivers e! ect is often probed via observ-
ables like Eq. (52), so we have plotted the integrand,
" 2! k3

T F
! up
1T (x, kT ;µ,Q). Note that, after the evolution

to large Q, the " 2! k3
T F

! up
1T (x, kT ;µ,Q) acquires a very

broad tail for both the Bochum and Torino Þts. The
tail falls o! slowly; for Q = 91 .19 GeV, the ratio of the
value of the Bochum Þt at kT = 10 GeV to the value at
kT = 5 GeV is about 0.65. This is roughly consistent
with the 1/kT fall-o! at large kT that is expected from
the power counting arguments in Sec. III C. The last two
columns in Table I show the values ofkT where the ra-
tio of the Gaussian Þts to the original Sivers functions
is 0.8. That is, above kTorino

T,max (GeV) the Gaussian Þts to
the evolved Torino Sivers function drop to less than 0.8
of the original evolved Sivers function and similarly for
kBochum

T,max .

That the description at small kT remains Gaussian is
not entirely surprising given that the input we use for
the nonperturbative evolution is Gaussian (gK (bT ) # b2).
However, it should be emphasized that the perturbative
contribution to evolution results in a substantial modiÞ-
cation of the shape and normalization of the TMD PDF,

TMD evolution of up quark Sivers function 
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tant di ! erence from the unpolarized case is in the match-
ing at large-kT . In the unpolarized case, the TMD PDF
(or FF) matches to a twist-2 collinear factorization treat-
ment at large kT , whereas the Sivers function matches
to a twist-3 collinear factorization treatment related to
the Qiu-Sterman formalism, as in Eq. (47). Thus, the
treatment provided in this article uniÞes several di! erent
aspects of TMD physics.

It is worth commenting on the often repeated state-
ment (see, e.g., Ref. [51]) that calculations in covariant
gauges are impractical or inconvenient, and that working
in light-cone gauge is therefore preferred. In our work,
we Þnd that the opposite is true. Namely, the calculation
of the perturbative parts (at least to order ! s) follows
clear-cut steps in Feynman gauge, while the derivation
of TMD-factorization theorems is much more direct in
Feynman gauge than in light-cone gauge. (Indeed, we
are not aware of the existence of a detailed light-cone
gauge derivation of TMD factorization.) Moreover, once
the calculation of the perturbative parts has been per-
formed in Feynman gauge, a generalized parton-model in-
terpretation follows directly from the TMD-factorization
formula in Eq. (1). For these reasons, we advocate con-
tinuing to work in Feynman gauge for both calculations
and derivations.

We have implemented the evolution explicitly using
as input the already known " F , " D and " K (supplied
for easy reference in the Appendix, previous Þxed-scale
Gaussian Þts of the Sivers function at low-Q [14, 15], and
previous Þts of the CSS formalism to DY [33]. For the ex-
plicit calculations in the present article, we have focused
only on the low-kT region where we need not be con-
cerned with the treatment of the Qiu-Sterman formalism
at large kT , and the approximations of Sec. V make sense.

The resulting evolved momentum-space Sivers functions
are shown in Fig. 1. Comparing with Fig. 1 of Ref. [22]
for the evolution of the unpolarized TMD PDF, one sees
even more suppression asQ is increased than in the un-
polarized case. Also note that a signiÞcant perturbative
tail is generated at largeQ as shown in Fig. 2. We reem-
phasize that this should be kept in mind when evaluating
integrals like Eq. (52).

Gaussian parametrizations are particularly convenient
for doing explicit calculations. Therefore, we have tested
the quality of Gaussian Þts after evolution to large Q
and Þnd that the Gaussian function provides an excellent
approximation to the Sivers function at small kT , even
for Q ! 90.0 GeV. We have made these Þts available, as
well as code for generating evolved TMDs at a website
maintained by two of us (Aybat and Rogers) [49].

Much work remains to be done in the e! ort to connect
a full QCD treatment of TMDs with phenomenology. An
explicit implementation of the matching to the twist-3
Qiu-Sterman formalism is still needed, and will be partic-
ularly important for a correct treatment of kT -weighted
observables in which the extrakT factors enhance the
contribution from the large kT region. The recent work
of Ref. [25] may help. Moreover, as new data become
available for both polarized and unpolarized cross sec-
tions, it will be useful to construct new Þts that include
evolution from the beginning. Finally, explicit calcula-
tions, analogous to the ones presented here, need to be
applied to the other TMDs like the Boer-Mulders and
Collins functions.

At large Q, the shape of the distribution is especially
sensitive to the value ofbmax , g2 and the functional form
of gK (bT ). Reference [34], for example, Þnds that a larger
value of bmax is preferred, along with a corresponding

Aybat, Collins, Qiu, Rogers, Phys.Rev. D85 (2012) 034043

TMD evolution of up quark Sivers function 

TMD evolution of Sivers function studied also by 
Echevarria, Idilbi, Kang, Vitev, Phys. Rev. D89 (2014) 074013
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FIG. 1: Comparison between HERMES [27] and preliminary COMP ASS data [28] for the (a.) z and (b.) Ph ! dependence of
Eq. (3) with a proton target and ! + and h+ as Þnal state hadrons respectively. The solid line is the Þt from Ref. [22]. The
dashed curve is the result of evolving to the COMPASS scale using the full TMD-evolution of Ref. [16].

was not available at that time. We note that the anal-
ysis of Ref. [22] also uses deuteron data [32] from the
COMPASS experiment, which corresponds to higher val-
ues ofQ2. However, the COMPASS asymmetry [32] on
deuteron target is very small due to strong cancellations
between the up and down quark Sivers functions and thus
is not heavily a! ected by the evolution. We have veriÞed
that the results of the Torino Þts are negligibly altered
if the deuterium data are excluded and only HERMES
data [27] are used in the Þt, and the main result of our
present analysis is not a! ected.

Our calculations will follow the steps of Ref. [16]. For
gK , we use the functional form gK = 1

2 g2b2
T with g2 =

0.68 GeV2 [33], which was obtained by Þts performed
using Drell-Yan data. In Eq. (4), this corresponds to
using C1 = 1 .123 andbmax = 0 .5 GeV! 1. All anomalous
dimensions and ÷K are calculated to lowest non-vanishing
order as in Refs. [14, 15].

In Fig. 1(a,b), we show the evolution using the full
TMD-factorization approach as expressed in Eq. (4),
where the evolution is due to the terms in the expo-
nential. The evolution is applied to the most recent
Torino Þts [22] as a function z and Ph" , and use
hard scales corresponding to both HERMES data [27]
and recent preliminary COMPASS data [28]. The re-
sult of the evolution is compared with the data. The
x-dependent asymmetry is not ideal for the comparison
because there are strong correlations betweenx and Q2.
(Recall Q2 ! xys.) However, z or Ph" dependent asym-
metries are measured at almost the same hard scales,
namely "Q2#Hermes ! 2.4 GeV2 and "Q2#COMPASS ! 3.8
GeV2, so we focus on the Sivers asymmetry as a func-
tion of these variables. (For the preliminary h+ COM-
PASS data that we use,"Q2# varies between 3.63 GeV2

and 3.88 GeV2, in the range of z from 0.2 to 0.7. The
corresponding variation in our calculation is negligible

relative to the variation between the HERMES and pre-
liminary COMPASS data sets.) We observe that includ-
ing QCD evolution leads to excellent consistency between
the HERMES [27] and preliminary COMPASS data [28],
without the need for further Þtting. A critical point
is that the information about the non-perturbative evo-
lution contained in gK is taken from the measurement
of a totally di ! erent observable, at much higher energy
scales [33] (unpolarized Drell-Yan scattering up to Teva-
tron energies). In Fig. 1(b) we show a similar plot but
for the Ph" dependence. That the samegK successfully
describes TSSA at HERMES and COMPASS is com-
pelling evidence for the universality of gK predicted by
the TMD-factorization theorem.

In Fig. 2, we show the evolution of the full asymmetry
to higher values ofQ2. The precise quantity plotted is the
asymmetry given in Eq. (3) as a function of z, integrated
over x, y and PT . Note that, although Refs. [15, 16] re-
port a strong suppression of the unpolarized TMDs and
the Sivers function itself with increasingQ2, the TSSA is
not as heavily suppressed. Therefore, it may be expected
that the Sivers SSA remains signiÞcant at the higherQ
values of experiments planned at the Relativistic Heavy
Ion Collider (RHIC) and the EIC. Still, the QCD evolu-
tion e! ects are clearly non-negligible and should be cor-
rectly included in future extractions. Ref. [9] predicts a
roughly $ 1/

%
Q suppression for thepeak of the Sivers

asymmetry as a function of transverse momentum, for
large Q2 >$ 10 GeV2. We Þnd that, for the full asymme-
try integrated over all transverse momentum, a power-
like scaling law does not provide a good description in
the range ofQ in Fig. 2. Generally, we Þnd that the evo-
lution leads to suppression that is faster than$ 1/

%
Q,

but slower than $ 1/Q 2. We caution, however, that a
completely correct treatment at large Q must include the
Y-term in Eq. ( 2), and it is possible that this will weaken

h+
! +

existing fits ( red line, Torino ) of HERMES data at <Q 2> = 2.4 GeV2, 
extrapolated with TMD evolution up to <Q 2> = 3.8 GeV2 and compared 

with COMPASS data ( dashed line)



M.A., M. Boglione, S. Melis,  PR D86 (2012) 014028; arXiv:1204.1239

fit of SIDIS data with a specific TMD evolution
!"#$%&$'()*(+$,-.$/0*12++$+343+$.,#,

large x B <z large Q 2

TMD evolution fits better the large Q 2 data 
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interval at Q2 = 10 GeV 2.

E. Transversity, Collins fragmentation functions and tens or charge

We plot transversity and the Collins fragmentation function in Fig. 3 at two di! erent scales Q2 = 10 and 1000
GeV2. In order to evaluate functions we solve appropriate DGLAP equations for transversity Eq. (69) and twist-3
collins functions Eq. (71). Due to the fact that neither of the functions mixes with gluons, these distributions do not
change drastically in low-x region due to DGLAP evolution.
Transversity enters directly in SIDIS asymmetry and we find that the main constraints come from SIDIS data only,

its correlations with errors of Collins FF turn out to be numerically negligible. We thus vary only ! 2
SIDIS and use

" ! 2
SIDIS = 22.2 for 90% C.L. and " ! 2

SIDIS = 6.4 for 68% C.L. calculated using Eq. (123). Since the experimental
data has only probed the limited region 0.0065 < x B < 0.35, we define the following partial contribution to the tensor
charge

"q[x min ,x max ]
(
Q2
)

!
∫ x max

x min

dx hq
1(x, Q2) . (127)

In Fig. 4, we plot the ! 2 Monte Carlo scanning of SIDIS data for the contribution to the tensor charge from such a

Extraction of transversity and Collins 
functions with TMD evolution  

(Kang, Prokudin, Sun, Yuan, arXiv:1505.05589)

transversity 
distributions

moment of Collins 
functions
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much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2 .4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are di! erent, however those functions are not
very well determined by existing experimental data.

We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge
of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region ofx and the sameQ2 using the so-called ßexible scenario,! s(M 2

Z ) = 0 .125, of Ref. [18]. One can
see that our extraction has anexcellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global Þt.

Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in
Ref. [17] the e! ects of DGLAP evolution of collinear distributions were taken into account and the resulting Þt is of
good quality, " 2/d.o.f. = 0 .8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes thedata is P(0.8 ! 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two di! erent parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrizatio n and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. atQ2 = 0 .8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at di! erent values ofQ2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with
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much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2 .4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are di! erent, however those functions are not
very well determined by existing experimental data.

We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge
of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region ofx and the sameQ2 using the so-called ßexible scenario,! s(M 2

Z ) = 0 .125, of Ref. [18]. One can
see that our extraction has anexcellentprecision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global Þt.

Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in
Ref. [17] the e! ects of DGLAP evolution of collinear distributions were taken into account and the resulting Þt is of
good quality, " 2/d.o.f. = 0 .8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes thedata is P(0.8 ! 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two di! erent parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrizatio n and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. atQ2 = 0 .8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at di! erent values ofQ2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with

(Kang, Prokudin, Sun, Yuan, 
arXiv:1505.05589)

comparison with phase 1 
extraction, Q 2 = 2.4 GeV2 

(talks by O. Gonzalez, A. Bacchetta)



36

[0.0065,0.35] u!
0 0.2 0.4

Kang et al (2015)

Radici et al (2015)

[0.0065,0.35] d!
-0.4 -0.2 0

Kang et al (2015)

Radici et al (2015)

FIG. 29. Comparison of tensor charge ! q[0.0065 ,0.35] for u-quark and d-quark from this paper at 68% C.L. (Kang et al 2015)
and result from Ref. [18] (Radici et al 2015) at 68% C.L. Both r esults are at Q2 = 10 GeV 2.
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FIG. 30. Comparison of tensor charge ! q[0,1] for u-quark and d-quark in the whole region of x from this paper at 90% C.L.
(Kang et al 2015) at Q2 = 10 GeV 2 and result from Ref. [18] (Radici et al 2015) at at 68% C.L. and Q2 = 1 GeV 2, and Ref. [17]
at 95% C.L. standard and polynomial Þt (Anselmino et al 2013) at Q2 = 0 .8 GeV2.

respect to evolution e! ects that are included in phenomenological extractions. It also means that phenomenological
results of Ref. [17] and other extractions without TMD evolution are valid phenomenologically. One should remember,
of course, that TMD evolution is more complicated if compared to DGLAP evolution (even though formal solutions
are simpler in TMD case). The usage of non perturbative kernels make it very important to actually demonstrate
that the proper evolution is indeed exhibited by the experimental data. Once correct evolution and non perturbative
Sudakov factor are established the results of Ref. [17] should beimproved by utilizing the appropriate TMD evolution
that we have formulated in this paper.

In Fig. 31 we compare tensor charge! q[0,1] for u and d-quarks from this paper at 90% C.L. at Q2 = 10 GeV2

and results from various model estimates of Refs. [112Ð116]. Onecan see that our results are close to results of
Ref. [113] that actually used the approximate mass degeneracy ofthe light axial vector mesons (a1(1260), b1(1235)
and h1(1170)) and pole dominance to calculate the tensor charge. DSE calculations of tensor charge of Ref. [112] are
also close to our results.

Finally we present our estimates for the isovector nucleon tensor charge gT = ! u ! ! d:

gT = +0 .61+0 .26
! 0.51 , (155)

at 90% C.L. and

gT = +0 .61+0 .15
! 0.25 , (156)

at 68% C.L.at Q2 = 10 GeV2. This result can be compared to lattice QCD calculations.

37

[0,1] u!
0 0.5 1 1.5

Kang et al (2015)

Pitschmann et al (2015)

Gamberg et al (2001)

Pasquini et al (2007)

He and Ji (1995)

Wakamatsu (2007)

[0,1] d!
-1 -0.5 0 0.5

Kang et al (2015)

Pitschmann et al (2015)

Gamberg et al (2001)

Pasquini et al (2007)

He and Ji (1995)

Wakamatsu (2007)

FIG. 31. Comparison of tensor charge ! q[0,1] for u-quark and d-quark in the whole region of x from this paper at 90% C.L.
(Kang et al 2015) at Q2 = 10 GeV 2 and results from Refs. [112Ð116].

In Fig. 32 we compare our result with extraction of Radici et al Ref. [18] at Q2 = 4 GeV2, Anselmino et al Ref. [17]
standard and polynomial at Q2 = 0 .8 GeV2, and a series of lattice computations. Bali et al Ref. [117] estimategT
at m! ! 150 MeV using RQCD with 2 ßavor NPI Wilson-clover fermions, Gupta et al Ref. [118] use 2 + 1 + 1 ßavor
HISQ lattices generated by the MILC collaboration with lowest m! = 130 MeV, Green et al Ref. [119] use 2 + 1 ßavor
BMW clover-improved Wilson action with pion masses between 149 and 356 MeV, Aoki et al use gauge conÞgurations
generated by the RBC and UKQCD Collaborations with (2 + 1)-ßavor QCD with domain wall fermions, PNDME
Collaboration Bhattacharya at al [120] use wo ensembles of highly improved staggered quarks lattices generated by
the MILC collaboration with 2 + 1 + 1 dynamical ßavors at a lattice spac ing of 0.12 fm and with light- quark masses
corresponding to pions with masses 310 and 220 MeV. references to other calculations ofgT on lattice can be found
for instance in Ref. [120]. Ref. [121] usesnf = 2 lattice QCD, based on clover-improved Wilson fermions. One can
see from Fig. 32 that all phenomenological extractions indicatesmall values for the isovector nucleon tensor charge
compared to lattice QCD. DSE computations of gT at Q2 = 4 GeV2 were performed in Ref. [112] and the result is
di! erent from most of lattice computations and closer to phenomenological extraction from the data.

The value of gT extracted from the data may inßuence searches of BSM physics that depend ongT [122, 123]. One
can see that our determination ofgT is the most precise existing extraction from experimental data.

The isoscalar nucleon tensor chargeg0
T = ! u + ! d can be readily computed using our results. We present result for

g0
T for completeness

g0
T = +0 .17+0 .47

! 0.30 , (157)

at 90% C.L. at Q2 = 10 GeV2.
Refs. [124Ð126] explores large-Nc behavior of parton distributions in QCD and predicts that

|hu
1 (x) " hd

1(x)| # |hu
1 (x) + hd

1(x)| , (158)

we indeed observe that transversity foru and d-quarks are of similar magnitude and opposite signs andgT > g 0
T and

thus our results are compatible with large-Nc predictions.

IV. SUMMARY

In this paper, we have performed a global analysis of the Collins azimuthal asymmetries in e+ e! annihilation and
SIDIS processes, for the Þrst time, with full QCD dynamics taken into account, including the appropriate TMD
evolution e! ects at the NLL" order and perturbative QCD corrections at the NLO. The valence quark contributions
to the nucleon tensor charge were estimated based on our analysis. Let us summarize the major results of this
comprehensive study.

First, the full QCD evolution e ! ects are crucial to describe the Collins asymmetries in the back-to-back di-hadron
productions in e+ e! annihilations, where current data come from theB -factories at the center of mass energy around
10.6 GeV. At this energy range, the TMD evolution has signiÞcant e! ect on the asymmetry distributions as functions
of the transverse momentum, and the longitudinal momentum fractions carried by the hadrons in the fragmentation

comparison of tensor charges from different 
extractions and models, at Q 2 = 10 GeV2 

! q =
! 1

0
dx [! T q(x) ! ! T øq(x)]
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FIG. 2. Double ratio RU/R L versus 2φ0 in the bin z1 ∈
[0.3, 0.5], z2 ∈[0.5, 0.9] (top) and bin z1 ∈ [0.5, 0.9], z2 ∈
[0.5, 0.9] (bottom). The solid lines show the results of the fit.

tio RU /R L(C) follows the expression

RU

RL(C)
= A cos(2! 0) + B, (3)

where A and B are free parameters. B should be consis-
tent with unity, and A mainly contains the Collins e! ect.
The AUL , AUC are used to denote the asymmetries for
UL and UC ratios, respectively.
The analysis is performed in (z1, z2) bins with bound-

aries at zi= 0.2, 0.3, 0.5 and 0.9 (i = 1, 2), where comple-
mentary o! -diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each (z1, z2) bin, normalized rates RU ,L ,C and
double ratios RU /R L ,C are evaluated in 15 bins of con-
stant width in the 2! 0 angles. In Fig. 2, the distributions
of the double ratio RU /R L are shown for two highest (z1,
z2) bins with the fit results using Eq. 3. In Fig. 3, the
asymmetry values (A) obtained from the fit are shown as
a function of six symmetric (z1, z2) bins. Studying the
dependence on pt is valuable for investigating the trans-
verse momentum dependent evolution of the Collins func-
tion. The expected behavior of the Collins asymmetries
as a function of sin2" 2/ (1 + cos2" 2) is linear (see Eq. 2).
Therefore, the Collins asymmetries are investigated also
in bins of pt and sin2" 2/ (1 + cos2" 2), as shown in Fig. 4
and Fig. 5. The numerical results in each (z1,z2) and pt
bins are listed in Table I. Since one pion is allowed to be
assigned to di! erent pion pairs, the statistical uncertain-
ties are expected to be underestimated. This is checked
by repeating the whole procedure but allowing each pi-
on to be only involved in one pion pair. We find that
the statistical uncertainty in each bin becomes slightly
larger, and we therefore scale the statistical errors by a
factor of 1.1 for all bins.
Several potential sources of systematic uncertainties

are investigated. An important test of the analysis
method is the extraction of double ratios from MC sam-
ples, in which the Collins asymmetries are not included
but radiative gluon and detector acceptance e! ects are
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FIG. 3. Asymmetries as a function of fractional energies
(z1, z2) for the UL (dots) and UC (triangles) ratios. The
lower scales show the boundaries of the bins in z1 and z2.
Theoretical predictions from the authors of Ref. [20] are over-
laid, where the hatched areas show the predicted bands and
the points show the center values.
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FIG. 4. Asymmetries as a function of pt for UL (dots) and
UC (triangles) ratios, where the pt refers to the transverse
momentum of the first hadron relative to the second hadron,
as shown in Fig. 1. Theoretical predictions from the authors
of Ref. [20] are shown using the hatched bands and the corrse-
ponding points shows the center values.
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FIG. 5. Asymmetries as a function of sin2θ2/ (1 + cos2θ2) for
UL (dots) and UC (triangles) ratios. Linear fits with the con-
stant term being set to zero (dashed line) or a free parameter
(solid line) are shown.

predictions for BES-III e +e- Collins asymmetry A 0 in 
excellent agreement with data, Q 2 = 13 GeV2                     

(some difficulties without TMD evolution)

(Kang, Prokudin, Sun, Yuan, arXiv:1505.05589)



Conclusions

Evidence for gaussian k !  and p!  dependence of 
unpolarised TMD-PDFs and TMD-FFs  

Sivers and Collins effects are well established, many 
transverse spin asymmetries resulting from them. 

Sivers function and orbital angular momentum?     

Much progress in studies of TMD factorisation and TMD 
evolution; phenomenological implementation in progress  

Gluon TMDs deserve special attention; they 
might play a role at LHC 

Combined data from SIDIS, Drell-Yan, e+e-, with theoretical 
modelling, should lead to a true 3D imaging of the proton 

waiting for JLab 12, new COMPASS results, future facilities.É 
(talks by F. Bradamante, P. Rossi)


