










Impact-­‐Parameter	
  Dependent	
  GPDs	
  	
  
Positronium	
  with	
  BLFQ	
  (α=0.3,	
  Nmax	
  =	
  31,	
  K	
  =	
  61)	
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Light Front Holographic H + mass terms + gluon exchange + longitudinal confinement
For the qq̄ sector, this is given by:

Heff =
k
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⊥
+m2

q

x +
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1−x + κ4ζ2 − κ4

(mq+mq̄)2
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(
x(1− x)∂x

)
+ Vg

LF kinetic energy

dilaton field ∼ e−κ2z2

longitudinal confinement one-glue exchange

new for heavy quarkonium!

• LF holography: parton separation on LF mapped to the 5th dim. in AdS5,
√
x(1− x)r⊥ ! ζ ←→ z !

R

r
. [Brodsky, et al., 2015]

• Longitudinal confinement for massive quarks and longitudinal d.o.f.

• “correct” non-relativisitic limit and massless limit
• other ansatz: ψ(k2⊥, x)→ ψ(k2⊥ + (1− x)m2

q + xm2
q̄ , x) [Branz et al, 2010]

• Non-Perturbative dynamics generated by diagonalizing the Hamiltonian,

Heff |ψJ
mJ
⟩ = M2

h |ψJ
mJ
⟩

obtain the massesM2
h and LFWFs ψJ

mJ
(k⊥, x, s, s̄) ≡ ⟨k⊥, x, s, s̄|ψJ

mJ
⟩.

provide direct access to
hadronic observables
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Basis Light-Front Quantization [Vary et al., 2010, PRC]

• Basis expansion,
ψJ
mJ

(k⊥, x, s, s̄) =
∑

n,m,l

ψ̃J
mJ

(n,m, l, s, s̄)× φnm(k⊥/
√
x(1− x))χl(x)

• adopt the soft-wall LFWFs (+longitudinal modes) as basis functions
⋆ LF holography as our first approximation
⋆ other possibilities in principle – flexibility

• preserving the kinematic symmetries of the full QCD Hamiltonian
• scalable in the many-body sector (factorization of c.m. motion)

• Truncation:

• 2n+ |m|+ 1 ≤ Nmax, l ≤ Lmax, m+ s+ s̄ = mJ

rotational symmetry Ĵz

• Diagonalization: QR, Arnoldi/Lanczos, ...

• State identification: n 2S+1LJ → JPC [Brodsky et al., 2006; Soper, 1972]

• mirror parity, charge conjugation, total spin ...
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Fixed	
  params:	
  
Nmax	
  =	
  Lmax	
  =	
  16	
  
α	
  =	
  0.25	
  
	
  
Fijed	
  to	
  8	
  PDG	
  	
  
states	
  below	
  	
  
DD-­‐bar	
  threshold:	
  
mc	
  =	
  1.549	
  GeV	
  
κ	
  =	
  0.952	
  GeV	
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Fixed	
  params:	
  
Nmax	
  =	
  Lmax	
  =	
  16	
  
α	
  =	
  0.25	
  	
  
	
  
Fijed	
  to	
  14	
  PDG	
  
states	
  below	
  BB-­‐bar	
  
threshold:	
  
mc	
  =	
  4.980	
  GeV	
  
κ	
  =	
  1.249	
  GeV	
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Regulator Sensitivity

• For HO basis, ΩIR ∼ b/
√
Nmax, ΩUV ∼ b

√
Nmax. [Coon et al., 2012]

• Recent BLFQ study on positronium shows that the continuum limit
Nmax →∞, Lmax →∞, µg → 0 can be reached through successive
extrapolations. [Wiecki et al., 2015, Vary et al., in preparation]

• Extrapolation to the continuum requires extensive numerical calculation.

• There also exist ambiguities for extrapolating results from fitted parameters.

• Nmax = Lmax = 24 calculation:

• κ,mq refitted and turned out to be very close to the Nmax = Lmax = 16
ones (! 2% changes).

• The r.m.s. deviations are also comparable.

αs µg (GeV) κ (GeV) mq (GeV) δM (MeV) Nmax = Lmax
cc̄ 0.25 0.02 0.952 1.549 37 (8 states) 16
bb̄ 1.249 4.980 28 (14 states)
cc̄ 0.25 0.02 0.950 1.553 35 (8 states) 24
bb̄ 1.224 4.992 30 (14 states)



Hadronic Observables I

• decay constants, radiative transitions...
⟨0|ψγµγ5ψ|P (p)⟩ =ipµfP ,

⟨0|ψγµψ|V (p),λ⟩ =eµλ(p)mV fV

J/ψ e−

e+

In light-front dynamics:

fP,V = 2
√
Nc

∫ 1

0

dx

2
√
x(1− x)

∫
d2k⊥
(2π)3

[
ψJ
mJ=0(k⊥, x, ↑, ↓) ∓ ψJ

mJ=0(k⊥, x, ↓, ↑)
]
,

singlet (−) or triplet (+)

• form factors

P P + q

q,λ
current matrix elements,

Iµλ,λ′(−q2) = ⟨P+q,λ′|Jµ(0)|P,λ⟩/(2P+).

not an observable, but... r.m.s. radii:
⟨r2⟩ = −6

∂

∂Q2
GC(Q

2)
∣∣
Q2→0

• GPDs, position-space distributions, gravitional form factors... [Brodsky, 2001]
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Hadronic Observables II: decay constants

DSE: Blank et al., 2011. Lattice: HPQCD, 2010–2015.

• PDG data are extracted from the dilepton width ΓV →ee and diphoton decay width ΓP→γγ .
• Results are in rough agreement with experimental measurements as well as Lattice and DSE
calculations.

• Results for different Nmax are consistent, though there is some residual regulator dependence.
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Hadronic Observables III: form factors

(fm2) ⟨r2ηc⟩ ⟨r2J/ψ⟩ ⟨r2χc0
⟩ ⟨r2ηb⟩ ⟨r2Υ⟩

this work (Nmax = 16) 0.042 0.046 0.075 0.012 0.012
DSE (Maris, 2007) 0.048(4) 0.052(3)

Lattice (Dudek et al., 2006) 0.063(1) 0.066(2) 0.095(6)
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Renormalization
• Renormalization	in	nonpert.	Hamiltonian	approach:	

– a	long-standing	issue	of	fundamental	importance

• Embedding	approach	(in	the	example	of	|"#⟩)
– counterterms are	applied	to	elementary constituents	(% and	%̅)
– values	of	counterterms are	universal in	different	physical	states	('%()*+, or	
|"#⟩ ) with	matching	kinematic	regime	for	self-energy	corrections

– construct	a	series	of	embedded physical	electron	systems	('%()*+,⨂|%̅⟩),	with	
|%̅⟩ as	a	spectator so	that	the	kinematic	regime	for	self-energy	corrections	in	
'%()*+, matches	that	in	|"#⟩ (within	the	same	truncated	basis)

– obtain	the	values	of	counter-terms	by	solving	each	embedded	system
– counterterms are	not	only	Fock-sector	dependent	but	also	basis-state	

dependent
1
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Fig. 1 (Color online) The ground state binding energy Eb of the positronium as a function of the total longitudinal
momentum K before the longitudinal regulators are applied, (see the text).

Now we are ready to present the preliminary numerical results for Eb. All the results here are cal-
culated at α = 1/π and with the 2D-HO scale parameter b set to αMe=0.163 MeV. In the transverse
directions we truncate the basis in the | eē ⟩ and | eēγ ⟩ sectors at Nmax 1 and Nmax 2, respectively.
All our calculations are performed at Nmax 1=2, that is, in the | eē ⟩ sector both the electron and the
positron are transversely unexcited, with the 2D-HO quantum numbers of n = 0 and m = 0.

We first check the longitudinal momentum K dependence of the ground state binding energy in
Fig. 1. The results seem to diverge as K increases, which we postulate to be related to the artifacts
from the violation of gauge symmetry caused by our basis truncation. In order to regulate this
divergence we multiply the following regulator (14) to the vertex interaction in the Hamiltonian,

fv(x) = 1 − exp (−x2/x2
c), (14)

and the one in Eq. (15) to the instantaneous interaction (since the instantaneous interaction is
proportional to the electron charge squared e2),

fi(x) = [fv(x)]2 = [1 − exp (−x2/x2
c)]2. (15)

Here x is the longitudinal momentum fraction of the explicit or instantaneous photon and xc is a
cutoff parameter. For consistency we also apply the regulator for the vertex interaction (14) to the
ESE systems.

With these regulators applied, the ground state binding energy converges with K. However, the
converged value now depends on the value of xc. In Fig. 2, we use xc = 0.052, which leads to a
converged value around 0.016 MeV, not far from the nonrelativistic quantum mechanics value of Eb,
which is at α2me/4 ∼0.013 MeV. The functional dependence of Eb on xc will be studied and reported
in the upcoming paper [13]. In Fig. 2 we also compare the ground state binding energy Eb evaluated
with RA from Eq. (13), to that with DA according to ⟨P −

Ψ ⟩ = D⟨ Ψ |P −

QED| Ψ ⟩D. The convergence
with respect to Nmax2 is improved when RA is used.

In Figs. 3 and 4 we present the pertinent renormalization quantities which are calculated in
ESE systems and feed into the positronium system. Fig. 3 shows the longitudinal momentum K
dependence of the mass counterterm ∆m for the basis states in the | eē ⟩ sector with n = m = 0
for both e and ē and an equal longitudinal momentum partition (K/2) between them. Fig. 4 shows
the K dependence of the “averaged” wavefunction renormalization factor Zav

2 . As Nmax2 increase,
both ∆m and Zav

2 grow as a result of increasing self-energy correction, whereas the ground state
binding energy of the positronium system stays on the save level, cf. Fig. 2, which lends support to
our renormalization procedure.

We are currently investigating the remaining issues and carrying out further numerical calcula-
tions in the larger bases. The updated results will be reported in the forthcoming paper [13].

Mass	
  counterterm	
  from	
  solving	
  
the	
  embedded	
  electron	
  system	
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Fig. 2 (Color online) The ground state binding energy Eb of the positronium as a function of the total longitudinal
momentum K. At Nmax2=8 we opted for calculating fewer data points to save on the computational resources.
Open symbols: Eb evaluated with the light-front amplitudes from direct diagonalization (DA). Solid symbols: Eb

evaluated with the rescaled light-front amplitudes (RA). The longitudinal regulators are applied with xc = 0.052,
(see the text).

Fig. 3 (Color online) The longitudinal momentum K dependence of the mass counterterm ∆me for the basis
states in the | eē ⟩ sector with n = m = 0 for both e and ē and an equal longitudinal momentum partition (K/2)
between them. The longitudinal cutoff parameter xc is 0.52.

5 Conclusion and Outlook

In this article we summarize and report our recent progress on the development of Basis Light-front
Quantization (BLFQ), a nonperturbative approach to quantum field theory based on first principles.
We have applied BLFQ to the single electron in QED and the numerical results for its anomalous
magnetic moment and generalized parton distributions agree with those from perturbation theory
at the expected precision.

Currently we are extending the application to the positronium system. In order to deal with the
renormalization issue, we have proposed a basis-state dependent renormalization procedure, where
we evaluate the pertinent renormalization factors by solving a series of corresponding single electron

Nmax1=2	
  

With	
  renormaliza1on	
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Fig. 2 (Color online) The ground state binding energy Eb of the positronium as a function of the total longitudinal
momentum K. At Nmax2=8 we opted for calculating fewer data points to save on the computational resources.
Open symbols: Eb evaluated with the light-front amplitudes from direct diagonalization (DA). Solid symbols: Eb

evaluated with the rescaled light-front amplitudes (RA). The longitudinal regulators are applied with xc = 0.052,
(see the text).

Fig. 3 (Color online) The longitudinal momentum K dependence of the mass counterterm ∆me for the basis
states in the | eē ⟩ sector with n = m = 0 for both e and ē and an equal longitudinal momentum partition (K/2)
between them. The longitudinal cutoff parameter xc is 0.52.

5 Conclusion and Outlook

In this article we summarize and report our recent progress on the development of Basis Light-front
Quantization (BLFQ), a nonperturbative approach to quantum field theory based on first principles.
We have applied BLFQ to the single electron in QED and the numerical results for its anomalous
magnetic moment and generalized parton distributions agree with those from perturbation theory
at the expected precision.

Currently we are extending the application to the positronium system. In order to deal with the
renormalization issue, we have proposed a basis-state dependent renormalization procedure, where
we evaluate the pertinent renormalization factors by solving a series of corresponding single electron

DA:	
  w/o	
  wavefunc1on	
  rescaling	
  

RA:	
  w/	
  wavefunc1on	
  rescaling	
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Time-dependent*Basis*Light-front*Quan9za9on*

•  BLFQ:**for*quantum*field*eigenspectrum*
•  tBLFQ:*for*quantum*field*evolu9on*

*
•  Real-9me*framework:*BLFQ********tBLFQ*
•  tBLFQ*is*designed*for:**
– 9me-dependence*in*dynamical*processes*
–  in*strong/9me-dependent*background*field*

2*

BLFQ*

P− ψ = Pψ
− ψ

tBLFQ*

i ∂
∂x+

ψ (x+ ) = 1
2
P− ψ (x+ )



•  Space-­‐1me	
  structure	
  

	
  

•  Two	
  effects:	
  accelera1on	
  and	
  radia1on	
  
	
  

tBLFQ:	
  Nonlinear	
  Compton	
  Scajering	
  

x−
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General*Procedure*for*tBLFQ*
1.  Derive*Lighhront-Hamiltonian*from*Lagrangian*
2.  Switch*to*the*interac9on*picture**
3.  Prepare*the*ini9al*(‘in’)*state*
4.  Evolve*the*ini9al*state*un9l*the*background*field*

subsides*
5.  Project*the*sca$ering*final*state*onto*‘out’*states*

(constructed*out*of*QED*eigenstates)*and*obtain*S-
matrix*element**

18*

 
S = I outT + exp − i

2
VI

0

x f
+

∫
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
in I

 
= I out 1−

i
2VI (x

+ )δ x+( ) 1− i
2VI (x2

+ )δ x+( ) 1− i
2VI (x1

+ )δ x+( ) in I



Progress	
  in	
  tBLFQ	
  

•  Classical	
  fields	
  generated	
  by	
  Ion	
  from	
  Maxwell	
  
equa1ons	
  

•  Electron	
  in	
  BLFQ	
  (Quantum)	
  
•  Hamiltonian	
  in	
  BLFQ	
  up	
  to	
  large	
  Nmax	
  (>50)	
  
•  S	
  Matrix	
  (Checked	
  with	
  LFPT	
  calcula1on	
  using	
  
momentum	
  basis)	
  

•  Studied	
  Convergence	
  of	
  Nmax	
  and	
  Kmax	
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Formulas	
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S = I outT + exp − i

2
VI

0
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∫
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⎝
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Non-­‐Perturba1ve	
  Effects	
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Basis	
  Light-­‐Front	
  Quan1za1on	
  (BLFQ)	
  and	
  tBLFQ	
  provide	
  access	
  to	
  physical	
  
observables	
  through	
  Light-­‐Front	
  Hamitonian	
  formalism	
  of	
  quantum	
  field	
  theory.	
  

	
  
The	
  combina1on	
  of	
  fundamental	
  theory	
  +	
  computa1onal	
  physics	
  represents	
  an	
  exci1ng	
  	
  
opportunity	
  for	
  addressing	
  forefront	
  ques1ons	
  and	
  making	
  new	
  discoveries	
  in	
  physics.	
  

Concluding	
  Remarks	
  

Near-­‐Term	
  Plans	
  
Extend	
  to	
  mul1-­‐quark	
  sector	
  (tri,	
  tetra,	
  penta,	
  .	
  .	
  .	
  )	
  

Gluon	
  dynamics	
  included	
  
RHIC	
  t-­‐dependent	
  fields:	
  quark	
  &	
  gluon	
  propoga1on,	
  radia1on	
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