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Departamento de F́ısica Atómica, Molecular y Nuclear,
Universidad de Granada, Spain.

Institute of Nuclear Physics PAN, Cracow, Poland.
Jan Kochanowski, U. Kielce Poland

Light Cone 2015, Frascati, 21-25 September 2015

E. Ruiz Arriola (U. Granada) On shell Optical NN potential Light Cone 2015 1 / 26



Low energy nuclear reactions

High energy NN scattering

Variations on Glauber
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Neutron-nucleus scattering

Partial wave expansion elastic scattering amplitude

f(θ) =

pR∑
l=0

(2l + 1)Pl(cos θ)
Sl − 1

2ip

Differential elastic cross section

dσel
dΩ

= |f(θ)|2 → σel =
4π

p2

∞∑
l=0

(2l + 1)|1− Sl|2

Total Cross section and Optical theorem

σT =
4π

p2

∞∑
l=0

(2l + 1)(2− 2ReSl) =
4π

p
Imf(θ = 0)

Reaction (inelastic) cross section

σin = σT − σel =
4π

p2

∞∑
l=0

(2l + 1)(1− |Sl|2)
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Neutron-Nucleus scattering

82-Pb-208(N,EL),SIG
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Black disk Sl = 0 for l ≤ pR and Sl = 1 for l > pR

σT =
4π

p2

pR∑
l=0

(2l + 1)(2− 2ReSl) = 2π(R+ 1/p)2 = 2σel

Using R = r0A
1
3 = 1.2(208)

1
3 fm = 7fm

σT = 2πR2 = 3barn σel = πR2 = 1.5barn
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Optical model and Optical Potential
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Optical model (Energy dependent complex potential)

V (r, E) = ReV (r, E) + iImV (r, E)

Woods-Saxon forms

F (r) =
1

1 + e(r−R)/a
R = r0A

1
3 a = 0.7fm

Real and imaginary potentials

ReV (r) ∼ F (r) ImV (r) ∼ F ′(r)
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Proton-Proton scattering

First inelastic threshold (1π)

s = 4(p2 +M2
N )

√
sin = 2MN +mπ → EL = 300MeV

Scattering amplitude

M = a+m(σ1 · n)(σ2 · n) + (g − h)(σ1 ·m)(σ2 ·m)

+ (g + h)(σ1 · l)(σ2 · l) + c(σ1 + σ2) · n

Five complex a,m, g, h, c depend on energy and angle

24 measurable cross-sections and polarization asymmetries
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NN scattering below inelastic threshold

Fit to 8000 np and pp scattering data from 1950-2013 below 350 MeV

χ2/DOF = 1.04 → NN potential with errors [Navarro,Amaro, E.R.A. 2013]
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NN scattering below inelastic threshold

Fit to 8000 np and pp scattering data from 1950-2013 below 350 MeV

χ2/DOF = 1.04 → NN potential with errors [Navarro,Amaro, E.R.A. 2013]
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NN at High energies. Barger-Phillips parametrization

Motivated by Regge theory (spin neglected)

[Barger,Phillips PLB (1972) ]

A(s, t) ∼
∑
n

Ans
αn(t) αn(t) = αn(0) + α′n(0)t

Two terms and a relative phase

A(s, t) = i
(√

AeBt/2 +
√
CeDt/2+iφ

)
Energy dependence

√
s = 23.4, 30.5, 44.6, 52.8, 62.0, 7000 GeV.

χ2/NDF ∼ 1.2− 1.7

[Ster,Jenkovszky,Csörgó, PRD 91 (2015) 074018]

√
A→ a1s

−ε1 + a2s
ε2 ,

√
C → c1s

εc , cosφ→ k0 + k1e
εφ

B → b0 + b1 log(s/s0) , D → d0 + d1 log(s/s0)
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Partial waves and the eikonal approximation

Partial wave expansion

f(s, t) =
∞∑
l=0

(2l + 1)fl(p)Pl(cos θ) , fl(p) =
1

2

∫ 1

−1

dzPl(z)f(s, t)

BP parameterization

fl(p) = i

√
πA

2B
e−Bp

2

Il+ 1
2

(
Bp2

)
+ i

√
πC

2D
e−Dp

2+iφIl+ 1
2

(
Dp2

)
Maximum angular momentum lmax = pa

Eikonal approximation pb = (l + 1/2),
∑
l →

∫
dl,

Pl(cos θ)→ J0((l + 1/2) sin θ/2)

f(p, θ)→
∫ ∞
l=0

p2dbbh(b, p)J0(bq)
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Eikonal amplitude

h(b, s) =
i

2p

√Ae− b2

2B

B
+

√
Ce−

b2

2D
+iφ

D


Accuracy of the approximation

h(b, p) ∼ fl(p) bp = l +
1

2

√
s ≥ 23GeV b ≥ 2fm
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Figure: Ratio of the eikonal approximation to the partial wave amplitude as a
function of the impact parameter. For several values of the CM energies√
s = 23.4, 30.5, 44.6, 52.8, 62.0, 7000 GeV.

E. Ruiz Arriola (U. Granada) On shell Optical NN potential Light Cone 2015 11 / 26



Partial cross sections

Total cross section

σT =
4π

p
Imf(θ = 0) =

∞∑
l=0

4π(2l + 1)
Imfl(p)

p

Elastic cross section

σel =

∫
dΩ|f(s, t)|2 =

∞∑
l=0

4π(2l + 1)|fl(p)|2
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Figure: Partial cross sections a) Total (upper panel, b) Elastic (middle panel) c)
Inelastic (lower panel) as a function of the impact parameter. For several values
of the CM energies

√
s = 23.4, 30.5, 44.6, 52.8, 62.0, 7000 GeV.
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The field theory approach

Multichannel Bethe-Salpeter equation (linear, off-shell)

T = V + V G0T

The Low equation for the elastic amplitude (non-linear, on-shell)

[Namyslowsi, PR 160 (1967)1522 ]

Tel = W + TelG0T
†
el

In partial waves

fl(s) = wl(s) +
1

π

∫ ∞
s0

fl(s
′)p(s′)f†l (s′)

s′ − s− i0+
, p(s) =

√
s/4−M2

N

Unitarity (right cut)
Imfl(s)− p|fl(s)|2 = Imwl(s)

Causality

wl(s) =
1

π

∫ ∞
s0

Imwl(s
′)

s′ − s− i0+
ds′

Particle exchange (left cut)
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The on-shell optical potential

Locality

wl(s) = −1

p

∫ ∞
0

r2dr [jl(pr)]
2W (r, s)

Mandelstam representation (Superposition of Yukawas)

[Cornwall,Ruderman, PR (1965) ]

W (r, s) =

∫ ∞
0

dµρ(µ, s)
e−µr

r

Summing in angular momentum

4π

p2

∞∑
l=0

(2l + 1)Imfl(s)−
4π

p2

∞∑
l=0

(2l + 1)p|fl(s)|2 =
4π

p2

∞∑
l=0

(2l + 1)Imwl(s)

Completeness
∞∑
l=0

(2l + 1) [jl(pr)]
2 = 1

Inelastic cross section (On shell optical potential)

σT − σel = −1

p

∫
d3x ImW (~x, s)
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Phenomenological on-shell optical potential

ImW (r, s) Local Density of inelasticity of given CM energy
√
s

ImW (r, s) =

∞∑
l=0

(2l + 1) [jl(pr)]
2 Imwl

BP
=
∑
n

cne
−r2/a2n
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Figure: Imaginary part of the optical potentials relative to the value at the origin
as a function of the distance r for the energies√
s = 23.4, 30.5, 44.6, 52.8, 62.0, 7000 GeV.
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The equivalent potential: Invariant mass approach

Invariant mass method (free particles)

M2 = PµPµ = (p1 + p2)
CM
= 4(p2 +M2

N )

Invariant mass method: Interaction

[Allen,Payne,Polyzou PRD (2000) ]

M2 = PµPµ + V CM
= 4(p2 +M2

N ) + V(~x)→ 4(−∇2 +M2
N ) + V(~x)

Non-relativistic limit V(x) = 4U(x) = 4MNV (~x)

Equivalent Schrödinger equation[
−∇2 + U(~x)

]
Ψ(~x) = (s/4−M2

N )Ψ(~x) s = 4(p2 +M2
N )

Optical potential

U(~x)→ U(~x, s) = ReU(~x, s) + iImU(~x, s)
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The equivalent potential approach: Flux

Scattering boundary condition

Ψ(~x)→ ei
~k·~x + f(x̂)

eik

r

Flux balance∫
dΩ lim

r→∞
r2 [Ψ∗∂rΨ− ∂rΨ∗Ψ]~x=rx̂ =

∫
d3xImU(x̃)|Ψ(~x)|2

Inelastic cross section

σT − σel ≡ σin = −1

p

∫
d3xImU(~x, s)|ψ(~x)|2

We can identify the On-shell Optical Potential with the “Standard” one

ImW (~x, s) = ImU(~x, s)|ψ(~x)|2

The OS-OP has no dependence on the wave function !
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The equivalent potential: Eikonal approximation

In the eikonal approximation

ψ(~x) = exp

[
ipz − i

2p

∫ z

−∞
U(b, z′)dz′

]
→ |ψ(~x)|2 = exp

[
1

p

∫ z

−∞
dz′ImU(b, z′)

]
and thus

1

p
ImU(~x, s)|ψ(~x)|2 = ∂z exp

[
1

p

∫ z

−∞
ImU(b, z′)dz′

]
The total

−1

p

∫
d3xImW (~x, s)

eikonal−→
∫
d2b
(

1− e−Imχ(b)
)

Transverse probability form the On-shell Optical Potential (no eikonal
approximation !)

−1

p

∫ ∞
−∞

dzImW (b, z) = nin(b) ,

∫
d2bnin(b) = σin
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The equivalent potential from Inverse scattering

In the eikonal approximation (from potential to phase)

δl(p)
∣∣∣
l+ 1

2
=bk
≈ − 1

2p

∫ ∞
b

dr
rU(r, s)√
r2 − b2

≡ 1

2
χ(b, s) =

1

2
Reχ(b, s) + i

1

2
Imχ(b, s),

Inversion formula (from phase to potential)

[R. Omnes PR 137 (1965) ]

U(r, s) =
2p

π

∫ ∞
r

db
χ′(b)√
b2 − r2
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Figure: NN scattering at CM energy
√
s = 23 GeV. Top Left: Differential cross

section as a function of the invariant squared momentum transfer −t vs. data
from [?, ?]. Top Right: Eikonal real and imaginary phase as a function of the
impact parameter. Bottom: Optical potential as a function of the distance.
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Nucleus-nucleus scattering (Glauber)

Non-relativistically in A+B collision additivity of interaction

VAB(~x1, . . . , ~xA; ~y1, . . . , ~yB) =

A∑
i=1

B∑
j=1

VNN (~xi − ~yj)

Additivity of eikonal phases

χAB(b) =
A∑
i=1

B∑
j=1

χNN (~b− ~xi,T + ~yj,T ) ∼ iImχAB(b)

Elastic Scattering amplitude

fAB→AB = ip

∫
d2b〈ΨAΨB(e−ImχAB(~b) − 1)ΨAΨB〉
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Density of sources (GLISSANDO)

Optical theorem

σAB = 4π

∫
d2b〈ψAψB |1− e−ImχAB(b)|ψAψB〉

Density of sources of inelasticity

PAB(b) = 〈ψAψB(1− e−ImχAB(b))ψAψB〉

≡
A∏
i=1

∫
d3xi

B∏
j=1

∫
d3yj |ψA(~x1, . . . , xA)|2|ψB(~y1, . . . , yB)|2

×

(
1−

A∏
i=1

B∏
j=1

PNN (~b− xi,T + yj,T )

)

Monte Carlo → GLISSANDO
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Outlook

Pure imaginary NN and additive phase are CRUCIAL for standard Glauber
approach using PROBABILISTIC interpretation (MonteCarlo Implementation)

At
√
s = 20− 200GeV

Reχ� Imχ

At
√
s = 7TeV

Reχ ∼ Imχ

The on-shell potential admits a probabilistic interpretation. What is the relation of
the on-shell ?

ImWAB(r)↔ ImWNN (r)

Other forms of eikonal ”To avoid alarming tendency of essential singularities”

[Goldberger,Blackenbekler PR (1962) ]

ψ(~x) = exp(ipz)

[
1 +

i

4p

∫ z

−∞
U(b, z′)dz′

]−2

The GB eikonal phase is NOT additive

χGB(b) = 2 tan−1

[
1

2
χ(b)

]
E. Ruiz Arriola (U. Granada) On shell Optical NN potential Light Cone 2015 25 / 26



Epilogue

Are low energy nuclear reactions and high NN interactions that different ?
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