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 Understanding the spin structure of proton has been an important 
goal in hadron physics community since the EMC spin crisis
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 Quark spin carries only a small 
portion of the proton spin ~25%

 Global analysis taking into account 
recent RHIC data finds a significant 
gluon helicity contribution

 Remaining contribution comes 
from the quark and gluon orbital 
angular momentum



 Spin sum rule

 Ji decomposition

 The three terms are given by

 Gauge- and frame-independent, but not in partonic language

 Incomplete decomposition, no separation of total gluon angular momentum into  
spin and orbital part
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 Spin sum rule

 Jaffe-Manohar decomposition

 The four terms are given by

 Complete decomposition into the quark/gluon spin and orbital angular 
momentum

 Clear partonic interpretation, but all terms except the quark spin are gauge-
dependent

 Infinite momentum frame and light-cone gauge 
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 Albeit the gluon helicity appears to be gauge-dependent, it is an experimentally 
measurable quantity

Proton spin structure

1009/24/2015 Light Cone 2015, Sep. 21-25, 2015 

𝐴+ = 0



 Spin sum rule

 Jaffe-Manohar decomposition

 The four terms are given by

 Complete decomposition into the quark/gluon spin and orbital angular 
momentum

 Clear partonic interpretation, but all terms except the quark spin are gauge-
dependent

 Infinite momentum frame and light-cone gauge 

 Albeit the gluon helicity appears to be gauge-dependent, it is an experimentally 
measurable quantity

 How does ∫ 𝑑3𝑥 𝐸𝑎 ×  𝐴𝑎 become physical? Or more generally, can the Jaffe-
Manohar spin sum rule be justified to be physical?
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 Let us first look at an alternative angular momentum decomposition 
which is similar to the Jaffe-Manohar decomposition but has gauge 
invariant individual constituents [Chen et al., 08’]

 Separate the gauge field into two parts 

 In Abelian gauge theory

  𝐴⊥ gauge invariant under gauge transformation, all terms in the above 

decomposition are gauge invariant with 𝐸 ×  𝐴⊥ gauge invariant photon 
spin
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 Let us first look at an alternative angular momentum decomposition 
which is similar to the Jaffe-Manohar decomposition but has gauge 
invariant individual constituents [Chen et al., 08’]

 Separate the gauge field into two parts 

 In non-Abelian gauge theory

  𝐴⊥ transforms covariantly under gauge transformation, all terms in the 

above decomposition are gauge invariant with 𝐸 ×  𝐴⊥ gauge invariant 
gluon spin
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 Although gauge invariant, the gauge boson spin 𝐸 ×  𝐴⊥ is in general 
not a physical quantity

  𝐴⊥ and  𝐴|| generate 𝐸⊥ and 𝐸||, but there is no charge responding 

differently to 𝐸⊥ and 𝐸||

 Separation of vector potential into transverse and longitudinal parts is 
frame-dependent, the frame dependence of both parts is dynamical, and 
cannot be obtained from a Lorentz boost

 However, it becomes a physical observable in the IMF where the 
Weizsӓcker-Williams approximation is valid

Proton spin structure
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 Weizsӓcker-Williams approximation

 A charge at rest has only longitudinal electric field 𝐸 = 𝛻𝜙 = 𝐸|| with 𝛻 ×

𝐸|| = 0

 When it moves, magnetic and transverse electric fields are generated 𝐵 =

𝛻 ×  𝐴 = 𝛻 ×  𝐴⊥, 𝐸⊥ = −𝜕  𝐴⊥/𝜕𝑡

 In the IMF limit, 𝐸⊥ ≫ 𝐸||, 𝐸⊥~𝐵, the electromagnetic field can be regarded 

as free radiation,  𝐴⊥ generating 𝐸⊥, 𝐵, and therefore 𝐸 ×  𝐴⊥ appears to be 
physical

Proton spin structure

1509/24/2015 Light Cone 2015, Sep. 21-25, 2015 



 Actually, in the IMF limit 𝐸 ×  𝐴⊥ agrees exactly with the gauge 
invariant total gluon helicity [Ji, Zhang and Zhao, 13’]

 Which can also be written as

 It provides a natural gauge invariant notion of gluon spin

 And is the same as the Jaffe-Manohar result in the light-cone gauge

 This justifies the light-cone gauge as the natural choice in the IMF, where 
free field expression attains physical significance

 The equivalence between them requires only a vanishing field strength of 
 𝐴|| and  𝐴⊥

+ = 0 in the IMF, the choice of  𝐴⊥ is not unique

Proton spin structure
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 Actually, in the IMF limit 𝐸 ×  𝐴⊥ agrees exactly with the gauge 
invariant total gluon helicity [Ji, Zhang and Zhao, 13’]

 Which can also be written as

 This also offers a practical possibility to compute the proton spin 
constituent, the idea is similar to an effective theory setup

 Large momentum effective theory approach [Ji, 14’]



Proton spin structure

1709/24/2015 Light Cone 2015, Sep. 21-25, 2015 



 An effective theory framework that allows to compute light-cone or 
parton observables from Euclidean quantities

 For a light-cone observable, e.g. the parton distribution functions or the 
gluon helicity, construct a Euclidean quasi observable, which in general 
is frame-dependent, but approaches the light-cone observable in the 
IMF limit

 The choice for quasi observable is not unique, for example

 Instead of computing the light-cone observable directly, one can compute 
the quasi observable at a finite hadron momentum   . It can then be related 
to the light-cone observable by a matching condition

Large momentum effective theory
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 The difference between quasi and light-cone observables is in finite or 
infinite momentum, hence they shall have the same IR physics

 In general, both quasi and light-cone observables suffer from UV 
divergences. They have different UV behavior because of different order 
of limits (the IMF limit and the UV regularization are not exchangeable)

 Taking IMF limit first  → physical case, light-cone

 Taking UV regularization first → frame dependent, but practically calculable

 However, the difference can be perturbatively computed, and is captured 
in the Z factor

 Analogous to an effective theory setup, e.g. the HQET

 Feynman parton model is an effective theory for the nucleon moving at 
large momentum

Large momentum effective theory
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 The Z factor contains logarithm of ln
𝑃

𝜇
when 𝑃 becomes large, which 

reflects the non-smooth light-cone limit

 Large logarithms can be resummed by a RG equation

 This effective theory approach provides a practical possibility to 
compute light-cone observables

 Euclidean quasi observable is potentially computable on the lattice

 Perturbative matching allows to extract light-cone observable from the 
quasi observable

 A good approximation of the light-cone observable can be achieved at a 
moderately large momentum

Large momentum effective theory
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 An example:

 Instead of computing the complicated non-local light-cone matrix element

 We can consider the large momentum limit of matrix element of 𝐸 ×  𝐴⊥, 
which is an appropriate quasi observable

 At finite momentum

 In the IMF

 which agrees exactly with the light-cone result [Hoodbhoy, Ji and Tang, 96’]

Proton spin structure from LAMET
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only UV is different



 An example:

 Instead of computing the complicated non-local light-cone matrix element

 We can consider the large momentum limit of matrix element of 𝐸 ×  𝐴⊥, 
which is an appropriate quasi observable

 At finite momentum

 In the IMF

 The two results can be related to each other by the 

following matching factor 

Proton spin structure from LAMET
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 The above procedure is for gluon helicity, the same can be done for 
other angular momentum constituents contributing to proton spin

 Matching relations [Ji, Zhang and Zhao, 14’]

 Each term in the Jaffe-Manohar sum rule can be related to the matrix 
element of gauge-invariant, frame-dependent operators in the large 
momentum limit

Proton spin structure from LAMET

2409/24/2015 Light Cone 2015, Sep. 21-25, 2015 



 Proton spin structure

 Spin sum rule

 Jaffe-Manohar sum rule and its physical significance

 How to calculate the proton spin content?

 Large momentum effective theory approach

 Parton distribution functions

 How to calculate parton distribution functions?

Contents

2509/24/2015 Light Cone 2015, Sep. 21-25, 2015 



 Operator definition of parton distribution

 𝑃𝜇 = 𝑃0, 0,0, 𝑃𝑧 , 𝜉± = (𝑡 ± 𝑧)/ 2

 Light-cone correlation, expectation of light-front number operator in the 
light-cone gauge

 This cannot be directly computed e.g. on the lattice

 Look instead at an off-light-cone quasi parton distribution [Ji PRL, 13’]

 Quark fields separated along z-direction, no time dependence, 𝑥 = 𝑘𝑧/𝑃𝑧

 Light-cone distribution can be approached by this up to power suppressed 
corrections in large momentum limit

(Quasi) parton distribution
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 As in the case of gluon helicity, one can calculate the quasi parton 
distribution at a finite momentum and convert it to the parton
distribution

 How to recover parton distribution from the quasi one? [Ji 13’, Ji, Xiong, 

Zhang and Zhao, 13’]

 Can be viewed as a factorization formula

 Soft divergences cancel on both sides

 Collinear divergences captured by quasi distribution

 Z factor sensitive to UV physics only, and thus perturbatively calculable 
[see Xiaonu Xiong’s talk]

(Quasi) parton distribution
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 Each term in Jaffe-Manohar sum rule corresponds to the infinite 
momentum limit of gauge-invariant, frame-dependent operator matrix 
element

 It is practically possible to calculate partonic angular momentum 
contribution to proton spin within the framework of large momentum 
effective theory approach

 Also parton distribution (or other light-cone quantities) can be studied 
within the same framework

 Perturbative matching allows to convert it to the physical result

Summary
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