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Solving QCD at large-N is a long standing difficult problem, 
actually a dream ...

but we can give the solution of large-N QCD 
two different meanings
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1)   A complete solution, 

for all the local  correlators 
(and also for the non-local ones, i.e.  the Wilson loops)  

 
2)  A solution for the S-matrix only,

that contains much less information than the local correlators 
of the field theory, because the S-matrix amplitudes do not 

depend on the choice of the interpolating fields

2)  is the actual subject of this talk
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  Any solution of large-N QCD, even only for the S-matrix, is 

severely constrained both on the infrared and on the 
ultraviolet:

It has to reproduce the actual QCD spectrum of mesons to 
a reasonable accuracy, it has to predict the glueball spectrum,

and it has to match the large-N spectrum computed by 
lattice gauge theory

It has to reproduce the interaction of the pseudo-Goldstone 
and vector mesons at low energy (e.g. pion, rho,...) as implied 

by the chiral Lagrangian of QCD, including the correct 
normalization of the pion form factor

and last but not least
it must incorporate the asymptotic freedom in the ultraviolet 
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The aim of this talk is to construct explicitly such a 
candidate

for an asymptotically free S-matrix, with all the 
aforementioned properties,

that I will argue, is the 
large-N QCD collinear S-matrix in the chiral limit (i.e. for 
massless quarks) based on a new twistorial topological 

string theory (TTST)

To say it in a nutshell, the new  TTST can be described 
by the following analogy
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Holomorphic Chern-Simons on twistor space= String of n=4 
SUSY YM Witten (2004):  massless particles = Dolbeault

cohomology thanks to Penrose construction 
Nair (1987) Boels, Mason, Skinner (2006)

Proposal: Complex Chern-Simons on Lagrangian 
submanifolds of non-commutative twistor space=

String of large-N  YM: 
massive glueball Regge  trajectories = infinite non-Abelian 

Non-commutative Hodge structure 
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Just a hint of how you get the effective action from the 
functional determinant on the fiber of twistor space in the 

TTST

with the background connection B determined by the 
equation of motion of the TTST
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After some trivial manipulation we find:

with the mass spectrum determined by the eigenvalues   
of the spin operator and of Q, that is (semi-)integer 

valued, since it has a cohomological origin, arising by the 
infinite non-commutative Hodge structure underlying the 

TTST
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ˆPū) +Q+ �B0

p+)

� logDetf (
ˆP+

1
2⇤

2
QCD

)

= logDetf ( ˆP+
ˆP� +

ˆPu
ˆPū +
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From the (one-loop) effective action of the TTST we can 
reconstruct the local large-N QCD effective action

Schematically the candidate (local classical) large-N action 
for the collinear S-matrix reads:
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After quantization, this gives again the (one-loop) 1PI 
effective action of the TTST:

T= flavor matrices of U(Nf), E=lower triangular matrices of 
GL(infinity), both in the fundamental representation

for mesons
for glueballs
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Because of the structure of the 3-point vertex,
 S implies the correct couplings of the pion and rho mesons 

according to the chiral Lagrangian, and even a correctly 
normalized pion form factor 

(see the proceedings of LIGHT CONE 2015)

But in this talk we discuss only the spectrum and the most 
fundamental property, i.e. the asymptotic freedom

since if the candidate S-matrix is not asymptotically free, 
certainly is not the QCD S-matrix. In fact, the lack of 

asymptotic freedom rules out, as we will see, all the string 
proposal previously considered in the past fifty years ...
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The spectrum of glueball and mesons in the chiral limit of 
QCD computed in the TTST turns out to be exactly 

linear in the spin s and in the internal quantum number k at 
large-N (because of cohomological reasons)

This is a strong statement, easy to falsify numerically, 
but in very good agreement with large-N lattice 

gauge theory computations in the chiral limit
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Meson and glueball Regge trajectories in massless large-N
 QCD from quenched lattice gauge theory
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Meson and glueball Regge trajectories in massless large-N 
QCD from quenched lattice gauge theory
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All the plots and mass formulae are taken from  M.B.    [hep-
th/1308.2925] 

and to appear in the proceedings of  LIGHT CONE 2015 
(and of HADRON 2015)

The lattice data are taken from 
Meyer-Teper SU(8)
  [hep-lat/0409183]
 for glueballs (red)

Bali-Bursa-Castagnini-Collins-Del Debbio-Lucini-Panero
SU(17) [hep-lat/1304.4437] for mesons (yellow)
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 From the TTST spectrum and the lattice data it follows that 
there are two different slopes in the glueball sector

This is incompatible with the universally accepted picture 
that glueballs are vibrations of closed string only, but it is 
explained by the TTST, since it contains both an open

and a closed string sector

Meson slope in the internal quantum number
is twice larger than the largest glueball slope: compatible 
with usual interpretation, i.e. fundamental versus adjoint 

strings. But meson slope in the spin is the same as the largest 
glueball slope: very hard to explain conventionally, but in the 

TTST
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Meson and glueball Regge trajectories in massless large-N
 QCD from quenched lattice gauge theory
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Meson and glueball Regge trajectories in massless large-N
 QCD from quenched lattice gauge theory
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In the real world quarks have masses and Goldstone bosons 
get masses. But the TTST can be compared with real world,
extending the meson mass formulae to the case of (massive) 

(approximate) unbroken flavor (vector) symmetry 
(again in large-N limit, but most of the large-N corrections 

turn out to be absorbed in the mass of the PGB, as 
demonstrated (a posteriori) in the following plots)
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The actual glueball (purple and blue) and meson leading 
Regge trajectories for any flavor (other colors) implied by 
Particle Data Group and BES collaboration versus theTTST

m2
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mf0(2100)

mf0(1500)
= 1.397(008)
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X(1+�) ?

X(3) ?
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Just to give a hint of how good this formula is
for SU(3) QCD with dynamical quarks (i.e. the real world):

and the leading meson Regge trajectory, we played the 
following game with Jozef Dudek at HADRON 2015.

He sets the lattice scale by the physical mass of omega^-
barion. I set the QCD scale by the mass of the lowest 

glueball, identified with f_0(1505).
Then he gives me the value of the pion mass that he choses 

in his lattice computation, and I compute in one line
the corresponding rho-meson mass.

Then we compare with his result obtained by days or 
months of running with a supercomputer

Here it his the result:
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 pion mass  391 MeV

 rho mass (Dudek)                  rho mass (TTST)                                                                           
854 MeV                                        848.5 MeV                                                                    

 pion mass  236 MeV

 rho mass (Dudek)                  rho mass (TTST)                                                                           
783 MeV                                        789 MeV                                                                    

The less than 1% discrepancy can be attributed to the 
different definitions of the QCD scale (and to the accuracy 

of the lattice computation and of the large-N 
approximation)
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Prediction for glueball masses from TTST (the PC 
assignments are from the lattice at large-N

 combined with the TTST)
f_0(2100)           th 2128  exp 2103  err 1%
f_2(2150)           th 2128  exp 2157  err 1%

  X_1                        th 2607  exp ? 
  X_3                        th 3365  exp ?  

The (unobserved yet) odd-spin glueballs are of 
greatest theoretical interest because their slope is one 
half the slope of the even-spin glueballs  (purple and 
blue Regge trajectories respectively in previous slide)

0++

The ground-state glueball is identified with
f_0(1505) because its mass, that sets the QCD scale in 
the TTST, is exactly the double of rho mass in the chiral 

limit at large-N (see previous plots of large-N lattice 
computation)

2++

1+�

3++, 3+�, 3��
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SU(3) unflavored I=1 meson Regge trajectories, and strange-
meson Regge trajectories, PDG(2014) versus  TTST           
        Lambda_QCD=1505 MeV
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SU(3) unflavored I=1 meson Regge trajectories, and strange-
meson Regge trajectories, PDG(2014) versus TTST
       Lambda_QCD=1505 MeV
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 We would like to discuss now the crucial fundamental 
property of the S-matrix, i.e. 

its asymptotic freedom,
and what this property actually means

in the large-N limit
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representation                 (A. Migdal, 1977):
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But even solving just for the two-point correlators 
is a very difficult problem yet, 

because it contains a complete information both 
on the spectrum and on all the anomalous 

dimensions of the theory,

as the following asymptotic theorem shows

M.B.  Glueball and meson propagators of any spin 
in large-N QCD

Nucl. Phys. B 875 (2013) 621[hep-th/1305.0273]
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  Asymptotic Theorem (M.B.):
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We want to use the asymptotic theorem as a guide 
to find out a string solution of large-N QCD for the 

(collinear) S-matrix

It turns out that such a string candidate is in a 
completely new class of string theories with respect 

to gauge/gravity, and that there are presently no 
other candidates, because all the main examples 

considered so far,

that are based on Maldacena gauge/gravity duality,
 violate the asymptotic freedom of the correlators,

as we will see momentarily
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For example, for scalar and pseudoscalar glueball propagators 
the QCD asymptotics is:

(M.B. and S. M. JHEP08(2013)[hep-th/1304.6409])
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In fact, thanks to the asymptotic theorem, we can give the 
old  Veneziano string S-matrix program a new meaning as 

follows:

Given a candidate S-matrix we can now check the 
asymptotic freedom, employing the asymptotic knowledge 

of the residues provided 
by the asymptotic theorem:

Given the candidate S-matrix, since we know the spectrum 
from the amplitudes, we attach the propagators, and we 

reinsert the square root of the residues given by the 
asymptotic theorem, working out the LSZ formulae the 

other way around, in order to get the asymptotic 
correlators and to check their asymptotic freedom
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But in order to find the correct string theory,
we can do more:

 we can find by purely field theoretical methods what is the 
structure of the mysterious asymptotically-free 3-point 

vertex  
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In fact, extending the asymptotic theorem from 2-point to 3-
point correlators,

 we can determine the 3-point vertex asymptotically in the 
UV (for the first time, M.B. [hep-th/1409.5149]),

 by means of a new purely field theoretical method, 
based on fundamental principles, that we called the 

asymptotically-free bootstrap
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By combining the OPE and RG with Kallen-Lehmann, 
the asymptotic spectral representation of 2 and 3-point

scalar correlators at large-N follows:
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at 1/N order:

at 1/N^3  order:

at N^0 order:
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In fact, by an old diagrammatic argument (Witten1983),
we already knew that not only the two-point connected 

correlators are purely local in QCD at the leading order,  but 
also

the fundamental 3-point vertices are local, 
at the leading non-trivial large-N order

S =
1

2
tr

Z
�(��+M

2)� d

4
x+ gs

Z
� ⇤ � ⇤ � d

4
x

Schematically:
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As a consequence we get (M.B. [hep-th/1409.5149]) that the 
large-N QCD 1PI effective action can be re-summed into a 
functional determinant, that is compatible with the large-N 

local 3-point vertex, in the sense that the functional 
determinant arises by the (one-loop) quantization of a 

purely local Phi^3 theory, with the structure of the 3-point 
vertex determined by OPE, Kallen-Lehmann and asymptotic 

freedom !

After (one-loop) quantization:

Seff =

1

2

tr

Z
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2
)� d

4
x+ gs

Z
� ⇤ � ⇤ � d

4
x

+

1

2

logDet(��+M

2
+ gs�⇤)
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Text
It follows the structure of the 1PI effective action for scalar 
correlators in massless large-N QCD, asymptotically in the 

UV (M.B. 2014)
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N
for glueballs and gluinoballs

c(1)3 (N) ⇠ 1p
N

for mesons

c(2)3 (N) ⇠ 1
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for glueballs and gluinoballs
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for mesons
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But this is not the whole story !

We want to find the asymptotic effective action and 
asymptotic S-matrix

i.e.     we want to go from

 propagators and correlators

to

 kinetic terms and vertices

this requires some more not-completely-trivial work
as a result we find some surprises for the S-matrix
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The generating functional of scalar S-matrix amplitudes (1PI) 
in massless large-N QCD, asymptotically in the UV 

The S-matrix depends only on the spectrum but not on the 
anomalous dimensions !
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Besides, in the pure-glueball sector of positive 
charge conjugation of large-N QCD the higher-

order contributions to the asymptotic 1PI 
effective action can be re-summed into a 

functional determinant, that is compatible with 
the large-N local 3-point vertex, in the sense that 

the functional determinant arises by the (one-
loop) quantization of a purely local Phi^3 theory !
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There is only one class of such string theories ...

This asymptotic analysis is a powerful guide to actually find a 
string solution that has the aforementioned asymptotic 

3-point vertex
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Does the Twistorial A-model on non-commutative twistor 
space solve really QCD in ‘t Hooft limit,

 only for the spectrum and the collinear S-matrix  ?

We will see ... (to appear in the proceedings of 
Light Cone 2015 and of Hadron 2015)
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