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Solving QCD at large-N Is a long standing difficult problem,
actually a dream ...

but we can give the solution of large-N QCD
two different meanings
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B connplete seiliel]

for all the local correlators
(and also for the non-local ones, 1.e. the Wilson loops)

2) A solution for the S-matrix only,

that contains much less information than the local correlators
of the field theory, because the S-matrix amplitudes do not
depend on the choice of the interpolating fields

2) 1s the actual subject of this talk
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Any solution of large-N QC

D, even only for the S-matrix, Is

severely constrained both on the infrared and on the

ultraviolet:

[t has to reproduce the actual QCD spectrum

a reasonable accuracy, It has to predict the glueball spectrum,

Sif@fnas to match the |
attice

[t has to reproduce the interaction of t
and vector mesons at low energy (e.g.

by the chiral Lagrangian

normalization of the pion form fac

2n@ 2s

of mesons t

O

arge-N spectrum computed by

gauge theory

o QICID) IRelueling -

ne pseudo-Goldstone
bion, rho,...) as Implied

‘he correct

C oLt mot least

't must Incorporate the asy

mpictic irecaenRll

HOIr

the ultraviolet
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The aim of this talk Is to construct explicitly such a
candidate

for an asymptotical

afo

large-N QCD col

y free S-matrix, with all the

rementioned properties,

that | wi

IEEE S

| argue, Is -

he

matrix in the chiral imrit (1.e. for
massless quarks) based on a new twistorial topological

string theory (T T15T)

Jo say it In a nutshell, the new TT5T can be described
by the following analogy
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Holomorphic Chern-Simons on twistor space= String of n=4
SUSY YM Witten (2004): massless particles = Dolbeault

cohomology thanks

NHIE D67 ) Boels,

to Penrose consttliciiels

Vason, Skinner (2006)

S(A) = 4 /Q Atr(A N DA + %A ANANA)— m/d,u log det ((5 + A)L(x_,é))
Neitzke-Vafa (2004), M.B. (2008)

Proposal: Complex Chern-Simons on Lagrangian
submanifolds of non-commutative twistor space=

i

String of large-N YM:

massive glueball Regge trajectories = infinite non-Abelian

Non-commutative Hodge structure

1 2
S(B):%/tr(B/\dB%—gB/\B/\B)—/i/d,u log det (d + Bj)
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Just a hint of

nctional dete

d
IE=Nloc"Wet A(—— + B.) = log Det ¢(

— llgg Dl

NOW YOuU g€

ginlmamEon

 the effective act/onfitEHuRIE
the fiber of twistor space In the

d

dA\
d

[S]

Lp Lo
N A + 0B))

2
N azop)

- B+ + 0B,+)

with the background connection B determined by the

equation of motion of the T TS]

a2

(%AéCD)—lﬁuﬁ P L
P

(7}
it

Evie
§AQCD
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After some trivial manipulation we fnd'

L i |
d . (GA%ep) BT =@
IRtz Det - R . - dP_ P E
A ) L: .
(1A2C’D)_1 %AQQCD
d N 1 A A
— log Det ¢ (P pre— L= Ne ) (R PR e e
if +dP e 9 QCD i3 p+
_|_ 250
p+
— log Det ¢ (5 )
zAQCD
d i
= log Det¢(P.P_ + P,P; + A P P.—+Q)+0B,
g f( + QC’D( +dP+ el Q) p—l—)
s
—logDetf(lA2 = log Det ¢ (= AQCD)
2D

with the mass spectrum determined by the eigenvalues
of the spin operator and of Q, that Is (semi-)integer
valued, since 1t has a conomological origin, arising by the

infinite non-commutative Hodge structure underlying the
sl
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~

From the (one-loop) effect

ve act

on of the TTST we can

=0,

reconstruct the local large-N QCD effective action

Schematically the candidate (local classical) large-N action
for the collinear S-matrix reads:

. ZTT/(I)*(S) — M?*)®) gty

A

I

+9:0gep 3 Tr [ S OGANEIGA) T (Thy 8 dt
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ol%) — d),(f‘;)aE,;jTa for mesons
o for glueballs

1= flavor matrices of U(NT), E=lower triangular matrices of
GL(infinity), both in the fundamental representation

After quantization, this gives again the (one-loop) [Pl
giiecive ecder e ife 1 15T

g ZTT/CI)*(S) (P2 — M?)3®) ¢4y

P
+9shqop Y Tr / o IG(M)PIG(M) () e dla

+ log Det(lﬁ2 — i gsAgcp Z G(M)(I)(T)G(M)_l(_)r)
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Because of the structure of the 3-point vertex,
S implies the correct couplings of the pion and
according to the chiral Lagrangian, and even a correctly

normalized pion form factor

rho meses

e proceedings of LIGHTF COINEZUAEey

But in this talk we discuss only the spectrum and the most
fundamental property, I.e. the asymptotic freedom
since If the candidate S-matrix Is not asymptotically free,

certainly i1s not the QCD S-matrix. In fact, th

asym
DIrO

btotic freedom rules out, as we will see, a

bosal previously considered in the past fif

e lack of
| the string

by el
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B spectrum of g

@

inear In the spin s and In the inte
large-N (because of coho

This Is a strong statement, easy to falsify numer
but In very good agreement with large-N latt
It

D computec

= (2k+s)=

ueball and mesons In

AQCD 5 culEms 8 — 1

= (k"‘S) AQCD7S_O717

= (k+s—

Ll
)

7k:()717

_)QAQCD7S_1 ,k:O,l,

the chiral limrt of
it tae PSS T alrnstelin

10 DETEXCEEI

rnal quantum number k at
mological reasons)

.- for glueballs

.- for glueballs

gauge theory computations in the chiral lim

- for mesons

- for mesons
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Ge
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and glueball Regge trajectories In

massless large-N

QCD from guenched lattice gauge theory
e s e L N T tananae
| .
4 - g
3 e
4 7
2 | v
1— 5 & ® 8 o
| %
Ok s e/ /L L ]
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LAY
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and glueball Regge trajectories in massless large-IN
QCD from guenched lattice gauge theory

A\
74
0 1 2 3 4 O
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All the plots and mass formulae are taken from M.B. [hep-

Ll SO L2 05
EliEfierippear In the proceedings of LIGHT COINESAGE
el e mABINGIN A0 5

The lattice data are taken from
Mever-Teper SU(3)

hep-lat/0409 | 83]

for glueballs (red)

Bali-Bursa-Castagnini-Collins-Del Debbio-Lucini-Panero
) [hep-lat/ | 504.445 /7] tor mesans (el
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From the T TST spectrum and the lattice data it follows that
there are two different slopes In the glueball sector

his Is Incompatible with the universally accepted picture
that glueballs are vibrations of closed string only, but 1t Is

explained by the T TST, since 1t contains both an open

and a closed string sector

Meson slope In the internal quantum number

strings. But
olueball slo

s twice larger than the largest slueball slope: compatible
with usual interpretation, 1.e. fundamental versus adjoint

meson slope In the spin Is the same as the largest

be: very hard to explain conventionally, but In the
[l
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and glueball Regge trajectories in massless large-IN

QCD from guenched lattice gauge theory




and glueball Regge trajectories in massless large-IN
QCD from guenched lattice gauge theory

6!




In the real wor

oet masses. But

C

the |

quarks have masses and Golc

extending the meson

(approximate) unbro
(again In large-N limit, but

S eap

ANEISS el

De compared wWr
mMulae to the case of (massive)
<en flavor (vector) symmetry
most of the large-N corrections

stone bosons

h real world,

turn out to be absorbed In the mass of the PGB, as
demonstrated (a posterior) in the following plots)

oz
m®?

(5)2 P
m e llipep. —

(s)2 2
m Do —

(k—l_ )AQC’D S eteny ik =2

(k—l— )AQCD G euik s=1 2
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The ac

Regoe

s llee

tual glueball (purple and blue) and meson leading
trajectories for any flavor (other colors) implied by

Data Group and BES collaboration versus the [ 5]

O-

5

1 1
; mgn — Mpgp = §AQCD(n i 5)
m
S 97(008)
i M (1500)

B AQCD — 1505 MeV

| ] ] ] ] | ] ] ] T S U N T [ Y (L R L e e S s o
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Just to give a hint of how good this formula Is
QCD with dynamical quarks (1.e. the real world):

o5 (5)

m;(j)z

and the leading meso

2

— WisalE,

e 8l

= [li4-& 2)2/\2@017

following game with Jozef

e sets t
barion.

set

olL

ne |at

eball, Iden
Then he gives me the valt

ice scale by -
the QC

N Regge trajectory, we played the

Dudek at HADRON 201 5.

the physical mass of omega” -

D) seal

e by the mass of the lowest

ified with _0(1505).
e of the pion mass that he choses

N his lattice computation, and | compute in one line
the corresponding rho-meson mass.
Then we compare with hi

months of runni
ere

s result obtained by days or

ng with a supercomputer
it AlS e Fesui
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pION Mass

rho mass (Dudek)
G M

pION Mass

rho mass (Dudek)
/83 ME

391 Mev

rho mass (T TST)
stero) IMEY

236 MeV

rho mass (T T5T)
o) Mty

The less than |7 discrepancy can be attri

different definitions of the QC

DAl

D scale (and t

O

ed to the

the accuracy

of the lattice computation and of the large-IN
approximation)
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Ihe ground-state glue
_O(1505) because its mass, that sets the QC
the T TST, Is exactly the double of

imit at large-N (see previous p
computation)

Prediction for glueball masses from T 15
assignments are from the lattice at large-

f 02
f202

| s
s 3

I”

ale) nEss (A

o

s of large-I\

comeinee wida ige 1)
G i 208 e
B s T 21 )5 e

The (unobserved yet) odd-s

oreatest theoretical interest
half the slope of the even-s

Bl 05 =

oA =

th 260/ exp !
ih 35695 cX(pi

pall 1s identified with
) scale In

ne chiral

lattice

Qe FC

N

76
76

bin glueballs are of

Decalse thnelr slopeiisielis
bin glueballs (purple anad

blue Regge trajectories respectively In previous slide)
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SU(3) unflavored =1 meson Regge trajec

ories, and strange-
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SU(3) unflavored |=1 meson Regge trajectories, and strange-
= O Reooe frajectories, PDG(2014) versus TS

moal OCDH=[505 MeV
3t :
2|
c
1L
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B 05 10 15 20 @ 25
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We would like to discuss now the crucial fundamental
property of the S-matrix, 1.e.
its asymptotic freedom,
and what this property actually means
in the large-N limit
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The large-N limit of (massless) SU(N) QCD:

- / 546550 e 2 I Tas Tr(F25) +i 5, 57 Davy d'e

(G. T FlocntliEVEs
I he following remarkable simplifications occur for local

correlators, as opposed to Wilson loops

For example, In the pure glue sector:
e 01 ($1)02(ZE’2) e On($n) > conn™ N2_n
thus at the Ieading WIN @iralerr:

1
- Ztr ol xl N ZWFQg(l’k) >—
af

1 2 2
<N zﬁ:trF solE)] > 8 = ) IRl )
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ndeed, at next to leading |/N order,
because of the vanishing of the

iNnteraction assoclated to 3 and multi-

point correlators,

two-point correlators, assuming confinement, are an Infinite

sum of free fields satistying the the

Kal

representation A [

8C

en-Lehmann

Al e

| <0]0™)(0)|p, n, s > |

CLOTAN o)
/<0 ()0 (0))onme ™" dx—ZP (S>)

pQ L m(8)2

<0[0W(0)|p,n,5,j >= €} (22) < 0[O (0)|p,n, s >

Z€§S)(%)€§S)(@) = p(S)(@)
J

m m
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But even solving just for the two-point correlators
s a very difficult problem vyet,

because It contains a complete information both
on the spectrum and on all the anomalous
dimensions of the theory,

as the following asymptotic theorem shows

M.B. Glueball and meson propagators of any spin
in large-N QCD
NBIEIRRRYS. B 5/5 (201 3) 621 [hep-thi [ 305.027 51
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AsnpuenEinEelaslin (MUE )

o0 (s)2D—4 (5)2 L (5)2
G OSN(0)) onn e P 0% e ~ Z P(S)( )mn Zn " ps (mn"")
conn — (s) 2 —F-7TZ(S)2

S 2 B S)2
_ p()(Pay a0~ 422() 1(()(2)) £

o0 (5)2
o P(s)(@)pzD—zL/ Z5 el A2

p e 2 DAS
log log( 42> o ) 5o~
- pts) (Pay 2D-4 e (1 o e g 1 )
(p)p !ﬁolog(A£CD) b5 log(z£—) p (log( QZD))
> Sl ~ [ fdn= [ fn)p(m?)dm?
=l : e :
) ()
2) = 709 () = exp/ Yo (9)
g() 6(g)
(5)2 1 g, oBle A;o)i 1 .
Zt (5) (1_ 2 <C>2 2 m,)? )>]
60 log A2 2 10g 1Og QCD
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Boin |

Map(m) = dap

1 1 1. mn,
~> [Qnafy(m;”)nw(m;”) + 5718y (M1 (mD) - 3%5("71%2))%6(”1%2))]

/<Oc(xl) (m)og) (O)>conn gy

PaPs ) m%1)2D_4Z§L1)2,01_1 (mq(ll)Z)

p? + m'D?

00 )R s 1
Pers) §~ Zi on e

p? + m'D?

(2)2D—4Z722)2p_1 (m,ffﬂ)

2

p? +my)?
e 1 1 00 er(b2)2 Al m?(%2)2
~ JoF [277047(19)7755(19) + 5718+(P)7as (P) — 377a6(p)7775(]?)] >t ((2)2 i
g0 ==ll P +mn
PaPpB s PaPp
f Mo (P) = Oap — o
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VWe want to use the asymptotic theorem as a guide
to find out a string solution of large-N QCD for the
(collinear) S-matrix

[t turns out that such a string candidate Is In a
completely new class of string theories with respect
to gauge/gravity, and that there are presently no
other candidates, because all the main examples

ey

VIO

considered so far;

ate the asymptotic freedom o

L are based on Maldacena gauge/gravity duality,

- the correlators,

as we will see momens

arily
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For example, for scalar and pseudosca
D asympt
NrsRRErS: M. | FIEPOS (201 3)

the QC

B(g)

gN

J{

ar glueball propagators
OtICS IS:

log log A

p2
2

hep-th/1304.6409))

tr(zaﬁ Fo%ﬁ(a:)) %tr(zaﬁ Fo%ﬁ(())) ) conm€ B

S 1

b1
2

M
p2

02
A2
MS

) o)

=@ s
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while for all presently known string models basead
on gauge/gravity, iIncluding Migdal original
proposal (1977)

Polchinski-Strassler (Hard Wall) (2001)

/ a0, e P~ Pt [2 I;ll((%ﬁ)) — logp] ~ —p? [logp == 0(6_2%)]

Soft Wall (Karch, Katz, Son, Stephanov) (2006)

_ N
/ )i P (0) >onne P Tdw~ —p logp + O(M—Q)

=
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Klebanov-5trassler (the most interesting and remarkable ):
n=1 cascading SUSY QCD (2000)

g (47?;)293
At the end of the cascade: = 5
Olog A . 1 e g2
/ B E0) > e P 0dr ~ pt log® % Krasnitz (2002)
2
Along the cascade: ~ N2 pptlog =

All the previous results, disagree with asymptotic freedom
and RG by powers of logarithms

t means that the would-be glueball propagators differ from
the correct answer in pure YM or in any Al theory for an
infinite number of poles and/or residues
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In fact, thanks to the asymptotic theorem, we can give the
old Veneziano string S-matrix program a new meaning as

follows:

Glven a candidate S-matrix we can now check the
asymptotic freedom, employing the asymptotic knowledge

of the residues provided
by the asymptotic theorem:

Given the candidate S-matrix, since we know the spectrum
from the amplitudes, we attach the propagators, and we

reinser
asympto

- the square root of the residues given by t

Al

ic theorem, working out the LSZ formulae the

other way around, In order to get the asymptotic
correlators and to check their asymptotic freedom
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But in order to find the correct string theory,
we can do more:

we can find by purely

field theoretical me

structure of the mys

lerious asymptotica
vertex

iplelels AL S 1t

ly-free 3-point

he
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In fact, extending the asymptotic theorem from 2-point to 3
point correlators,

we can determine the 3-point vertex asymptotically in the
B ([erihe Tirst time, M.B. [Inep=tafiR0>siE =i

by means of a new purely field theoretical method,
based on fundamental principles, that we called the
asymptotically-free bootstrap

Tuesday, September 22, 15



By combining the OPE and RG with Kallen-Lehmann,
the asymptotic spectral representation of 2 and 3-point
scalar correlators at large-N follows:
2L INFClelnalslg
— 2D_4Z,,%,0_1(m2)

il =
< O(ql)O(CD) > conn™ 5(Q1 g QQ) Z 2 2

il Ym0
at | /N order:

< OD,’YO (Q1)OD,70 (QQ)OD,’YO (QS) > conn
~ (g1 +q2 + Q3)C(Q2)G(2)(Q3)

=/ ol (00~ m
0 5 | | nq 1 nq no

n1:1

a3 order:

i OD,’YO (Q1)OD,70 (Q2)OD,70 (QS) > conn
2 D—4 2 ) mD—4Z p—l(mQ )
n3

o0 o0 o0 D) ah]i =

M=/ ey = e/ e (o
~O(@p e ta) Y > D / = : s - " d*p
o A (p+aq2)° +m2.  (p+ g2 Flgsi S

mn1i ==3; TLQZ]. ’)’L3:1

Tuesday, September 22, 15



In fact, by an old diagrammatic argu
ready knew that not only the -

WE d

Gorrela

S = —ir
2

ors are purely local in QC

dlse

D) ait

ment (Witten [983),

'WO-point

the leadl

COnNES
INg orde

the fundamental 3-point vertices are local,
at the leading non-trivial large-N order

Schematically:

|

/CID(—A+M2)<I>d4x+gS/CI>*CI>*<I>d4:1:

ed

g ol
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EER Reohscdlience we get (M.B. [hep-th/ | 407512 RGRISEEE

large-N QCD [Pl effective action can be re-summed into a
functional determinant, that 1s compatible with the large-IN

[EECIRSTROINT Vertex, In the sense that the TR
determinant arises by the (one-loop) quantiza

ctional
el o o

BHEEAICCal Pl 3 theory, with the structure ont
vertex determined by OPE, Kallen-Lehmann and
freedom !

After (one-loop) quantization:
1

ne 3-point
asymptotic

Cepn = 5tT/@(—A+M2)CI)d4Q?‘|‘gs/(I)*(I)*(I)d4x

1
+ 7 log Det(—A + M? + g,P*)
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r~

't follows the structure of the | Pl effective action for scalar

correlators in massless large-N QCD, asymptotically in the
U (MU 20014

|
Ser =5 ) / dgidga6(qy + q2)miy 2P Z 2 p(my )@ (q1) (g7 + may)Pn(g2)

(1) 00
cy (N Vet
+ 2 3(, ) / dqrdqadgsd(qr + g2 + q3) Y m2 P Z 1, (q1)
. 7’1,1:1
My P2 O, (@2)p(my,) Y M 25 B, (g5)
n3:1
C:(Bz) (N) dq1dgodqs0 < 2 m?;1DZ7;11(I)n1 (QQ)
T q1dq2dq3o(q1 + q2 + q3) Zl Mo, %+ m2,
ni1=
i 2 My Zoy Pua (43) i 2 g Zng Ons (@)
na=1 . (p ™ Q2)2 - m7%2 nz=1 - (p 0y Q3)2 r m’%l?)
_|_ 578 ; |
cg )(N ) ~ N for glueballs and gluinoballs
cél)(N ) ~ \/% for mesons
cgf)(N ) ~ NL for glueballs and gluinoballs

3
1
cgf)(N ) ~ ——= for mesons

VNE
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But this I1s not the whole story |
We want to find the asymptotic effective action and
asymptotic S-matrix
.e.  we want to go from
propagators and correlators
to

JRETE TEfms slfal Verces

this requires some more not-completely-trivial work
as a result we find some surprises for the S-matrix
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The generating functional of scalar S-matrix amplitudes (| Pl)
in massless large-N QCD, asymptotically in the UV

1
Scan :g Z / dQldQQé(Q1 5B QZ)(I)n(QI)(Q% T m%z)q)n(QQ)

1
. D)
3!

/dmdquq:a(S o+ ¢+ g3) Z . (q1) P, QQ)

niy,n3— 1

(2) L0
@ N mnl ¢n1 q
4 3 V) /dQ1dCI2dC]35(C]1 = 05 R / E i ) (2)

k==l

1

(p+ q2)? +m? — il ) i,

no ns3

n2:1

The S-matrix depends only on the spectrum but not on the
anomalous dimensions |
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Besides, In the pure-glueball sector of positive
charge conjugation of large-N QCD the higher-
order contributions to the asymptotic | Pl
effective action can be re-summed into a
functional determinant, that is compatible with
the large-N local 3-point vertex, In the sense that
the functional determinant arises by the (one-

loop) quantization of a purely local Phi” 3 theory |

], ¢ Gt
y §tr/<I>(—A+M2)<I>d4a: : 3!N/tr(<l>2M2)tr(Wpo P dia

/

0 glogDet(—A + M* + Cﬁpaﬁq)@)

c’ 1 / 1

Trlog(l — —((=A+ M)~ p; 7)) = Trlog(1 - %tr((—A + M2) 1o 23))
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This asymptotic analysis 1s a powerful guide to actually find a
string solution that has the aforementioned asymptotic
3-point vertex

There Is only one class of such string theories ...
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Does the Twistorial A-model on non-commutative twistor
space solve really QCD In 't Hooft limit,
only for the spectrum and the collinear >-matrix ?

We will see ... (to appear In the proceedings of
NendCeone 205 and or nladfen Zoiie
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