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Two parts:

|. Why Minkowski space is unavoidable ?

lI. How can be avoided ?




Running Nota:

Although restricted here to the framework of Bethe- Salpeter equation, the OentanglementO

between Euclidean and Minkowski metric is a fundamental problem in QFT

- F. Dyson, The S-Matrix in Quantum Electrodynamics, Phys. Rev 75 (1949) 1736

- G. Wick, Properties of the Bethe-Salpeter wave functions, Phys. Rev. 96 (1954) 1124

- J. Schwinger , On the Euclidean structure of relativistic field theory, Proc. Natl. Acad. Sci. U.S.A 44 (1958) 956

- K. Symanzik
Euclidean Quantum Field Theory I. Equations for a scalar model, J. Math. Phys. 7 (1966) 510
Euclidean Quantum Field Theory in Local Quantum Field Theory, Ed. by R. Jost, Academic Press Ne York (1969)
International School of Physics Enrico Fermi, Course XLV, Ed. by R. Jost (1968)

- K. Osterwalder and E. Schrader , Comm. Math. Phys. 42 (1975) 440

enhanced by the succes of Lattice calculations (where it is mandatory !)

The practical benefit of Minkowski -> Euclidean is clear. Much less clear is what is lost !

Maiani-Testa Ono go theorem®LB 245 (1990) 585: no scattering in euclidean spaceQ(cf S. Ryan contribution)
W. Polyzou et al: Euclidean formulation of relativistic quantum mechanicsO PRD89 (2014) 076008

General results are sometimes too deep to be clear.
BS framework is an ideal landscape to have some light!



Introduction (1)

Bethe Salpeter equation deals with a - pre-existing - QFT object (Gell-Mann Low)

O(xq, 19, P) =< 0| T{o(x1)p(22)} | P >

Its Fourier transform "(k,P)
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P2=M2 with M the total mass of the two-body system

Sik,P) = |
S, = free propagators s+k 7l m2+il

|
Sy(k,P) = +—»
2 P) Pl k?1 m2+il

IK =Interaction kernel
- if K would contain all the IR graphs, solving (1) would be equivalent to solve the full QFT
- This is however a wishful thinking. In practice one uses a very poor restriction: ladder+simple kernels



Introduction (2)

In terms of OVertex functionO F(k,p) =

and for the scattering process K.+ Kk, -> k; + k, the BS equation reads

d*k’' » . K(k,k:})/cﬁq;i(k’;p)
(2m)* %+k’¢2—m2+ie E—k

Fk;p) = K (k, ks) — i

%

)
'Y —m?2 4+ e

In Minkowski space the equation is plagued with singularities

- In the two-body free propagator
9

- In most of the kernels , even the simplests ones K (k, k) = koK) e |
- — €

- In the (inhomogenous ) Born term

- In the amplitude F(k,P) itself, and so difficult to represent

They are Omoving singularitiesO, i.e. depending on kO, !and on the soluin M
but also OcutsO with sharp appearence of imaginary part depending on k)






Bound-state Solutions in Euclidean space

To avoid these troubles - and get some solutions - G. Wick (54) proposed the! O Wick rotation O
It consists in introducing a new variable k,=ik, in terms of which the 4D metric is changed:

Minkowski (kg,k) # Euclidean (k ,,k)
=k B = (kB = k2

This leads to a Osmooth@itegral equation for the euclidean amplitude Dp(ky, k) = Ppplko = iky, k)

H Y0 | B
%2 dk;,dk’ 1

M " e n
rkiemt =S M el =0 G kg e

which is easily soluble by standard methods.
Until very recently, most of the existing solutions were found in this way

There are however some problems:

- The validity of the Wick rotation requires a careful analysis of kernel singularities
It is done only in some cases (ladder WC)
- The total mass M is invariant but the BS amplitude is not: impossible to recover " ,, from "

- What about other observables: scattering amplitudes, form factors, ! ?
Only computable in Minkowski space! (or numerical Otour de forceO cf. G. Eichmann contribution)

All these reasons motivated us for trying to obtain the Minkowski solutions !.



Not a simple C variable change E but a straightforward application of Cauchy theorem:

f(z)dz = f (z)dz

I o
If a continous deformation between two paths do not cross a singularity of f(z)

'k, =ik,

+IR

Ex: Singularities of free propagators

B

+ + +R
®3) (1)
Ko kg







Minkowski space solutions (I) : Nakanishi

In 2006 we proposed(*) a method based on an integral transform of the original BS equation
which makes all things regular
It was inspired by the relation between the Ligh-Front wave function " and the BS amplitude # |,

Wk Ww - ke -
U(ky, ko, P,w) _ r{_l?( B 2) / O(k + fw, P)d3 )

O

Can be viewed as an integral transform mapping the singular BS amplitude # ,, into a smooth LF wf "

We applied the LF projection (2) to the full BS equation

Let us write (2) in the form " =L# and apply L to each side of the BS eq

l = Gy K | =l L! = LGygK | =l "= LGyK!
To get same unknown on left and right (and avoid inverting L) we used the Nakanishi representation
S L
, Z
| (k,P)= dz d$# 98, 2) $ $ ! = Ng

1 0 $+m2t IM2U k2" Pakz" i

and obtained an equation for g L N g = ( L Go KN ) g Iﬁlikliglt];rizgr?itt?;ﬂ:fﬁ?nn

V.A. Karmanov and J.C., Eur. J. Phys A27 (2006)1



At the end : the OregularO integral (left and right) 2d equation for the weight function g reads

> / 1 / > / +1 / rot ot
/ d~y — 3 — 9(7,z) = / d~ / dz" V(v,z,v.,2)g(v.2")
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-1 Vis the OtransformedO of the iK kernel , with no any approximation
!

1] 4

! oS! — ap " " al (k+ " ’p)d' + n 1 s
V($;Z1$1Z) - # " (g+k+|n )2" m2+|0/’(’)# (gu ku !u )2!! m2+|0/'0'
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We obtained(*) analytic forms for usual boson exchange kernels, scalar and fermions (a bit tricky)

- M?2=4(m?-$? appears in both sides
- Once g is konwn, # is recovered by N (# =Ng) and " by L (" =LNg)

(*) J.C, V. Karmanov, and A46 (2010) 387



Further extensions: the Nakanishi -LF-BS equation L g=Rg (1)

1.! Was used to properly compute the e.m. form factors (see latter)

J. Carbonell, V.A. Karmanov, M. Mangin-Brinet, Eur. Phys. J. A39 (2009) 53
J. Carbonell and V.A. Karmanov, Few-Body Systems 49 (2011) 205

2. Was generalized to the two -fermions systems

J. Carbonell, V. Karmanov, Eur. Phys. J. A46 (2010) 387

3. Was written in the form g=L'Rg (2)

T. Frederico, G. SaImZ and M. Viviani, Phys. Rev. D 85 (2012) 036009
T. Frederico, G. SalmZ and M. Viviani, Phys. Rev. D 89 (2014) 016010
T. Frederico, G. Salme and M. Viviani, Eur. Phys. J. C75 (2015) 398

This is a highly non trivial result and an analytic C tour de force E

- free from somme Cill-defined E problem of (1) due to Lg

- it reproduces Cexactly E the results of (1)

- it was extended to scattering cf. M. Viviani/ SalmZ and W. de Paula contributions

g is a Cregular E, metric-independent object , ideal for Euclidean /Minkowski link
| although Nakanishi transform is quite tricky cf. T. Frederico contribution






Minkowski space solutions (lI): direct method

Although the previous method is directly applicable to solve the scattering problem we preferred to
undertake a direct solution of the BS equation, without any projection

This means to deal with a singular problem an requires some previous analytic work

Let us consider the inhomogeneous BS scattering equation for the off-shell amplitude

“ g K1k; k8 p"F1KC kg p-

121 "4 $E %k 1 m* %i"&$!! K221 m? %i"&

FIk; ke, p" # Klk kg, p"! i

There are 4 source of singularities

1.! The singular inhomogeneous Born term
1 o e
2. The 2+2 poles of the constituent propagators —— - PV + i"#(py ! a)
Po: a: . Do: @

2.! The kernel singularities

4.! The singular behaviour of F itself (due to K, but not only)

J.C and V.A. Karmanov Phys. Lett. B 727, 319 (2013), Phys. Rev. D 90, 056002 (2014)



Born term
| 2

W (p, po, ps) = 'ZWo(p,po,p! = Ps, Py = 0) :

It can have singularities in both variable




Kernel W ;>

W, is the original(*) boson exchange kernel integrated over u (scatering angle)

! i

I'm? ~ *1  du I m? 1 B+ 1%
N s L = )
_ (po! ph)2! p?! p?l 2 ST # 1
#= : 20 "= 0 i 18 > 1
. 0.5 T T T
In p@ (first integration) o4l mMu=0.158=0.2 N

| p=0.5 p0=0.3 pO=0.2

W, has 4 logarithmic singulariities both
in its real and imaginary part.

****************

0.3

They are know analytically and ) 0-2:
depend on external variables (p,,p) and pO 0.1
In pQ(second integral) EE—T ) T T
W, (pO) has 4 logarithmic singulariities ol
depending on the external variables (p,,p) 021
They are alqo analytically known 03 Rev(po0)
i - Im V(pO0)
041 —
-05 I I ST R I ST R T N N N R R
-2 -1 0 1 2

(*) WS is the symetrized version of W, to reduce the integration domain Wy>=W,(py)+W(-po)



Factorizing the Born term

Because of the inhomogenous term FB
F=F"+ / VF

F is singular and so difficult to represent on a basis of smooth fonctions.

To make things easier, we have factorized FB and introduced a new unknown function
F = FBf

The equation to be solved for f becomes
T

—_ 1 B
f—1+F—B V F° f

The unknown is now smooth but the kernel obtains additional singularities due to FB



Minkowski espace solutions (Il): direct method

After many steps (*) the S-wave BS equation in Minwoski space takes the form

Fo(ko, k) = Fg (Ko, k)

0,
+ Ié-- Ks WS (ko, K, O, Ks)Fo(0, ks)
Ks|
A dk KW (Ko, K, as , K)Fo(Jas |, K) ! 2™ WS (Ko, K, 0, Ks)Fo(O, Ks)
M o "e@ ! M) 0, B, K JFol |9 P > SO
P k2dK’
I Wy (Ko, K, @+, K)Fo(as , k
M o - (2,,k‘ IM) \ Wy (ko )Fo( ) " oy
Lo k 2dk" " 0K WS (Ko, K, Ky, KYFo(Ky, k) T WE (Ko, K, a , K)Fo(lag |, k)
2M |O k! |O " k(z)l a#
' i ' KZdk oK, We (Ko, k, ko, K)Fo(ko, k') I Wg(ko, k, a. , k') Fo(as, k)
. 2M 0 "k! 0 kél a%.

a+ (k!a ks) = % £ %.

In this form all the PV coming from propagator poles have been absorved (by sustraction)
It remains Conly E totreat the singularities of the kernel W%, of the Born term FB ! and solve it !

Quite a nasty equation foran S-wave! compared to the NR Lipmann-Schwinger one
C cOest la vie E in Minkowsldpace !

(*) J.C. and V.A. Kamanov, Phys Rev D90 (2014) 056002



However, this is the only way to compute in the whole kinematical domain:

-I' the off-mass shell F(k,kg;p)
-I' the half off-mass shell F(k,k,) (with p related to k)

and solve the BS scattering problem in its full complexity (including inelastic thresholds)

The observables are obtained from the on-shell value F°",(k,=0,k=k)

Flon

S 21ps
= 5 log 1+ 7

e.g. the phase shifts



Vertex function for Bound states

The first test as to drop the inhomogeneous term and check the binding energies
The agreement in B is C perfect E and so boring to show

Contrary to non relativistic wavefunction, the bound state vertex function $(k,,k) has an imaginary part

r sl _
[ M=1.9 m=1p=0.50
; 6 -
21
Ko Im(! }#0 :_E/ 4l _

These are non analytic C cuts E wich require very flexible numerical methods to be reproduced



Bound states results

Nothing relevant apart from the fact that:

BS-Euclidean, BS-Mink Nakanishi, BS-Mink Direct agree OperfectlyO

BS and Light-Front-Dynamics equations give very close results (2-body sector)

For u>0 BS+LFD never coincides with NR Schrodinger equation even in the B ->0 limit

Results are OtangentOO only in the Coulomb case
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Bound states results

No qualitative change when going beyond ladder

0,7 5

] BS, Ladder -
0,6 - LFD, Ladder+CL+SB

51 BS, Ladder+CL

B //_f,,.'/"—-'LFD, Ladder

0,4 -
0,3 -
0,2 -

0,11

0,0 -
1,0

J.C. and V.A. Karmanov, Eur. J. Phys A27 (2006)11



Results for scattering length
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Only at %=0 and the Bornterm, NR and BS agree.
If %&0they can dramatically differ, specially if there is a bound state

What matters is %=g/4', notp !!!

Strong interactions means always % >1! Who is right, Schrodinger or Bethe- Salpeter ?

~

C Gedankenexperiment E



Phase shifts and inelasticities
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The full scattering amplitude

il
205 o e

A phase shift corresponds to a single point on this C complex E surfaces
The full amplitude is needed for solving the 3-body Fadeev BS equation
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The problem with the Euclidean espace solutions

Assume we want to obtain a scattering BS equation for the euclidean amplitude Fg(k,,k)=F,,(k,=ik,,K)
by properly applying the Wick rotation, i.e. taking into account the singularities

Ak =ik,

k!g]-) (k’ks) — %S ‘|‘%' n |#: t+a, " |#

KP (K ks) = %, " % +i#="a +i#

KO (K ks) = "%, +% " i#=+a " i#

KW (K ks) = "%. " % +i#="a., +i# ko

a, (k' ks) = % + %,

The initial BS equation becomes
A4k V (ks K K K FE(KL K k)

FE(k ,E;ES - VB k ,E;Es +
(Fs ) (K4 ) (27)4 (]-gﬁl2 + a2_)(k£l2 + a%_)

+ S(k4, k, ks)

16rm2a
(ks — k)2 + (k= K)2+ p2.

VB (ks kiks) =V (ka, k; k) = 0, k" = k)

V(k47 ];1 kila lg/) =
with C rotated E kernels

+ one additional term S accounting for the residues at poles



The additional term S contains the Minkoswki amplitude at the particular value Fuv (" ! e, K

A second integral equation is thus needed to solve the problem !
and one ends with a system of two-coupled equations involving both Fz and F,,
denoted symbolically

Fg(ks k) = Ty [Fp(ky, k), Fu(er, — e, k)]
FM(@ss — Ek,/{) = IQ [FE(k:l,/{/),FM(EkS — Ek!,k/)}

This system of equations was first obtained by M. Levin, J. Wright, and J. Tjon, Phys Rev 254 (1967) 1433
Rederived and solved in J.C. and V.A. Kamanov, Phys Rev D90 (2014) 056002
to check our direct solution F, (for the particular value of k)

- It remains singular (in the Minkowski part)

- It does not provide the full amplitude F,,

- It is a coupling betwenn F¢ and Fy,

- On-mass shell, i.e. if k,=0, one has F.(0,k.)=F,,(0,k.) and so can be used to get the elastic phaseshifts



The case of zero energy scattering (k  .=0)

It can be shown() that the additional term S coupling to the Minkowski vanishes in the limit k,=0

One obtain this way a regular purely Euclidean equation for F .. For S-waves it reads

> o0 . 1./ /
Fo(ka, k) = Vo (ka, k) + / K2dk / i, — Yotk i kg k)

0 0 (ky? 4+ ' ) (k2 + dl ?) o(ka, k)

The scattering length is directly given by a,=-F5,(k,=0,k=0)/m
Apart from providing a very stable and cheap solution of the BS equation (like bound states)

it demonstrates, in the BS framework, the possibility to obtain (till now zero energy!) scattering
results from purey Euclidean solutions

This suggests an alternative way to Luscher method for computing scattering observable in
Lattice calculations : one needs only (the Fourier transform of) the Euclidean version of

Oy, 29, P) =< 0 | T{P(x1)p(x2)} | P >

This quantity has been computed since many years in LQCD to obtain the NN potential

e.g. in Ishi, Aoki, Hatsuda, Phys. Rev. Lett. 99 (2007) 022001 (PAC-CS, HAL-QCD collaboration)
but never used to compute a,

(*) J.C. and V.A. Kamanov, submited for publication
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Conclusion

We have presented two methods for solving Bethe-Salpeter equation in Minkowski space.
- One based on the Light-Front projection and Nakanishi representation
- One based on a direct solution with a careful analysis of singularities

The zero energy results of BS and NR differ by (W/M) terms.
This difference is reduced but remains when going beyond the ladder approximation.

The Minkowski solutions are mandatory
- for computing the em elastic and transition form factors
- for computing the off-shell scattering amplitude.

They can be avoided for the zero energy scattering (for the moment!).
The scattering length is accesible from the purely Euclidean BS amplitude Fg
An alternative way to Luscher method in Lattice calculations






p/2+k p/2+k_ p/2+k p/2+k_
= kk_
p/2-k p/2-k_ p/2-k p/2-k_

p/2+k p/2+k' p/2+k_
kK /
p/2-k p/2-k' p/2-k_

FIG. 1: Bethe-Salpeter equation for a scattering state.



Computing electromagnetic form factors in Minkowski

(p + PV Far (Q) i/.&k PP 2k) U (sp— kp)T (50— k.p)
ptp ) EFMQT) — i |
Jo(2m)t (np k)2 —m? | z(l)( — k)2 —m? | z())|k2—7712 F10)

ll]xl.klpo

In terms of BS amplitudes ¢k, . k;:»)
P (k3 —m? +i0)(k3 —m?2 +i0)

(P+ P")2Fy(Q?) = / (214’; ((P P')? —2k. (P+P’)) (m? — k%) @y, (% — k, P) Dy (5' — k, P’) (4)

#,, can, in its turn, be expressed trough g( €z)!'and computed with a 5d integral

This calculation requires ®;(k, P) and ®;(k, P'), ¥k and V(P, P') such that Q* = —(P' — P)?

It is enough to obtain the BS amplitude "at the rest frame”, i.e. P = (M,0) and apply a Lorentz boost.

Oy (k, P) = Dpr(ko. k|, Po, P) = Opr(kh, |k'|, M, 0)

provided
Mky(k,P) = (koPo—k-P)
K 2(k,P) = [k[2— Kk + Kk’



Electromagnetic form factor in Minkowski in terms of the Nakanishi weight fonction g

1 1 b 1 ' f
2y — . # # ot 2091 (21 num
Fum (Q%) STEN,, d$ ..1dz o$, 2); ) d$ ..1dz 9($", 2" i duu®(1! u) f1_

with
foum = (6% 5)M2+[$HL! u)+ $u](B3%U 2)+2M2%l! %+ %Qz(ll uwu(l + z)(1 + 27
fgen = M2+ $%11 u)+ $u!l M?1! %%t %Qz(ll uwu(l + z)(1 + 29,

whereQ?=! (p! p»?> 0 and
%= %(1+ Z)u + %(1+ ZH(1! u)

The normalization factor Ny, is found from the condition Fy (0) = 1

We could compute in this way® - and for the first time ! - the BS e.m. form factor in Minkowski

(*) Eur. Phys J. A9, 53 (2009), Review in Few-Body Systems 49 (2010) 205



The problem in euclidean space :  assume that the Wick rotation is legal !

Recipe : start with (4) and OrotateO kg#ik ,

1 TN — £ (il ) '
k%-— EQ felky, k) = farliky, k) -—kﬁ —-Eb

Far (Ko, k)
Inthe Breitframe » — —9 Py po— M2 p2  QF— 1p?

l l

e ro - [idkydik . , .
]])éFE(Qz | —1 /# Ipo(—)po | 2L4) ('7712 | LQ — '—)p() — 'ZL';; ‘)2)
S | N ©)
< O (ke 57— F:p) g (ki — 7~ F:p)

Two kinds of problems appear here:

1 - The knowledge of ! . everywhere (Oboost problemQ)
2 - The Wick rotation in the integral  (5)



Even assuming no singularities crossed in th Wick rotation: the C boost problem E
This calculation requires ®g(k, g, Po) .%p related to Q2
The boosted and rest :1111]_)|illl(|(,*.\' are related in the same way as (49)
Gl be.p. Py) — O KL 0.0M)

where the relation between rest-boosted variables is obtained according to (5H0) with /.'0 //-'4

lj.f 1{:. #}(1.-412 | ,'1.-'). 1>)
K2 (k, P) K2+ k2 — &,

Euclidean BS amplitude found for real arguments cannot be used to calculate form factors

Two options:
-l Solve BS in complex plane, i.e. with complex arguments

-1 Solve BS equation for any value of (P,PO)
Static approximation: it consist in =olving at rest and setting

Dp(ly, k. o Fy) — Pelhy, k0. 0M )

Most of the existing result were obtained this way [e.g. Zuilhof, Tjon Phys. Rev. 22(1980)2369)]
How good are they ?



The problem in euclidean space : Let us perform the Wick rotation in the integral (5)

WIPO(E‘DO | zlq) (m bk — 5])0 —iky) ) o

. = l . =
x Og (1&1-. 5P — ki])) Pg (k4.~ —5P k:p‘)

PAFe(Q?) — i |

Our approach provides provides actually ! . everywhere (even for complex arguments)
It is simply given by g( €éz) and

_i 1 ’ x 7 l:ﬁ;'q Z :.
Dk, p) — [ @ [ ay 97 ;
Vidm /-1 Jo [" rm2 —tM?2 -k —p-k2 — ie]

So we can OOnaivelyO compute(5)
If the OWick rotationO is legal , the result should coincide with (4)! but it does not !

HOWEVER a careful analysis () shows that the integrand crosses singularities,
Their contributions are not taken into account and that makes de difference
To properly treat them is very hard

No clear issue for computing form factors in euclidean

(*) Eur. Phys J. A9, 53 (2009), Review in Few-Body Systems 49 (2010) 205



A simple illustrative model kO=ika

+iR
. 1
M7 k2T m2+ i4[(p! k2! m2+ i# |
X
+ +
- - kO
'R + + +R
IR
: : (M1 ko)dko
i i = I K2 i = 4.99241410 *
Exact Minkowski— Fu(0) = Gryay 4 kdk|$ [T K21 m2+ i"J[(ko! M)Z1 K21 m2+ i"]2
|_0!$ S8 (M1 iknidke
: : i U iky)i )
Naive Euclidean Fyw(0)= ——— k2dk = 3.15404410 *
Nw(0) (2! )4l\/| 5 [kz%"' k2 + mz][(k4+ i|\/|)2+ k2 + m2]2
0 !
MZ! m2
Pole contribution  Fred0) = (2! i Re§ 4! k°dk = 1.83837# 10 4

0

Fnw(0) + Fred0) = 3.15404410 #+ 1.83837410 4 = 4.99241410 *



The existing results in the literature
from the Minkowski-space ones

(Ostatic approximationO) are very different
(only scalar case was computed)
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Fig. 6. Form factor via Minkowski BS amplitude (solid curve)
and in static approximation (dashed curve).



The ONaeve EuclideanOresults B only computed using g due to Oboost problemO B
are also different from the Minkowski-space ones (only scalar case was checked)
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When properly computed (Minkowski space) BS and LFD are very close
(only scalar case was tested)
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V.A. Karmanov , J.C., M. Mangin-Brinet , FB18 2006, Brasil ; hep-th /06



Last comparison: BS and C LFD E
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more precisely !

Oy, 29, p) = (O]T {@(x1)p(22) | [P)

On left by, 20.p) = 5 O(x,p) e

( T
O(x,p) :/ T Olk.p) e ke

—ip-r1+4x2)/2

On right p) = / (k. ko, p.wT)2(w - p)o(ky + ko — p — wT)dT

) 3/2 (13]\'1 (1311'.'2
(2m)3/2, 26, (2m)3/2\/2¢;,

[\.J

x

/"

Wk, ke, Pow) = W f(l)(wp) k2) /\ Dk + Bw, p)df (2)
W - J =

—

(2) equivalent to u?(l? 1.r) = / Ok, p)dk— ke =koxk,, w=ky/py, k= (ks k)



