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Two parts: 
 
I. Why Minkowski space is unavoidable  ? 
 
II. How can be avoided  ? 



Running Nota: 
 

Although restricted here to the framework of Bethe- Salpeter  equation, the ÒentanglementÓ  

between Euclidean and Minkowski  metric is a fundamental problem in QFT 
 - F. Dyson , The S-Matrix in Quantum Electrodynamics, Phys. Rev 75 (1949) 1736 

 - G. Wick ,  Properties of the Bethe-Salpeter wave functions,  Phys. Rev. 96 (1954) 1124 

 - J. Schwinger , On the Euclidean structure of relativistic field theory, Proc. Natl. Acad. Sci. U.S.A 44 (1958) 956 

 - K. Symanzik    

    Euclidean Quantum Field Theory I. Equations for a scalar model, J. Math. Phys. 7 (1966) 510 

    Euclidean Quantum Field Theory in Local Quantum Field Theory, Ed. by R. Jost, Academic Press Ne York (1969)  

    International School of Physics Enrico Fermi,  Course XLV, Ed. by R. Jost (1968) 

  - K. Osterwalder  and E. Schrader , Comm. Math. Phys. 42 (1975) 440 

enhanced by the succes  of Lattice calculations (where it is mandatory !) 

 

The practical benefit of Minkowski -> Euclidean is clear. Much less clear is what is lost ! 

 
Maiani-Testa  Òno go theoremÒ PLB 245 (1990) 585: no scattering in euclidean spaceÓ (cf  S. Ryan contribution) 

W. Polyzou  et al: Euclidean formulation of relativistic quantum mechanicsÓ  PRD89 (2014) 076008 

  

General results are sometimes too deep to be clear. 

BS framework is an ideal landscape to have some light! 



Introduction (1) 

Bethe Salpeter equation deals with a - pre-existing - QFT object (Gell-Mann Low) 

Its Fourier transform "(k,P) 

2 BS

Γ(k, P ) =

∫

d4k′

(2π)4
iK(k, k′; P ) S1(p

′
1) S2(p

′
2) Γ(k′, P ) (1)

ΦE(k4,"k) ≡ ΦM (k0 = ik4,"k)

ΦM(k0,"k) ≡ ΦE(k4 = −ik0,"k)

(p2
1,E + m2)(p2

2,E + m2)ΦE(p4, "p) = g2

∫

dk4d"k

(2π)4

1

(p − k)2
E + µ2

ΦE(k4,"k)

(p0, p ≡| "p |)

Φ(x1, x2, P ) =< 0 | T{φ(x1)φ(x2)} | P > (2)

often expressed in terms of his Fourier transfom

Φ(x1, x2, P ) =

∫

dp1

(2π)4

dp2

(2π)4
Φ(p1, p2) e−iPx e−ikx

= e−iPx

∫

dk

(2π)4
Φ(k, P ) e−ikx (3)

where P = p1 + p2 2k = p1 − p2

3 BSMINK

∫

dβ Φ(k + βω, p) =

∫

dβ G(12)
0 (k + βω, p)

∫

d4k′

(2π)4
iK(k + βω, k′, p) Φ(k′, p) (4)

V (γ, z, γ′, z′) =

{

W (γ, z, γ′, z′) if −1 ≤ z′ ≤ z
W (γ,−z, γ′,−z′) if z ≤ z′ ≤ 1

(5)

avec

W (γ, z, γ′, z′) =
αm2

2π

(1 − z)2

γ + m2z2 + κ2(1 − z2)

∫ 1

0

v2

D2(v)
dv (6)

et

D(γ, z, γ′, z′, v) = v(1 − v)(1 − z′)γ + (1 − z)[(1 − v)µ2 + vγ′]
+ vm2 [(1 − v)(1 − z′)z2 + vz′2(1 − z) ]
+ vκ2(1 − z)(1 − z′) [1 + z − v(z − z′) ]

Nakanishi integral representation [?, ?]:

2

satisfies a 4D equation. For bound state case:   

1.2 M«ethode graphique (fonction de vertex)

!!!!!!!

"

p2 = P
2 − k

#######

$

p1 = P
2 + k

!
P

=

%p2 p′2 = P
2 − k′

%p1
p′1 = P

2 + k′

!!!!!!!

"
#######

$

!

! (k, P ) K(k, k!, P )

p1 + p2 = P
p1 − p2 = 2k

On suppose la ”Vertex fonction” ! , sur qui s’appliquent les règles de Feynmann

! (p1, p2) ≡ ! (k, P )

satisfaire l’équation intégrale de la figure. On obtient suivant ces règles1

! (k, P ) =
∫

d4k′

(2π)4
iK(k, k′;P ) S1(p1) S2(p2) ! (k′, P ) (1)

où:

1. Si sont les propagateurs2

S1(p1) =
i

p2
1 − m2 + iε

=
i

(

P
2 + k

)2
− m2 + iε

S2(p2) =
i

p2
2 − m2 + iε

=
i

(

P
2 − k

)2
− m2 + iε

2. K est le interaction kernel, qui correspond à la boite et est donné par les diagrammes de Feynman. Pour le
cas d’echange scalaire on a3

K = −
g2

(k − k′)2 − µ2 + iε

Si on introduit la fonction – ou amplitude – de BS par

" (k, P ) = S1(k, P ) S2(k, P ) ! (k, P )

elle obéit l’équation de BS ”canonique”

" (k, P ) = S1(k, P )S2(k, P )
∫

d4k′

(2π)4
iK(k, k′;P ) " (k′, P ) (2)

ou encore
[

(

P

2
+ k

)2

− m2

] [

(

P

2
− k

)2

− m2

]

" (k, P ) = −
∫

d4k′

(2π)4
iK(k, k′;P ) " (k′, P ) (3)

1. Correspond à l’équation (1) de EPJA 27 (2006) 1

2. Il faut faire le lien avec la definition en QFT (Low)

" (x1, x2) =< 0|T{φ(x1)φ(x2)}|0 >

ou les champs sont écrtis en representation d’Heisenberg

1En fait il faut iΓ de chaque coté
2S = i∆, signe de ε toujours opposé a celui de m
3Ne correspond pas a Gross pag 600
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iK=Interaction kernel  
- if K would contain all the IR graphs, solving (1) would be equivalent to solve the full QFT 
- This is however a wishful thinking. In practice one uses a very poor restriction: ladder+simple kernels  

Si = free propagators 

P2=M2  with M the total mass of the two-body system 
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! (k, P ) =
!

d4k′

(2π)4 iK(k, k′; P ) S1(p1) S2(p2) ! (k′, P ) (1)

où:
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3Ne correspond pas a Gross pag 600

4

whereP = p1 + p2 2k = p1 ! p2

S1(p1) =
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p2
1 ! m2 + i !

=
i

!
P
2 + k

"2
! m2 + i !

S2(p2) =
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=
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!
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P
2 ! k
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(1)  



Introduction (2) 

In terms of ÒVertex functionÓ  

and for the scattering process  k1s + k2s -> k1 + k2  the BS equation reads 
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I. INTRODUCTION

Bethe-Salpeter (BS) equation [1] is an e! cient tool for study the relativistic systems in the explicitly covariant
framework. One of the important properties of this formalism is that the formal object it deals with – the BS
amplitude – has a Quantum Field Theoretical definition as a vacuum expectation value of the T-ordered product
of Heisenberg field operators [2]. For instance, the two-body BS amplitude in a scalar theory ! reads

" (x1, x2; p) = 〈0 | T {! (x1)! (x2)} | p〉 (1)

where | p〉 is the state state vector with total momentum p = k1 + k2. The BS amplitude " obeys an integral
equation which uses to be written in momentum space. For that purpose, one first remark that translational
invariance imposes " to have the form

" (x1, x2; p) =
1

(2" )3/ 2
" (x, p) e! ip ·(x 1+x 2)/ 2,

with x = x1 − x2 and where " (x, p) is called the reduced amplitude. Its Fourier transform " (k, p) defines the
momentum space BS amplitude usually computed:

" (x, p) =

∫

d4x " (k, p) e! ik ·x ,

The amplitude " (k, p) is related to the two-body scattering amplitude of the process k1s + k2s → k1 + k2 as
follows

F (k, p) =
" (k, p)

S1(k, p)S2(k, p)

where 2k = k1 − k2 and Si are the free one-body propagators. Written in terms of F , the inhomogeneous BS
equation for two spinless particles in Minkowski space reads:

F (k; p) = K (k, ks) − i
∫

d4k"

(2" )4
K (k, k")F (k"; p)

[

( p
2 + k"

)2 − m2 + i #
] [

( p
2 − k"

)2 − m2 + i #
] (2)

where the interaction kernel K is given by a set of the irreducible Feynman graphs. The di#erent steps of this
derivation are detailed in [3, 4].

For the bound state case, the inhomogeneous term drops out and the p-dependence of the o#-mass shell
amplitude F (k; p) in the center of mass (c.m.) frame appears only via p2 = M 2 where M is the total mass of
the system. The notation F (k0,$k) is then currently used.
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I. INTRODUCTION

Bethe-Salpeter (BS) equation [1] is an efficient tool for study the relativistic systems in the explicitly covariant
framework. One of the important properties of this formalism is that the formal object it deals with – the BS
amplitude – has a Quantum Field Theoretical definition as a vacuum expectation value of the T-ordered product
of Heisenberg field operators [2]. For instance, the two-body BS amplitude in a scalar theory φ reads

Φ(x1, x2; p) = 〈0 | T {φ(x1)φ(x2)} | p〉 (1)

where | p〉 is the state state vector with total momentum p = k1 + k2. The BS amplitude Φ obeys an integral
equation which uses to be written in momentum space. For that purpose, one first remark that translational
invariance imposes Φ to have the form

Φ(x1, x2; p) =
1

(2π)3/ 2
Φ(x, p) e−ip á(x 1 +x 2 )/ 2,

with x = x1 − x2 and where Φ(x, p) is called the reduced amplitude. Its Fourier transform Φ(k, p) defines the
momentum space BS amplitude usually computed:

Φ(x, p) =

!
d4x Φ(k, p) e−ik áx ,

The amplitude Φ(k, p) is related to the two-body scattering amplitude of the process k1s + k2s → k1 + k2 as
follows

F (k, p) =
Φ(k, p)

S1(k, p)S2(k, p)

where 2k = k1 − k2 and Si are the free one-body propagators. Written in terms of F , the inhomogeneous BS
equation for two spinless particles in Minkowski space reads:

F (k; p) = K(k, ks) − i

!
d4k′

(2π)4
K(k, k′)F (k′; p)

"#p
2 + k′

$2 − m2 + iε
% "#p

2 − k′
$2 − m2 + iε

% (2)

where the interaction kernel K is given by a set of the irreducible Feynman graphs. The different steps of this
derivation are detailed in [3, 4].

For the bound state case, the inhomogeneous term drops out and the p-dependence of the off-mass shell
amplitude F (k; p) in the center of mass (c.m.) frame appears only via p2 = M2 where M is the total mass of
the system. The notation F (k0,$k) is then currently used.

In Minkowski space the equation is plagued with singularities  
 
- In the two-body free propagator 

- In most of the kernels , even the simplests ones 
 
- In the ( inhomogenous ) Born term 

- In the amplitude F(k,P) itself, and so difficult to represent  

They are Òmoving singularitiesÓ, i.e. depending on kÕ, !and on the solution M  
but also ÒcutsÓ with sharp appearence of imaginary part depending on (k0,k)  

whereP = p1 + p2 2k = p1 − p2

S1(p1) =
i

p2
1 − m2 + iε

=
i

(

P
2 + k

)2 − m2 + iε

S2(p2) =
i

p2
2 − m2 + iε

=
i

(

P
2 − k

)2 − m2 + iε

S1(k,P) =
i

(

P
2

+ k
)2 − m2 + iε

S2(k,P) =
i

(

P
2
− k

)2 − m2 + iε

K (k, k) = −
g2

(k − k′)2 − µ2 + iε

3





Bound-state Solutions in Euclidean space  

To avoid these troubles - and get some solutions - G. Wick (54) proposed the! Ò Wick rotation Ó   
It consists in introducing a new variable k0=ik4 in terms of which the 4D metric is changed:   

There are however some problems: 
 
  - The validity of the Wick rotation requires a careful analysis of kernel singularities 
     It is done only in some cases (ladder WC) 
  - The total mass M is invariant but the BS amplitude is not: impossible to recover " M from " E 

  - What about other observables: scattering amplitudes,  form factors, ! ? 
    Only computable in Minkowski space!  (or numerical Òtour de forceÓ cf. G. Eichmann contribution) 
 
All these reasons motivated us for trying to obtain the Minkowski solutions !.  

This leads to a ÒsmoothÓ integral equation for the euclidean amplitude  

Minkowski (k0,k) # Euclidean (k 4,k) 

2 BS

! (k, P) =

!
d4k′

(2π)4
iK (k, k′; P) S1(p′

1) S2(p′
2) ! (k′, P) (1)

! (k, P) =
" (k, P)

S1(p1) S2(p2)

" E(k4,"k) ≡ " M (k0 = ik 4,"k)

" M(k0,"k) ≡ " E(k4 = −ik 0,"k)

(p2
1,E + m2)(p2

2,E + m2)" E(p4, "p) = g2
!

dk4d"k
(2π)4

1

(p− k)2
E + µ2

" E(k4,"k)

(p2
1,E + m2)(p2

2,E + m2)" E(k4,"k) = g2
!

dk′
4d"k′

(2π)4

1

(k − k′)2
E + µ2

" E(k′
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%
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%
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1
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0
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−∞
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(p0, p ≡| "p |)

" (x1, x2, P) =< 0 | T{φ(x1)φ(x2)} | P > (3)

often expressed in terms of his Fourier transfom
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dp1

(2π)4

dp2

(2π)4
" (p1, p2) e−iPx e−ikx

= e−iPx
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dk

(2π)4
" (k, P) e−ikx (4)

" (x1, x2, P) =
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dp1

(2π)4

dp2

(2π)4
" (p1, p2) e−iPx e−ikx = e−iPx

!
dk

(2π)4
" (k, P) e−ikx

where P = p1 + p2 2k = p1 − p2

2

which is easily soluble by standard methods. 
Until very recently, most of the existing solutions were found in this way 



Not a simple Ç variable change È but a straightforward application of Cauchy theorem: 

Ex: Singularities of free propagators 

If a continous deformation between two paths do not cross a singularity of f(z)  

4
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0
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Minkowski space solutions (I) : Nakanishi  

In 2006 we proposed(*) a method  based on an integral transform of the original BS equation  
which makes all things regular 
It was inspired  by the relation between the Ligh-Front wave function "  and the BS amplitude # M 

V.A. Karmanov and J.C., Eur. J. Phys A27 (2006)1 

Can be viewed as an integral transform mapping the singular BS amplitude # M  into a smooth LF wf "  
  

We applied the LF projection (2) to the full BS equation 

Let us  write (2) in the form  " =L#   and apply L to each side of the BS eq 
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To get  same unknown on left and right (and avoid inverting L) we used the Nakanishi representation  
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and obtained an equation for g  
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L = Light front projection 
N =Nakanishi transform 



At the end : the ÒregularÓ integral (left and right) 2d equation for the weight function g reads  
 

- M2=4(m2-$2) appears in both sides 
 
- Once g is konwn, #  is recovered by N (# =Ng)  and "  by L (" =LNg) 
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-! V is the ÒtransformedÓ of the iK kernel , with no any approximation  
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We obtained(*) analytic forms for usual boson exchange kernels, scalar and fermions (a bit tricky) 

(*) J.C, V. Karmanov,  Eur. J. Phys A27 (2006) 1  and  A46 (2010) 387 



Further  extensions: the  Nakanishi -LF-BS equation      L  g = R g  (1) 
 
1.! Was used  to properly  compute  the e.m. form  factors   (see latter) 
 
         J. Carbonell, V.A. Karmanov, M. Mangin-Brinet, Eur. Phys. J. A39 (2009) 53 
         J. Carbonell and V.A. Karmanov, Few-Body Systems 49 (2011) 205 

 
2.  Was generalized  to the two -fermions systems  
        
         J. Carbonell, V. Karmanov, Eur. Phys. J. A46 (2010) 387 

 
3. Was written  in the form     g =  L -1R g  (2) 
   
        T. Frederico, G. SalmŽ and M. Viviani, Phys. Rev. D  85 (2012) 036009  
        T. Frederico, G. SalmŽ and M. Viviani, Phys. Rev. D 89 (2014) 016010 
        T. Frederico, G. Salme and M. Viviani,  Eur. Phys. J. C75 (2015) 398 

 
     This is  a highly  non trivial result  and an analytic  Ç tour de force È       
      - free from somme Ç ill-defined È problem of (1) due to Lg 
      - it reproduces Ç exactly È the results of (1) 
      - it was extended  to scattering   cf. M. Viviani/ SalmŽ and W. de Paula contributions 
  

g is  a Ç regular  È, metric-independent  object , ideal  for Euclidean /Minkowski link  
! although Nakanishi transform is quite tricky   cf. T. Frederico  contribution   





Minkowski space solutions (II): direct method  

Although the previous method  is directly applicable to solve the scattering problem we preferred to 
undertake a direct solution of the BS equation, without any projection  
 
This means to deal with a singular problem an requires some previous analytic work 
 
Let us consider the inhomogeneous BS scattering equation for the off-shell amplitude 

J.C and V.A. Karmanov  Phys. Lett. B  727, 319 (2013), Phys. Rev. D  90, 056002 (2014)  

There are 4 source of singularities 
 
1.! The singular inhomogeneous Born term  

2.   The 2+2 poles of the constituent propagators    

2.! The kernel  singularities  
 
4.! The singular behaviour of F itself  (due to K, but not only) 

3 BS Direct
1

p!
0 ! a ! i!

= PV

!
1

p!
0 ! a

"
+ i"#(p!

0 ! a)

4

F!k; ks; p" # K!k; ks; p" ! i
Z

d4k0

!2! "4

K!k; k0; p"F!k0; ks; p"
$!p2 %k0"2 ! m2 %i"&$!p2 ! k0"2 ! m2 %i"&

: !3"

We will consider all along in this article the case of spinless
particles interacting by the one-boson exchange kernelK:

K!k; k0; p" # !
16! m2#

!k ! k0"2 ! $2 %i"
; !4"

where # # g2=!16! m2" is the dimensionless coupling
constant. In the nonrelativistic limit, this kernel leads to
the Yukawa potentialV!r" # ! # exp! ! $r"=r. We denote
by M2 # p2 the squared total invariant mass of the system.

The amplitudeF depends on the three four-momentak, ks,
andp. In the center-of-mass frame, defined by~p # 0, one has
ks # ! 0; ~ks" andp0 # M # 2%ks

# 2
!!!!!!!!!!!!!!!!
m2 %k2

s

p
. For a given

incident momentum~ks, F depends on the three scalar
variablesk0, j~kj, and z # cos!~k; ~ks". It will be hereafter
denoted by F!k0; k; z", setting abusivelyk # j~kj and
ks # j ~ksj. The modulus of the incident momentumks plays
the role of a parameter (like the bound-state massM in the
bound-state equation), and therefore, it will not be included in
the arguments of the amplitude. However, in contrast to the
bound-state case, one hasM > 2mandF depends also on the
extra variablez # cos&, where& is the scattering angle.

Notice that the solution thus obtained is the half-off-
mass-shell amplitude. It is a particular case of the so-called
full off-shell amplitudeF!k0; k; z; k0s; ks; M". The latter, in
addition to the variablesk0, k, andz, depends also on the
off-shell independent variablesk0s and ks, now with
k0s " 0 andk0s " %ks

, and the total massM, which is an
independent parameter neither equal to2%ks

nor related to
k0s. By Òoff-shell amplitude,Ówe will hereafter mean the
half-off-shell amplitude. The method we have developed
can also be applied to the full off-shell amplitude, although
the dependence of the latter on two extra variablesk0s and
ks requires much more extensive numerical calculations
and will not be considered here.

The difficulty in computing the off-shell amplitude
F!k0; k; z" in the entire domain of its arguments is due
to the singular character of the inhomogeneous termK as
well as of each of the factors in the integrand of Eq.(3). In
particular, the singular character of the amplitudeF itself
makes it hardly representable in terms of smooth functions.
These singularities are integrable in the mathematical
sense, due toi" in the denominators of propagators, but
their integration is a quite delicate task and requires the use
of appropriate analytical as well as numerical methods.

To avoid these problems, Eq.(3)was first solved on shell
[27] by rotating the integration contourk0 ! ik4 and taking
into account the contributions of the crossed singularities.
These singularities are absent in the bound-state case but
exist for the scattering states. A similar method will be
developed in Sec.V as a test of our approach.

The off-shell amplitudeF!k0; k; z" can be obtained by
directly solving the corresponding three-dimensional equa-
tion derived from(3) after integrating over the azimuthal
variable. However, we prefer to present in what follows its
partial wave solution. This procedure, apart from the much
smaller numerical cost, has the advantage of smoothing the
kernel singularities, in particular, in the inhomogeneous
term. The partial wave amplitudeFL!k0; k" is defined as[31]

F!k0; k; z" # 16!
X#

L# 0

!2L %1"FL!k0; k"PL !z"; !5"

wherePL!z" is the Legendre polynomial and

FL!k0; k" #
1

32!

Z
1

! 1
dzPL!z"F!k0; k; z": !6"

By inserting(5) into (3), we obtain a set of uncoupled
two-dimensional equations for the partial amplitudesFL:

FL!k0; k" # FB
L !k0; k" ! i

Z
#

0
k02dk0

Z
#

!#
dk0

0
WL!k0; k; k0

0; k0"FL !k0
0; k0"

!k0
0 ! a! %i""! k0

0 %a! ! i ""! k0
0 ! a% %i""! k0

0 %a% ! i""
; !7"

FIG. 1. Bethe-Salpeter equation for a scattering state.
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Born term  

It can have singularities in both variable 

5.13.2 Inhomogeneous term

The Born inhomogeneous term is given by

W B(p, p0, ps) =
π2

4
W0(p, p0, p

! = ps, p
!
0 = 0) = !

αm2

4

!
log

"
"
"
"
η0 + 1

η0 ! 1

"
"
"
" ! iπI(η0)

#

with

η0(p, p0, ps) =
p2
0 ! p2 ! ps

2 ! µ2

2pps

1. If p " 0 one has | η |" # and W B
0 = 0

2. This term is singular, both in p!
0 and p! variables

¥ On p!
0: due to symmetry between the 2 first and the 2 second arguments in W0, the singularities on

second argument of FB($, p0) are given by singularites of p!
0 on W0 when p = ps, p0 = 0, i.e. by

p!
0,± (p!) =

$
(p! ± ps)2 + µ2

They are independent of the collocation points

¥ On p!: FB(p!, p!
0) can have singularities as a function p! for arbitrary values of p!
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Kernel W 0
S 

W0 is the original(*) boson exchange kernel integrated over u (scatering angle) 

5.13 Onde S

5.13.1 Kernel

CÕest le möeme que celui utilis«e pour les «etats li«es dans (59)

W0(p, p0, p!, p!
0) = !

! m2

" 2

! +1

" 1

du
# + u + i$

= !
! m2

"

"
1
"

log
#
#
#
#
# + 1
# ! 1

#
#
#
#! i I (#)

$
= V

where

# =
(p0 ! p!

0)2 ! p2 ! p!2 ! µ2

2pp!

and

I (#) =

%
1 if | # | " 1
0 if | # | > 1

(150)

Il sÕannule a lÕoginie dans les variablesp et p!: p # 0 et/ou p! # 0, on a | # |# $ et W0 = 0

W0 %
1
#

% pp!

¥ We introduce also the Symetric Kernel

W S
0 (p, p0, p!, p!

0) = W0(p, p0, p!, p!
0) + W0(p, p0, p!, ! p!

0) = W0(#) + W0(#!) (151)

with
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This gives
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'
$

(152)

On has laso that If p # 0 on a | # |# $ et W0 = W S
0 = 0

¥ Regularized model : On peut considerer une version non singuliere du kernel en remplacant PL (u) par
une fonction qu sÕanulle aux bordsu = ± 1. Si on prendPL = 1 ! u2 on a

öW0(p, p0, p!, p!
0) = !

! m2
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(
(1 ! #2) log
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#+ 2#

)
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(153)

avec

I (#) =

%
1 if | # | " 1 ! #2

0 if | # | > 1
(154)

¥ Toy model : on peut considerer une deuxieme version non singuliere

V (#) = !
! m2

" 2

1
1 + #2 # =

(p0 ! p!
0)2 ! p2 ! p!2 ! µ2

2pp!

¥ Toy model static : Pour eviter la dependance en energie (pb unitarite) on considere le meme potentiel
avec # statique:

V (#s) = !
! m2

" 2

1
1 + #2

s
#s =

! p2 ! p!2 ! µ2

2pp!

99

5.13 Onde S

5.13.1 Kernel

CÕest le möeme que celui utilis«e pour les «etats li«es dans (59)

W0(p, p0, p!, p!
0) = !

! m2

" 2

! +1

" 1

du
# + u + i$

= !
! m2

"

"
1
"

log
#
#
#
#
# + 1
# ! 1

#
#
#
#! i I (#)

$
= V

where

# =
(p0 ! p!

0)2 ! p2 ! p!2 ! µ2

2pp!

and

I (#) =

%
1 if | # | " 1
0 if | # | > 1

(150)

Il sÕannule a lÕoginie dans les variablesp et p!: p # 0 et/ou p! # 0, on a | # |# $ et W0 = 0

W0 %
1
#

% pp!

¥ We introduce also the Symetric Kernel

W S
0 (p, p0, p!, p!

0) = W0(p, p0, p!, p!
0) + W0(p, p0, p!, ! p!

0) = W0(#) + W0(#!) (151)

with

#! =
(p0 + p!

0)2 ! p2 ! p!2 ! µ2

2pp!

This gives

W S
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#
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On has laso that If p # 0 on a | # |# $ et W0 = W S
0 = 0

¥ Regularized model : On peut considerer une version non singuliere du kernel en remplacant PL (u) par
une fonction qu sÕanulle aux bordsu = ± 1. Si on prendPL = 1 ! u2 on a

öW0(p, p0, p!, p!
0) = !

! m2

"

"
1
"

(
(1 ! #2) log
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#
#
#
# + 1
# ! 1

#
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#+ 2#

)
! i I (#)
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(153)

avec

I (#) =

%
1 if | # | " 1 ! #2

0 if | # | > 1
(154)

¥ Toy model : on peut considerer une deuxieme version non singuliere

V (#) = !
! m2

" 2

1
1 + #2 # =

(p0 ! p!
0)2 ! p2 ! p!2 ! µ2

2pp!

¥ Toy model static : Pour eviter la dependance en energie (pb unitarite) on considere le meme potentiel
avec # statique:

V (#s) = !
! m2

" 2

1
1 + #2

s
#s =

! p2 ! p!2 ! µ2

2pp!
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In pÕ0  (first integration) 
W0 has 4 logarithmic singulariities both  
in its real and imaginary part. 
They are know analytically and 
depend on external variables (p0,p) and pÕ 

4.1.3 Expression utilis«ee

Finalement
V = VR + VI

avec

VR = !
! m2

" 2 log

!
!
!
!
!
(p0 ! p!

0)2 ! (p ! p!)2 ! µ2

(p0 ! p!
0)2 ! (p + p!)2 ! µ2

!
!
!
!
!

VI =
i ! m2

"

"
#(p!

0 ! $1) ! #(p!
0 ! $2) + #(p!

0 ! $3) ! #(p!
0 ! $4)

#

1. Une partie purement r«eelle (VR) venant de la partie principale, avec des singuliarit«es logarithmiques

2. Une partie purement imaginaire (VI ) venant de la fonction delta (constante par morceaux et nulle la plupart
du temps)

LÕexpression devient beaucoup plus simple en variable%

V(%) = !
! m2

" 2

$
log

!
!
!
!
%+ 1
%! 1

!
!
!
! ! " I (%)

%
(67)

avec

I (%) =

&
1 if |%| " 1
0 if |%| > 1
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Il semble evident quÕil faut une integrale surp!
0 en 3 ou 5 domaines

43

(*) W0
S is the symetrized version of W0 to reduce the integration domain W0

S=W0(p0)+W0(-p0) 

In pÕ (second integral) 
W0(pÕ) has 4 logarithmic singulariities   
depending on the external variables (p0,p)  
They are alqo analytically known 



Factorizing the Born term  

Because of the inhomogenous term FB  
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F is singular and so difficult to represent on a basis of smooth fonctions. 
 
To make things easier, we have factorized FB and introduced a new unknown function  

The equation to be solved for f becomes  

The unknown is now smooth but the kernel obtains additional singularities due to FB 



Minkowski espace solutions (II): direct method  

In this form all the PV coming from propagator poles have been absorved (by sustraction) 
It remains Ç only È to treat the singularities of the kernel W0

S, of the Born term FB ! and solve it ! 
 
Quite  a nasty  equation  for an S- wave! compared to the NR Lipmann-Schwinger one 
Ç cÕest la vie È in Minkowski space ! 
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We introduce a prefactor term# setting
F = F B f

f = 1 +
1

F B
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V FB f

FE (k4, k) = I 1 [FE (k"
4, k"), FM ($ks ! $k! , k")]

FM ($ks ! $k, k) = I 2 [FE (k"
4, k"), FM ($ks ! $k! , k")] (8)

FM ($ks ! $k! , k")

5

To this aim we will Þrst consider the singularities of the four-dimensional equation (2), Þnd
an appropriate integration contour ensuring the Wick rotation for non-zeroks and Þnally take
the limit ks ! 0.

In this study we will consider the one-boson exchange kernel:

K (k, k!) = "
16! m2"

(k " k!)2 " µ2 + i#
, (3)

with " = g2/ (16! m2) is the dimensionless coupling constant.
Calculations are performed in the c.m. frame, deÞned by$p = 0. In this reference system

one has, by deÞnition of the incident momentumks, p0 = 2%ks = 2
!

m2 + k2
s. The on-shell

conditions k2
1 = k2

2 = m2, in terms of variablesk0, k, are reduced tok0 = 0, k = ks.
The pole singularities associated with the propagators in (2) are given by

k!(1)
0 (k, ks) = %ks + %k! " i#= + a+ " i#

k!(2)
0 (k, ks) = %ks " %k! + i#= " a" + i#

k!(3)
0 (k, ks) = " %ks + %k! " i#= + a" " i#

k!(4)
0 (k, ks) = " %ks " %k! + i#= " a+ + i# (4)

with
a± (k!, ks) = %k! ± %ks (5)

In the casek! < k s, their positions in the complex planek0 are shown in Fig. 1. When the
integration contour is rotated, the singularitiesk!(2)

0 and k!(3)
0 are crossed and the corresponding

residues of the integrand at these poles should be taken intoaccount.

+
k

k =ik0 4

0

F (k  ,k)
E 4

kÕ 0
(4)

kÕ (3)

0

kÕ 

kÕ 

(2)

(1)

0

0

+
+

+

F  (k  ,k)M 0

Figure 1: Singularities of the propagators for scattering state and the integration contour after rotation in the
complex planek0, if k! < k s.

4

After many steps (*)  the S-wave BS equation in Minwoski space takes the form  

(*) J.C. and V.A. Kamanov, Phys Rev D90 (2014) 056002  



2

and

! =
(p0 ! p!

0)2 ! p2 ! p!2 ! µ2

2pp!

The on-shell amplitudeF on
l = Fl (p0 = 0 , p = ps; ps)

determines the phase shift according to:

" l =
1
2i

log
!

1 +
2ips

#ps

F on
l

"
(5)

The knowledge of this function in the entire domain
of its arguments Ð i.e. the o! -shell amplitude Ð is
mandatory for some interesting physical applications,
like for instance computing the transition e.m. form
factor $" d " np or solving the BS-Faddeev equations.
This quantity has not been obtained until now.

The numerical solution of the BS equation in
Minkowski space is complicated by the existence of
singularities in the amplitude as well as in the inte-
grand of (1). These singularities are integrable in the
mathematical sense, due toi%in the denominators of
propagators, but their integration is a quite delicate
task and requires the use of appropriate analytical as
well as numerical methods.

To avoid these singularities, the BS equation was
Þrst solved in Euclidean space. These solutions pro-
vided on-shell quantities like binding energies and
phase shifts [3]. However we have shown [4] that the
Euclidean BS amplitude cannot be used to calculate
electromagnetic form factors, since the corresponding
integral does not allow the Wick rotation. One there-
fore needs the BS amplitude in Minkowski space.

This amplitude has been computed for a separable
kernel (see [5] and references therein). For a Þeld-
theory kernel Ð the ladder and the cross ladder Ð it
has been Þrst obtained in our preceding works [6, 7]
for the bound state problem. To this aim, we devel-
oped a method based on the Nakanishi integral repre-
sentation of the BS amplitude. A similar method for
the scattering states has been proposed in [8] although
the numerical solutions are not yet available.

We present in this paper a new method providing
a direct solution of the original BS equation. It is
based on a scrutinized treatment of the singularities
and allows us to compute the corresponding o! -shell
scattering amplitude in Minkowski space.

II. METHOD

There are four sources of singularities in the r.h.-
side of the BS equation (1) which are detailed below.

(i) The constituent propagators have two poles,
each of them represented as:

1
p!

0 ! a ! i%
= P V

1
p!

0 ! a
+ i&"(p!

0 ! a)

where P V means the principal value. In the prod-
uct of four pole terms, the only non vanishing contri-
butions come from the product of four PVs without
delta-functions, from the terms with three PVs and
one delta-function and from the term with two PVs
and two deltaÕs. After partial wave decomposition the
4D integral BS equation is reduced to a 2D one. Inte-
grating over p!

0, we obtain in addition to the 2D part,
a 1D integral over p! and a non integrated term. The
singularities due to the PVs are eliminated by sub-
tractions according to the identity:

P V
# #

0

f (p!
0)dp!

0

p!
0

2 ! a2
=

# #

0

$
f (p!

0)

p!
0

2 ! a2
!

f (a)

p!
0

2 ! a2

%

dp!
0

The integrand in r.h.-side is not singular.
(ii) The propagator of the exchanged particle has

the pole singularities which, after partial wave decom-
position, turn into logarithmic ones. Their positions
are found analytically and the numerical integration
over p!

0 variable is split into intervals between two con-
secutive singularities, namely:

# #

0
[. . .] dp!

0 =
# sing 1

0
[. . .] dp!

0 +
# sing 2

sing 1

[. . .] dp!
0 + . . .

Each of these integrals is made regular with an ap-
propriate change of variable. We proceed in a similar
way for the p! integration.

(iii) The inhomogeneous (Born) term is given by
the ladder kernel and is also singular in both vari-
ables. The positions of these singularities are analyt-
ically known.

(iv) The amplitude F itself has many singularities,
among which the Born term contains the strongest
ones. This makes di" cult its representation on a basis
of regular functions as well as its numerical integra-
tion. To circumvent this di " culties we made the re-
placementF = V f , wheref is a smooth function. Af-
ter that, the singularities of the inhomogeneous term
are canceled. We obtain in this way a non-singular
equation for f which we solved by standard methods.
Then we restore the BS o! -mass shell amplitudeF in
Minkowski space.

However, this is the only way to compute in the whole kinematical domain: 
   

-! the off-mass shell F(k,ks;p)  
-! the half off-mass shell F(k,ks)     (with p related to ks) 
   
and solve the BS scattering problem in its full complexity (including inelastic thresholds)  
 
The observables are obtained from the on-shell value Fon

0(k0=0,k=ks)     
 

e.g. the phase shifts  



Vertex function for Bound states  

The first test as to drop the inhomogeneous term and check the binding energies 
The agreement in B is Ç perfect È and so boring to show 
 
Contrary to non relativistic wavefunction, the bound state vertex function $(k0,k) has an imaginary part  
 

VI. RESULTS

We present in this section the results of solving the
BS equation in Minkowski space(28) and the coupled
Euclidean-Minkowski system of Eqs.(C1)and(C8). Some
details of the numerical methods used are given in
AppendixA.

We have first computed the bound-state solutions,
denoted by! 0!k0; k", by dropping the inhomogeneous
term FB

0 !k0; k" in (28) and settingM # 2m ! B. The
binding energiesB thus obtained coincide, within four-
digit accuracy, with the ones calculated in our previous
work [4].

An interesting issue is the appearance of an imaginary
part in ! 0!k0; k" when normalized, for instance, by
! !0; 0" # 1. In spite of this real normalization condition,
! 0!k0; k" will become imaginary, depending on the kin-
ematical domain of its arguments corresponding to the
virtual meson creation. Written in terms of variableski ,
defined in(1), they read

k2
1 > !m $ ! "2 or k2

2 > !m $ ! "2; !48"

which, in terms of the variables!k0; k" in the center-of-
mass frame, become
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! obtains an imaginary part if one of these two preceding
conditions is fulfilled. In the (k0; k) plane and for positive
values ofk0, this gives the locus
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Above this curve (represented in Fig.6), the imaginary part
of ! " 0.

We display in Fig.7 thek0 dependence of the imaginary
part of the amplitude! !k0; k" obtained in our calculations
for different values ofk. It corresponds to the parameters
" # 1.44, ! # 0.50, andB # 0.01. We can thus check that
a vanishing imaginary part of! appears at thek0 values
given by Eq.(49). Note also the difficulty in reproducing a
sharp nonanalytic threshold behavior in terms of smooth
functions even if they are as flexible as splines. The small
oscillations in the vicinity of the threshold are artifacts of
our spline basis. They can be reduced by increasing the
number of basis elements.

The scattering amplitudeF0!k0; k" in Minkowski space
has been calculated forL # 0 states, and the corresponding
phase shifts have been extracted according to(36).

The BS relativistic formalism accounts naturally for
the meson creation in the scattering process, when the
available kinetic energy allows it. The inelasticity threshold
corresponding ton-particle creation is given by
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Below the first inelastic thresholdk!1"
s #

######################
m! $ ! 2=4

p
, the

phase shifts are real. This unitarity condition is not
automatically fulfilled in our approach but appears as a
consequence of handling the correct solution and provides
a stringent test of the numerical method. Abovek!1"

s , the
phase shift obtains an imaginary part which behaves like

Im%#0&# !ks ! k!1"
s "2 !51"
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FIG. 6. Locus for Im! ! " # 0 in the (k0; k) plane form # 1,
M # 1.90, and ! # 0.5. Below this curve, Im! ! " # 0, and
above, Im! ! " " 0.
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different values ofk. It corresponds to" # 1.44, B # 0.01,
and ! # 0.5.

J. CARBONELL AND V. A. KARMANOV PHYSICAL REVIEW D 90, 056002 (2014)

056002-12

VI. RESULTS

We present in this section the results of solving the
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Euclidean-Minkowski system of Eqs.(C1)and(C8). Some
details of the numerical methods used are given in
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We have first computed the bound-state solutions,
denoted by! 0!k0; k", by dropping the inhomogeneous
term FB

0 !k0; k" in (28) and settingM # 2m ! B. The
binding energiesB thus obtained coincide, within four-
digit accuracy, with the ones calculated in our previous
work [4].
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part of the amplitude! !k0; k" obtained in our calculations
for different values ofk. It corresponds to the parameters
" # 1.44, ! # 0.50, andB # 0.01. We can thus check that
a vanishing imaginary part of! appears at thek0 values
given by Eq.(49). Note also the difficulty in reproducing a
sharp nonanalytic threshold behavior in terms of smooth
functions even if they are as flexible as splines. The small
oscillations in the vicinity of the threshold are artifacts of
our spline basis. They can be reduced by increasing the
number of basis elements.

The scattering amplitudeF0!k0; k" in Minkowski space
has been calculated forL # 0 states, and the corresponding
phase shifts have been extracted according to(36).

The BS relativistic formalism accounts naturally for
the meson creation in the scattering process, when the
available kinetic energy allows it. The inelasticity threshold
corresponding ton-particle creation is given by
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These are non analytic Ç cuts È wich require very flexible numerical methods to be reproduced 



Bound states results 
 
Nothing relevant apart from the fact that: 
 
BS-Euclidean, BS-Mink Nakanishi, BS-Mink Direct agree ÒperfectlyÓ   
 
BS and Light-Front-Dynamics equations give very close results (2-body sector) 
 
For µ>0 BS+LFD never coincides with NR Schrodinger equation even in the B ->0 limit 
Results are ÒtangentÕÕ only in the Coulomb case 



J.C. and V.A. Karmanov, Eur. J. Phys A27 (2006)11 

Bound states results 
 
No qualitative change when going beyond ladder 



Results for scattering length  
5.15 Scattering lengt
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# x1max= 0.30001234D+01 x1max= 0.50002346D+01
# N1=12 N2=12 N3= 12

alpha a_0 mu=0.15 alpha a_0 mu=0.50 alpha mu=1.0
0.1000D-01 -0.4604489D+00 0.50000D-01 -0.2090865D+00 0. 1000D+00 -0.1040079D+00
0.2000D-01 -0.9555121D+00 0.10000D+00 -0.4382629D+00 0.2000D+00 -0.2167537D+00
0.3000D-01 -0.1489600D+01 0.15000D+00 -0.6908906D+00 0.3000D+00 -0.3394746D+00
0.4000D-01 -0.2067916D+01 0.20000D+00 -0.9711342D+00 0.4000D+00 -0.4736548D+00
0.5000D-01 -0.2696642D+01 0.25000D+00 -0.1284217D+01 0.5000D+00 -0.6210900D+00
0.1000D+00 -0.6919434D+01 0.30000D+00 -0.1636780D+01 0.6000D+00 -0.7839740D+00
0.1500D+00 -0.1469224D+02 0.35000D+00 -0.2037399D+01 0.7000D+00 -0.9650156D+00
0.2000D+00 -0.3457038D+02 0.40000D+00 -0.2497348D+01 0.8000D+00 -0.1167599D+01
0.2500D+00 -0.2189784D+03 0.45000D+00 -0.3031745D+01 0.9000D+00 -0.1396008D+01
0.3000D+00 0.7951659D+02 0.50000D+00 -0.3661351D+01 0.1000D+01 -0.1655748D+01
0.3500D+00 0.3876115D+02 0.55000D+00 -0.4415470D+01 0.1100D+01 -0.1954013D+01
0.4000D+00 0.2715211D+02 0.60000D+00 -0.5336852D+01 0.1200D+01 -0.2300385D+01
0.4500D+00 0.2139506D+02 0.65000D+00 -0.6490404D+01 0.1300D+01 -0.2707924D+01
0.5000D+00 0.1774745D+02 0.70000D+00 -0.7979691D+01 0.1400D+01 -0.3194889D+01
0.5500D+00 0.1504775D+02 0.75000D+00 -0.9980744D+01 0.1500D+01 -0.3787627D+01
0.6000D+00 0.1279976D+02 0.80000D+00 -0.1281890D+02 0.1600D+01 -0.4525594D+01
0.6500D+00 0.1073337D+02 0.85000D+00 -0.1716970D+02 0.1700D+01 -0.5470680D+01
0.7000D+00 0.8658979D+01 0.90000D+00 -0.2470363D+02 0.1800D+01 -0.6725789D+01
0.7500D+00 0.6398463D+01 0.95000D+00 -0.4098538D+02 0.1900D+01 -0.8475561D+01
0.8000D+00 0.3728948D+01 0.10000D+01 -0.1026735D+03 0.2000D+01 -0.1108764D+02
0.8500D+00 0.2983518D+00 0.10500D+01 0.2696305D+03 0.2100D+01 -0.1541406D+02
0.8600D+00 -0.5286530D+00 0.11000D+01 0.6203847D+02 0.2200D+01 -0.2398100D+02
0.8700D+00 -0.1418433D+01 0.11500D+01 0.3618685D+02 0.2300D+01 -0.4906988D+02
0.8800D+00 -0.2380213D+01 0.12000D+01 0.2605894D+02 0.2400D+01 -0.1474804D+04
0.8900D+00 -0.3424986D+01 0.12500D+01 0.2064378D+02 0.2500D+01 0.5681224D+02
0.9000D+00 -0.4565966D+01 0.13000D+01 0.1726549D+02 0.2600D+01 0.2887786D+02
0.9500D+00 -0.1242872D+02 0.13500D+01 0.1495144D+02 0.2700D+01 0.1978415D+02
0.1000D+01 -0.2810692D+02 0.14000D+01 0.1326310D+02 0.2800D+01 0.1527288D+02
0.1050D+01 -0.7767915D+02 0.14500D+01 0.1197368D+02 0.2900D+01 0.1257470D+02
0.1100D+01 0.9003881D+03 0.15000D+01 0.1095409D+02 0.3000D+01 0.1077755D+02
0.1150D+01 0.9298107D+02 0.15500D+01 0.1012545D+02 0.3100D+01 0.9493261D+01
0.1200D+01 0.5581755D+02 0.16000D+01 0.9436824D+01 0.3200D+01 0.8528591D+01
0.1250D+01 0.4252463D+02 0.16500D+01 0.8853869D+01 0.3300D+01 0.7776539D+01
0.1300D+01 0.3562783D+02 0.17000D+01 0.8352570D+01 0.3400D+01 0.7173056D+01
0.1350D+01 0.3136777D+02 0.17500D+01 0.7915633D+01 0.3500D+01 0.6677457D+01
0.1400D+01 0.2845095D+02 0.18000D+01 0.7530286D+01 0.3600D+01 0.6262660D+01
0.1450D+01 0.2631238D+02 0.18500D+01 0.7186888D+01 0.3700D+01 0.5909938D+01
0.1500D+01 0.2466574D+02 0.19000D+01 0.6878023D+01 0.3800D+01 0.5605927D+01
0.1550D+01 0.2335030D+02 0.19500D+01 0.6597895D+01 0.3900D+01 0.5340835D+01
0.1600D+01 0.2226875D+02 0.20000D+01 0.6341902D+01 0.4000D+01 0.5107323D+01
0.1650D+01 0.2135868D+02 0.21000D+01 0.5888221D+01 0.4500D+01 0.4254593D+01
0.1700D+01 0.2057814D+02 0.22000D+01 0.5494782D+01 0.5000D+01 0.3702668D+01
0.1750D+01 0.1989791D+02 0.23000D+01 0.5146333D+01
0.1800D+01 0.1929691D+02 0.24000D+01 0.4832014D+01
0.1850D+01 0.1875960D+02 0.25000D+01 0.4543849D+01
0.1900D+01 0.1827420D+02 0.26000D+01 0.4275813D+01
0.1950D+01 0.1783163D+02 0.27000D+01 0.4023239D+01
0.2000D+01 0.1742474D+02 0.28000D+01 0.3782419D+01
0.2200D+01 0.1605456D+02 0.29000D+01 0.3550335D+01
0.2400D+01 0.1494210D+02 0.30000D+01 0.3324474D+01
0.2420D+01 0.1483951D+02 0.31000D+01 0.3102684D+01
0.2440D+01 0.1473805D+02 0.32000D+01 0.2883081D+01
0.2460D+01 0.1463763D+02 0.33000D+01 0.2663968D+01
0.2480D+01 0.1453815D+02 0.34000D+01 0.2443774D+01
0.2500D+01 0.1443951D+02 0.35000D+01 0.2221008D+01
0.2520D+01 0.1434162D+02 0.36000D+01 0.1994211D+01
0.2540D+01 0.1424437D+02 0.37000D+01 0.1761926D+01
0.2560D+01 0.1414768D+02 0.38000D+01 0.1522654D+01
0.2580D+01 0.1405145D+02 0.39000D+01 0.1274824D+01
0.2600D+01 0.1395558D+02 0.40000D+01 0.1016754D+01
0.2600D+01 0.1395558D+02 0.41000D+01 0.7466090D+00
0.2800D+01 0.1299311D+02 0.42000D+01 0.4623535D+00
0.3000D+01 0.1191858D+02 0.43000D+01 0.1616986D+00
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I. Relativity  is  everything  !  but kinematics  

Strong interactions means always  !  >1 !  Who is  right, Schrodinger  or Bethe- Salpeter  ? 

     Ç Gedankenexperiment  È 

0 1 2 3

!
-25

-20

-15

-10

-5

0

5

10

15

20

25

a0

BS
NR

Bethe-Salpeter scattering length 

m=1 µ=0.50

Consider zero energy scattering of two particles (boson exchange µ): all pÕs are zero ! 
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     Ç Gedankenexperiment  È 



Phase shifts and inelasticities  

4

FIG. 2: Top: phase shift for ! = 1 .2 and µ = 0 .50 calcu-
lated via BS equation (solid curve) are compared to the
non-relativistic results (dashed curve). Bottom: imagi-
nary part of the phase shift; dashed curve Ð modulas of
the two-body S-matrix

the phase shift which automatically appears when the
incident momentum exceeds the threshold value for
creation of the exchange meson. Form = 1, µ = 0 .5
this value p(1)

s = 0 .75. Simultaneously, the modulas
of two-body S-matrix di ! ers from 1. For p(2)

s = 1 .118
the second threshold, for creation of two mesons, is
open. As mentioned, it also contributes in this curve,
as well as the third threshold after p(3)

s = 1 .435. Cor-
responding numerical values of this BS phase shift are
given in the table I.

We display in Fig. 3 the real (top panel) and imag-
inary (bottom panel) parts of the o ! -shell scattering

amplitude F0(p0, p; ps) as a function of p0 and p calcu-
lated for ! = 0 .5 andps = µ = 0 .5. Its real part shows
a non trivial structure with a ridge and a gap result-
ing from the singularities of the inhomogeneous term.
Its on-shell valueF on

0 = F0(0, ps; ps) = 0 .753+ i0.292,
determining by eq. (3) the phase shift " = 21.2 deg.,

FIG. 3: Top: real part of the o ! -shell amplitude
F (p0, p; ps) for ! = 0 .5, ps = 0 .5, µ = 0 .5. Bottom: imag-
inary part of F (p0, p; ps).

corresponds to a single point on theses two surfaces.
Our calculation, shown in Fig. 3, provides the full
amplitude F0(p0, p; ps) in a two-dimensional domain.

In summary we solved the BS equation for the scat-
tering states in Minkowski space for the ladder ker-
nel. The o! -mass-shell amplitude is found . Com-
ing on mass shell, we obtain the elastic and inelastic
phase shifts. They considerably di! er, even at low en-
ergy, from the non-relativisttic ones. Above the me-
son creation threshold the inelasticity appears which
is also calculated. The BS o! -mass-shell amplitude in
Minkowski space is found for the Þrst time It can be
used to calculate the transition form factor and as an
input in the three-body BS-Faddeev equations.

[1] E.E. Salpeter, H. Bethe, Phys. Rev. 84, 1232 (1951).
[2] M.J. Levine, J.A. Tjon, J. Wright, Phys. Rev. Lett.

16, 962 (1966); M.J. Levine, J. Wright, J.A. Tjon,
Phys. Rev. 154, 1433 (1967).
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III. NUMERICAL RESULTS

We first applied this method to solve the bound
state problem by dropping the inhomogeneous term
in (1). The binding energies coincide, within four-
digit accuracy, with the ones calculated in our previ-
ous work [6] and with the Euclidean space results.

The S-wave off-shell scattering amplitude F0 was
calculated and the phase shifts extracted by means
of eq. (5). They include an imaginary part, which
has been also found, above the first inelastic threshold
p∗s(µ) =

√

mµ + µ2/ 4. By performing aWick rotation
in (1) we derive an Euclidean space equation similar
to one obtained in [3]. The phase shifts found by these
two methods coincide with each other within 3-4 dig-
its. Furthermore, the imaginary part of the phase
shifts vanishes with high accuracy below threshold.
The unitarity condition is not automatically fulfilled
in our approach, but appears as a consequence of han-
dling the correct solution. It thus provides a stringent
test of the numerical method. Our results reproduce
the phase shifts given in [3] within the accuracy al-
lowed by extracting numerical values from published
figures.
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FIG. 1: Top: phase shift calculated via BS equation (solid
curve) are compared to the non-relativistic results (dashed
curve) for µ = 0 .5. Bottom: the same as on top but for
! = 1 .2

Figure 1, top panel, shows the phase shifts cal-
culated via BS equation (solid curve) and via the
Schrödinger one with the Yukawa potential (dashed
curve) for the constituent mass m = 1, exchange mass
µ = 0.5 and coupling constant ! = g2/ (16" m2) = 0.5.
Bottom panel shows the same but for ! = 1.2. For
this value of ! there exists the bound state. There-
fore, according to the Levinson theorem, the phase
shift starts with value 180 degrees. One can see that
the difference between relativistic and non-relativistic
results is considerable even for small incident momen-
tum. It increases with increase of ! .
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FIG. 2: Top: solid curve Ð imaginary part of the phase
shift; dashed curve Ð modulas of the two-body S-matrix.
Bottom: solid curve Ð scattering length vs. coupling con-
stant ! for µ = 0 .5 calculated via BS equation; dashed
curve Ð the same calculated via Schr¬odinger equation.

Fig. 2 (top) shows the imaginary part of the phase
shift (for ! = 1.2) which automatically appears when
the incident momentum exceeds the threshold value
for creation of the exchange meson. For m = 1,
µ = 0.5 this value pthresh = 0.75. Simultaneously,
the modulas of two-body S-matrix differs from 1. For
ps = 1.118 the second threshold, for creation of two
mesons, is open. It also contributes in this curve.
Fig. 2 (bottom) shows the scattering length a0 as a

function of the coupling constant ! . In the vicinity of

Author's personal copy
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Fig. 3. Real (left panel) and imaginary (right panel) phase shift (degrees) for α = 1.2 and µ = 0.50 calculated via BS equation (solid) compared to the non-relativistic results
(dashed).

Table 2
Real and imaginary parts of the phase shift (degrees) calculated by BS Eq. (1) vs. incident momentum ps for α = 1.2 and µ = 0.5. Corresponding Þrst inelastic threshold is

p(1)
s = 0.75.

ps 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.3 1.5

Re[δ] 124 99 .9 77.8 65.1 56.2 49.3 43.9 39.4 35.7 32.5 29.7 22.8 19.3
Im [δ] 0 0 0 0 0 0 0 0 0 .033 0.221 0.453 0.848 0.852

Fig. 4. Real (left panel) and imaginary (right panel) parts of the off-shell amplitude F(p0, p; ps) for α = 0.5, ps = µ = 0.5.

shift δ = 21.2◦, corresponds to a single point on theses two surfaces. Our calculation, shown in Fig. 4, provides the full amplitude F0(p0, p)
in a two-dimensional domain.

Computing this quantity, and related on-shell observables, is the main result of this work. Together with the bound state solution in
Mink owski space [3] , they pave the way for a consistent relativistic description of composite systems in the framework of BS equation.

4. Conclusion

We have presented the Þrst results of the BS off-shell scattering amplitude in Minkowski space. The different kinds of singularities
of the original BS equation are properly treated. A regular equation is obtained and solved by standard methods. The results presented
here were limited to S-wave in the spinless case and the ladder kernel but they can be extended to any partial wave. Coming on mass
shell, the elastic phase shifts where accurately computed. They considerably differ, even at zero energy, from the non-relativistic ones.
Above the meson creation threshold, an imaginary part of the phase shift appears and has also been calculated. The off-shell BS scattering
amplitude thus obtained can be further used to calculate the transition form factor. In its full off-shell form, it can be used as input in the
three-body BSÐFaddeev equations.
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A phase shift corresponds to a single point on this Ç complex È surfaces 
The full amplitude is needed for solving the 3-body Fadeev BS equation  
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FIG. 10: Real (upper panel) and imaginary (lower panel)
parts of the factorized off-shell scattering amplitude f 0 de-
Þned in Eq. (32) for α = 1 .2 and µ = 0 .50 vs. k0 for
different Þxed values ofk.

vides an independent test of our direct method based
on Eq. (28).
Two illustrative examples are shown in Fig. 12 for

di! erent values of the parameters α, µ and ks. Solid
line denotes the real parts of the amplitudes F0(k) (in
black) and F̃0(k) (red color), whereas the dashed line
denotes their imaginary part.
Upper panel corresponds to α = 0.5, µ = 0.50 and

ks = 0.5. The results of F0(k) and F̃0(k) are not
distinguishable by eyes, their relative di! erence being
at the level of 10! 3 ! 10! 4.
Lower panel corresponds to the parameters α = 1.2,

µ = 0.50 and ks = 1.0. In these case, a cusp-like
structure develops around k " 0.65. The Euclidean-
Minkowski formulation shed some light on the origin
of this cusp, which comes actually from the last term
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parts of the factorized off-shell scattering amplitude f 0 de-
Þned in Eq. (32) for α = 1 .2 and µ = 0 .50 vs. k for
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g̃i in equation (C8). According to its definition in Eq.
(C9), this term does not contribute below the first me-
son creation threshold, that is if

#
s = 2εks

< 2m+ µ,
since in this case the argument of the θ-function is al-
ways negative.

Above the threshold, the amplitude g̃(k) is also zero
for k > kc where kc is a critical value given by

kc =
1

2
#
s

√

(s ! µ2)(s ! (2m+ µ)2) (54)

When k < kc, the argument of the θ-function vs. the
integration variable k" can be positive that allows a
non-zero value of g̃i. If k $ kc from below, the in-
tegration domain over k" due the θ-function shrinks





The problem with the Euclidean espace solutions  

Assume we want to obtain a scattering BS equation for the euclidean amplitude FE(k4,k)=FM(k0=ik4,k) 
by properly applying the Wick rotation, i.e. taking into account the singularities 

3

II. DERIVING EUCLIDEAN EQUATION

We will derive in this section the integral equation satisfied by the off-shell Euclidean amplitude FE (k4, k),
corresponding to the zero incident momentum ks = 0.

One possible way to proceed would be to consider the coupled Euclidean-Minkowski system of equation
derived in Ref. [13] (appendix C) and study their limit when ks ! 0. However we prefer to present here an
independent and self consistent derivation of this equation.

To this aim we will first consider the singularities of the four-dimensional equation (2), find an appropriate
integration contour ensuring the Wick rotation for non-zero ks and finally take the limit ks ! 0.

In this study we will consider the one-boson exchange kernel:

K (k, k!; p) = "
16! m2"

(k " k!)2 " µ2 + i #
, (3)

with " = g2/ (16! m2) is the dimensionless coupling constant.
Calculations are performed in the c.m. frame, defined by $p = 0. In this reference system one has, by

definition of the incident momentum ks , p0 = 2%ks = 2
!

m2 + k2
s . The on-shell conditions k2

1 = k2
2 = m2, in

terms of variables k0, k, are reduced to k0 = 0, k = ks .
The pole singularities associated with the propagators in (2) are given by

k!(1)
0 (k, ks) = %ks + %k ! " i #= +a+ " i#

k!(2)
0 (k, ks) = %ks " %k ! + i #= " a" + i #

k!(3)
0 (k, ks) = " %ks + %k ! " i #= +a" " i#

k!(4)
0 (k, ks) = " %ks " %k ! + i #= " a+ + i # (4)

with

a± (k!, ks) = %k ! ± %ks (5)

In the case k! < k s , their positions in the complex plane k0 are shown in Fig. 1. When the integration contour

is rotated, the singularities k!(2)
0 and k!(3)

0 are crossed and the corresponding residues of the integrand at these
poles should be taken into account.

+
k
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FIG. 1: Singularities of the propagators for scattering state and the integration contour after rotation in the complex
plane k0, if k′ < ks .
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The initial  BS equation becomes 

4

Equation (2) is then transformed into:

FE(k4,!k;!ks) = V B(k4,!k;!ks) +
∫

d4k′

(2π)4
V (k4, !k′; k′

4, !k′)FE(k′
4, !k′;!ks)

(k′
4
2 + a2

−)(k′
4
2 + a2

+)
+ S(k4, k, ks) (6)

where the Wick-rotated interaction kernel (3) reads

V (k4,!k; k′
4, !k′) =

16πm2α

(k4 − k′
4)2 + ( !k − !k′)2 + µ2

, (7)

and the Born term is given by

V B(k4,!k;!ks) = V (k4,!k; k′
4 = 0 , !k′ = !ks) (8)

The remaining term S(k4, k, ks) denotes the contribution of the two polesk′(2)
0 and k′(3)

0 shown in Fig. 1.
The residual contribution Ð existing only if k′ < ks Ð is the sum of two termsS = S1 + S2: S1 is the residue

at the pole k′(2)
0 = −a− + iε and S2 the one from k′(3)

0 = + a− − iε (multiplied by 2 iπ).
The Þrst term S1 is given by:

S1(k0) =
πg2

4(2π)4

Z

k′<ks

d3k′ F̃M (k′, z′)

εks
εk′ [! a− + i ε]

»

! a− +
q

($k′ ! $k)2 + µ2 ! k0

– »

! a− !
q

($k′ ! $k)2 + µ2 ! k0 + i ε
– (9)

where ÷FM (k′, z′) is the particular value of the Minkowski amplitude

÷FM (k′, z′) = F (k′
0 = εks

− εk′ , k′)

and d3k′ = k′2dk′dφdz′.
S2 is given by a simple substitution S2(k0) = S1(−k0). Notice that the sum S1 + S2 is symmetric relative to

k0 → −k0, as it should be.
Setting k0 = ik4 we Þnally obtain for S = S1 + S2:

S =
g2π

(2π)4

Z

k′<ks

d3k′ F̃M (k′, z′)

2εk′εks
(a− ! i ε)

h

k2
4 !

“

a− !
q

($k′ ! $k)2 + µ2

”“

a− +
q

($k′ ! $k)2 + µ2

”i

h

k2
4

+
“

a− !
q

($k′ ! $k)2 + µ2

”2ih

k2
4

+
“

a− +
q

($k′ ! $k)2 + µ2

”2i

(10)

This expression, as well as Eq. (6) contains integrable singularities which make di! cult the numerical solution.
However, it is worth noticing that this problem disappears in the limit ks = 0. Indeed, the integrand in (10)
contains the singular factor

1
a− − iε

=
1

εk′ − εks
− iε

= PV
1

εk′ − εks

+ iπδ(εk′ − εks
) = PV

εk′ + εks

k′2 − ks
2 + iπδ(εk′ − εks

)

In the limit ks → 0 the singularity of the principal value is cancelled by the factor k′2 from the integration
volume and in the shrinking limits 0 < k′ < ks the integral (10) tends to zero. Therefore the contributions of
two singularities shown in Fig. 1 disappear:S → 0 when ks → 0.

The last term S in Eq. (6) can be omitted and the four-dimensional BS equation for the Euclidean amplitude
in the zero energy limit takes the form

FE(k4,!k; 0) = V B(k4,!k; 0) +
∫

d4k′

(2π)4
V (k4, !k′; k′

4, !k′)

(k′
4
2 + a2

−)(k′
4
2 + a2

+)
FE(k′

4, !k′; 0) (11)
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with Ç rotated È kernels  

+ one additional term S accounting for the residues at poles 

To this aim we will Þrst consider the singularities of the four-dimensional equation (2), Þnd
an appropriate integration contour ensuring the Wick rotation for non-zeroks and Þnally take
the limit ks ! 0.
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1 = k2

2 = m2, in terms of variablesk0, k, are reduced tok0 = 0, k = ks.
The pole singularities associated with the propagators in (2) are given by

k!(1)
0 (k, ks) = %ks + %k! " i#= + a+ " i#

k!(2)
0 (k, ks) = %ks " %k! + i#= " a" + i#

k!(3)
0 (k, ks) = " %ks + %k! " i#= + a" " i#

k!(4)
0 (k, ks) = " %ks " %k! + i#= " a+ + i# (4)

with
a± (k!, ks) = %k! ± %ks (5)

In the casek! < k s, their positions in the complex planek0 are shown in Fig. 1. When the
integration contour is rotated, the singularitiesk!(2)

0 and k!(3)
0 are crossed and the corresponding

residues of the integrand at these poles should be taken intoaccount.

+
k

k =ik0 4

0

F (k  ,k)
E 4

kÕ 0
(4)

kÕ (3)

0

kÕ 

kÕ 

(2)

(1)

0

0

+
+

+

F  (k  ,k)M 0

Figure 1: Singularities of the propagators for scattering state and the integration contour after rotation in the
complex planek0, if k! < k s.
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The additional term S contains the Minkoswki amplitude at the particular value 

A second  integral equation is thus needed to solve the problem ! 
and one ends with a system of two-coupled equations involving both FE and FM 
denoted symbolically  

We introduce a prefactor term ξ setting
F = F Bf

f = 1 +
1

F B

∫

V FB f

FE(k4, k) = I1 [FE(k′
4, k

′), FM(εks
− εk! , k′)]

FM(εks
− εk, k) = I2 [FE(k′

4, k
′), FM(εks

− εk! , k′)] (8)

5

We introduce a prefactor term! setting
F = F B f

f = 1 +
1

F B

!
V FB f

FE (k4, k) = I 1 [FE (k!
4, k!), FM ("ks ! "k! , k!)]

FM ("ks ! "k , k) = I 2 [FE (k!
4, k!), FM ("ks ! "k! , k!)] (8)

FM ("ks ! "k! , k!)

5

This system of equations was first obtained by M. Levin, J. Wright, and J. Tjon, Phys Rev 254 (1967) 1433   
Rederived and solved in J.C. and V.A. Kamanov, Phys Rev D90 (2014) 056002  
to check our direct solution FM (for the particular value of k0) 

- It remains singular (in the Minkowski part) 
- It does not provide the full amplitude FM 
- It is a coupling betwenn FE and FM  
- On-mass shell, i.e. if k0=0, one has FE(0,ks)=FM(0,ks) and so can be used to get the elastic phaseshifts 



The case of zero energy scattering (k s=0) 

It can be shown(*) that the additional term S coupling to the Minkowski vanishes in the limit ks=0 
 
One obtain this way a regular purely Euclidean equation for F E. For S-waves it reads 

(*) J.C. and V.A. Kamanov, submited for publication  

The scattering length is directly given by  a0=-FE
0(k4=0,k=0)/m 

 
Apart from providing a very stable and cheap solution of the BS equation (like bound states) 
it demonstrates, in the BS framework, the possibility to obtain (till now zero energy!) scattering  
results  from  purey  Euclidean  solutions 
 
This suggests an alternative way to Luscher  method  for computing scattering observable in 
Lattice calculations : one needs only (the Fourier transform of) the Euclidean version of 
 

In the limit ks ! 0 the singularity of the principal value is cancelled by the factor k′2 from
the integration volume and in the shrinking limits 0 < k′ < ks the integral (10) tends to zero.
Therefore the contributions of two singularities shown in Fig. 1 disappear: S ! 0 when ks ! 0.

The last term S in Eq. (6) can be omitted and the four-dimensional BS equation for the
Euclidean amplitude in the zero energy limit takes the form

F E(k4,!k; 0) = V B(k4,!k; 0) +

∫

d4k′

(2π)4

V (k4, !k′; k′
4, !k′)

(k′
4

2 + a2
−)(k′

4
2 + a2

+ )
F E(k′

4, !k′; 0) (11)

This is a self-consistent integral equation for determining F E(k4,!k;!ks = 0) without any
coupling to the Minkowski amplitude F . The possibility of such a decoupling, is the vanishing
of the S term in Eq. (6) and it is valid only in the limit ks ! 0.

To obtain the scattering length, it is of practical interest to make the partial wave decom-
position and isolate the S-wave contribution. Following the convention [3]:

F E(k4,!k; 0) = 16π
∞

∑

L=0

(2L + 1)FL(k4, k)PL(z) (12)

where PL(z) is the Legendre polynomial and FL is the partial amplitude depending only on k4

and k =| !k |. Since we are hereafter restricted to the case ks = 0, we omit its the argument ks

as well as the Euclidean label.
In the case of S-wave, Eq. (11) reduces to the following two-dimensional integral equation:

F0(k4, k) = V B
0 (k4, k) +

∫

∞

0
k′2dk′

∫

∞

0
dk′

4
V0(k4, k; k′

4, k
′)

(k′
4

2 + a′
−

2)(k′
4

2 + a′
+

2)
F0(k

′

4, k
′) (13)

where a′
± =

√

m2 + k′2 ± m and

V B
0 (k4, k) =

αm2

k2
4 + µ2 + k2

(14)

V0(k4, k; k′

4, k
′) =

m2α

π2kk′
log

[k2
4 + k′

4
2 + µ2 + (k + k′)2]2 " 4k2

4k
′2
4

[k2
4 + k′

4
2 + µ2 + (k " k′)2]2 " 4k2

4k
′2
4

(15)

Notice that in Eq. (13) we have limited the k4 integration to the half-interval 0 < k4 < # .
The factor (k′

4
2 + a′

−

2) in the denominator of (13) vanishes at k′
4 = 0, k′ = 0. In practical

calculations this (integrable) singularity can be removed by the replacement of variable k′
4 = a′

−y
and use the relation a′

+ a′
− = k′2. Then Eq. (13) obtains the form:

F0(k4, k) = V B
0 (k4, k) +

∫

∞

0
a′

+ dk′

∫

∞

0
dy

V0(k4, k; ya′
−, k′)

(y2 + 1)(y2a′
−

2 + a′
+

2)
F0(ya′

−, k′) (16)

6

2 BS

Γ(k, P ) =

∫

d4k′

(2π)4
iK(k, k′; P ) S1(p

′
1) S2(p

′
2) Γ(k′, P ) (1)

ΦE(k4,"k) ≡ ΦM (k0 = ik4,"k)

ΦM(k0,"k) ≡ ΦE(k4 = −ik0,"k)

(p2
1,E + m2)(p2

2,E + m2)ΦE(p4, "p) = g2

∫

dk4d"k

(2π)4

1

(p − k)2
E + µ2

ΦE(k4,"k)

(p0, p ≡| "p |)

Φ(x1, x2, P ) =< 0 | T{φ(x1)φ(x2)} | P > (2)

often expressed in terms of his Fourier transfom

Φ(x1, x2, P ) =

∫

dp1

(2π)4

dp2

(2π)4
Φ(p1, p2) e−iPx e−ikx

= e−iPx

∫

dk

(2π)4
Φ(k, P ) e−ikx (3)

where P = p1 + p2 2k = p1 − p2

3 BSMINK

∫

dβ Φ(k + βω, p) =

∫

dβ G(12)
0 (k + βω, p)

∫

d4k′

(2π)4
iK(k + βω, k′, p) Φ(k′, p) (4)

V (γ, z, γ′, z′) =

{

W (γ, z, γ′, z′) if −1 ≤ z′ ≤ z
W (γ,−z, γ′,−z′) if z ≤ z′ ≤ 1

(5)

avec

W (γ, z, γ′, z′) =
αm2

2π

(1 − z)2

γ + m2z2 + κ2(1 − z2)

∫ 1

0

v2

D2(v)
dv (6)

et

D(γ, z, γ′, z′, v) = v(1 − v)(1 − z′)γ + (1 − z)[(1 − v)µ2 + vγ′]
+ vm2 [(1 − v)(1 − z′)z2 + vz′2(1 − z) ]
+ vκ2(1 − z)(1 − z′) [1 + z − v(z − z′) ]

Nakanishi integral representation [?, ?]:

2

This quantity has been computed since many years in LQCD to obtain the NN potential  
e.g. in Ishi, Aoki, Hatsuda, Phys. Rev. Lett. 99 (2007) 022001 (PAC-CS, HAL-QCD collaboration)  
but never used to compute a0 



3. Numerical results

The numerical solutions of Eq. (16) with the kernel (15) have been obtained by spline
expansion of the Euclidean amplitude F0(k4, k) and solving the corresponding linear system
(see Appendix A of Ref. [13] for details).

The scattering lengths a0 are extracted by computing the value at the origin of the Euclidean
amplitude (17). Their values are in full agreement with the results of our previous work [16]
and from those of Ref. [15], both obtained using different and independent methods. Some
deviations in the case µ = 0.15, noticed in Table 1 of [15], were due to inaccuracies in [16] and
have been corrected in benefit of [15]. This lack of precision in the µ = 0.15 results of Ref. [16]
was due to an unadapted choice of the grid parameters for large values of the coupling constant
! . In view of the agreement with the preceding results (Tab. 1 of [16] and Tabs. 1-3 of [15]), it
would be redundant to repeat here the numerical values. However, we give below the Euclidean
off-shell amplitude F0(k4, k) determining by Eq. (17) the scattering length.

Figure 2 displays the amplitude F0(k4, k) as a function of k at fixed values of k4 (left panel)
and as a function of k4 at fixed values of k (right panel) for the parameters m = 1, µ = 0.50
and ! = 0.50. The scattering length a0 = −3.66 is directly readable in both panels. For
these parameters the two-body system has no bound state and the amplitudes are monotonic
function in both arguments.

The same amplitude is shown in Figure 3 for µ = 0.15 and ! = 2.50. For these parameter
values the two-body system has two bound states with the second one having very small binding
energy. This results in a large and positive value of the scattering length a0 = +12.3. The
amplitude has consequently a richer structure in both variables than in Fig. 2 and requires
hence a finer grid to be properly described.

0 1 2 3
k

0

1

2

3

4

F0
k4=0.00
k4=0.25
k4=0.50
k4=0.75
k4=1.00

a0=-3.66 µ=0.50 α=0.50

0 1 2 3
k4

0

1

2

3

4

F0
k=0.00
k=0.25
k=0.50
k=0.75
k=1.00

a0=-3.66 µ=0.50 α=0.50

Figure 2: Euclidean scattering amplitude F0(k4, k) as a function of k for di! erent values of k4 (left) and as
a function of k4 for di! erent values of k (right). They correspond to m = 1, µ = 0 .50 and ! = 0 .50. The
scattering length value is given bya0 = −F (0, 0) = −3.66.
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Figure 3: The same than in Fig. 2 with the parametersµ = 0 .15 and ! = 0 .50. The scattering length value is
given by a0 = ! F (0, 0) = +12 .3

4. Conclusion

We have shown that in the limit of zero incident energy the Bethe-Salpeter scattering
amplitude can be obtained by solving a purely Euclidean equation, as it was the case for the
bound states.

The decoupling between Euclidean and Minkowski BS amplitudes is only possible for zero
energy scattering observables and allows determining the scattering length from the Euclidean
BS amplitude.

The results have been tested by solving the Euclidean Bethe-Salpeter scattering equation
in a scalar one-boson exchange model where the scattering lengths values were obtained by
independent methods.

Such a possibility suggests to extract the scattering length in Lattice calculations from a
direct computation of the Euclidean Bethe-Salpeter amplitude (1) in momentum space without
using the Luscher formalism.
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Conclusion  

We have presented two methods for solving Bethe-Salpeter equation in Minkowski space. 
- One based on the Light-Front  projection and Nakanishi representation 
- One based on a direct solution with a careful analysis of singularities 
 
The zero energy results  of BS and NR differ by (µ/M) terms. 
This difference is reduced but remains when going beyond the ladder approximation. 
 
 
The Minkowski solutions are mandatory  
 - for computing the em elastic and transition form factors  
 - for computing the off-shell scattering amplitude. 
 
They can be avoided for the zero energy scattering (for the moment!). 
The scattering length is accesible from the purely Euclidean BS amplitude FE 

An alternative way to Luscher method in Lattice calculations 
 
 
 
 
 
 
 
 





2

and relative momenta

2k = k1 ! k2
2ks = k1s ! k2s (2)

The subscript s means ÓscatteringÓ (on-mass-shell)
momenta. For a scattering process,F obeys the inho-

mogeneous integral equation graphically represented
in Fig. 1.

FIG. 1: Bethe-Salpeter equation for a scattering state.

Its analytic expression in Minkowski space reads:

F (k, ks; p) = K (k, ks; p) ! i
!

d4k!

(2! )4

K (k, k!; p)F (k!, ks; p)
"#p

2 + k!
$2

! m2 + i "
% "#p

2 ! k!
$2

! m2 + i "
% (3)

We will consider all along this article the case of spin-
less particles interacting by the one-boson exchange
kernel K :

K (k, k!; p) = !
16! m2#

(k ! k!)2 ! µ2 + i "
, (4)

where # = g2/ (16! m2) is the dimensionless coupling
constant. In the non relativistic limit, this kernel leads
to the Yukawa potential V (r ) = ! # exp(! µr )/r . We
denote by M 2 = p2, the squared total invariant mass
of the system.

The amplitude F depends on the three four-
momenta k, ks, p. In the center of mass frame,
deÞned by $p = 0, one has ks = (0 ,$ks) and

p0 = M = 2 %ks = 2
&

m2 + k2
s . For a given incident

momentum$ks, F depends on the three scalar variables
k0, |$k| and z = cos($k, $ks). It will be hereafter denoted
by F (k0, k, z), setting abusively k = |$k|, ks = | $ks|.
The modulus of the incident momentum ks plays the
role of a parameter (like the bound state massM in
the bound state equation) and therefore it will not be
included in the arguments of the amplitude. However,
in contrast to the bound state case, one hasM > 2m
and F depends also on the extra variablez = cos&,
where & is the scattering angle.

Notice that the solution thus obtained is the half-
o! -mass shell amplitude. It is a particular case of the
so called full o! -shell amplitude F (k0, k, z; k0s, ks; M ).
The latter, in addition to the variables k0, k, z, de-



Computing electromagnetic form factors in Minkowski  

In terms of BS amplitudes 

# M can, in its turn, be expressed trough g( �é,z) ! and computed  with a 5d integral (see expression) 

(4) 



Then the integral over d4k1 has the form
!

á á ád4k1

(k2
1 ! c + i ! )6 , (160)

where c does not depend onk1. Though the calculation of this integral by Wick rotation is standard, we explain
it here in more detail, to emphasize the di! erence with the calculation performed using Euclidean BS amplitude,
where the Wick rotation cannot be done (see sect.?? below). The integrand in (160) does not contain linear

terms in k10, but only a constant and a quadratic term. It has four poles atthe valuesk10 = ±
"

c2 + "k2
1 " i ! . Their

positions do not prevent from the counter-clock-wise rotation of the integration contour. Therefore, substituting
here k10 = ik 4, we get, for the constant term in k10, the following relations:

!
d4k1

(k2
1 ! c + i ! )6 =

!
dk10d3k1

(k2
10 ! "k2

1 ! c + i ! )6

=
!

idk4d3k1

(k2
4 + "k2

1 + c)6
=

! !

0

i2#2k3dk
(k2 + c)6 =

2i#2

40c4 . (161)

Calculating similarly the integral for the quadratic term

!
k2

1 d4k1

(k2
1 ! c + i ! )6 = !

2i#2

60c3 , (162)

we Þnd the following formula, which is exact for a giveng:

FM (Q2) =
1

27#3NM

! !

0
d$

! 1

" 1
dz g($, z);

! !

0
d$#

! 1

" 1
dz#g($#, z#)

! 1

0
du u2(1 ! u)2 f num

f 4
den

(163)

with

f num = (6 %! 5)m2 + [ $#(1 ! u) + $u](3%! 2) + 2M 2%(1 ! %) +
1
4

Q2(1 ! u)u(1 + z)(1 + z#)

f den = m2 + $#(1 ! u) + $u ! M 2(1 ! %)%+
1
4

Q2(1 ! u)u(1 + z)(1 + z#),

where Q2 = ! (p ! p#)2 > 0 and

%=
1
2

(1 + z)u +
1
2

(1 + z#)(1 ! u)

The normalization factor NM is found from the condition FM (0) = 1

141

Electromagnetic form factor in Minkowski in terms of the Nakanishi weight fonction g 

(*)  Eur. Phys J. A9 , 53 (2009), Review in Few-Body Systems 49 (2010) 205 

We could compute in this way(*) - and for the first time ! - the BS e.m. form factor in Minkowski  



The problem in euclidean space :  assume that the Wick rotation is legal !  

In the Breit frame 

with 

Recipe : start with (4) and ÒrotateÓ  k0#ik 4  

(5) 

Two kinds of problems appear here: 
 

 1 - The knowledge of  ! "  everywhere (Òboost problemÓ) 
 2 - The Wick rotation in the integral (5)    

 



Even assuming no singularities crossed in th Wick rotation: the Ç boost problem È 

Euclidean BS amplitude found for real arguments cannot be used to calculate form factors 
Two options: 
-! Solve BS in complex plane, i.e. with complex arguments 
-! Solve BS equation for any value of (P,PÕ) 

 

 
 
 

Most of the existing result were obtained this way [e.g. Zuilhof, Tjon Phys. Rev. 22(1980)2369)] 
How good are they ?  



(5) 

So we can ÒÕnaivelyÓ compute (5)  
If the ÒWick rotationÓ is legal , the result should coincide with (4)!  but it does not ! 
 
HOWEVER a careful analysis (*) shows that the integrand crosses singularities, 
Their contributions are not taken into account and that makes de difference  
To properly treat them is very hard  
 
No clear issue for computing form factors in euclidean    
 

The problem in euclidean space : Let us perform the Wick rotation in the integral (5)  

Our approach provides  provides actually   ! "  everywhere (even for complex arguments)    
It is simply given by g(�é,z) and   
 

(*) Eur. Phys J. A9 , 53 (2009), Review in Few-Body Systems 49 (2010) 205 
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k0=ik4

+ +

+ +

X

k0
+R! R

+iR

! iR

Fig. 12 Wick rotation in the form factor integral

Since the BS amplitude (19)Ñand consequentlyFMÑare not normalized, Eq. (20) determines the
normalization factor. Using the Feynman parametrization

1
ab2 =

1!

0

2xdx
[(1 ! x)a + xb]3

the integral (20) can be calculated analytically and reads:

FM(0) =
1

16! 2M3

"

#
4m2 arctan M"

4m2! M2
"

4m2 ! M2
! M

$

% (21)

which form = 2 andM = 3 takes the numerical valueFM(0) = 4.99241# 10! 4.
In the rest framep = 0 the form factor (20) has the form:

FM(0) =
i

(2! )4M

$!

0

4! k2dk

$!

!$

(M ! k0)dk0

[k2
0 ! k2 ! m2 + i " ][ (k0 ! M)2 ! k2 ! m2 + i " ]2

(22)

In order to check the validity of the Ònaive Wick rotationÓ in the form factor integral (22), we replace there
k0 = ik4 and integrate overk4 in real inÞnite limits. We obtain in this way:

FN W(0) =
! i

(2! )4M

$!

0

4! k2dk

$!

!$

(M ! ik4)idk4

[k2
4 + k2 + m2][ (k4 + i M )2 + k2 + m2]2

(23)

We have omittedi " in denominator, since the integrand in (23) is now non-singular at realk4. For par-
ticular values of the parameters this integral can be computed numerically. Form = 2, M = 3 we get:
FN W(0) = 3.15404# 10! 4 which differs from the valueFM(0) obtained above, using Minkowski BS ampli-
tudes. This shows, by a simple example, that performing the Wick rotation to the variablek0Ñthe argument
of the BS amplitudeÑin the expression for the em form factor is not allowed.

The reason for this difference is the existence of a pole in the integrand of (22) created by the zeros of
the denominator rightest factor which are given byk0 = M %

"
k2 + m2 ± i " . If k2 < M2 ! m2, the pole

corresponding to

k0 = M !
&

k2 + m2 + i " ,
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Fig. 10 BetheÐSalpeter Minkowski amplitudes, corresponding to Fig.9, versusk0 for k = | k| = 0.2 (onlyleft) and versusk = | k|
for k0 = 0.04 (onright). The amplitudes! 1 and! 2 are indistinguishable

(k,pÕ)k

p! k pÕ! k

q

" (k,p) "

Fig. 11 E.m. vertex in terms of the BS amplitude

As mentioned in the Introduction, the Euclidean BS amplitude cannot provide the right em form factor.
This fact has been discussed in some detail in our previous work [37,38] where two kinds of reasons were
advocated.

The Þrst reason was the impossibility for performing the Wick rotation in the integral (18). Indeed this
transformation, represented schematically in Fig.12, consists in replacing the integral over thek0 variable
along the real axis[! R, + R] by the integral along the imaginary axis[! i R, + i R]. The result is unchanged
provided no any singularity of the integrand is crossed when rotating anticlockwise the real into the imaginary
integration interval, that is when there are no singularities in the Þrst or third quadrants. This is the case, for
instance, of those poles associated with the free propagators (denoted by+ in Fig.12) which are located in the
second and fourth quadrants. It turns out however that the integrand of (18) has singularities in thek0 variable
(denoted by X in Fig.12) which, for some values ofk2, are located in the Þrst or third quadrants. That prevents
from performing a naive Wick rotation, i.e. by simply replacing in Eq. (18) k0 " ik4 and" M " " E, the
Euclidean BS amplitudes. Taking properly into account the contribution of these additional singularities in
the contour integral would require a careful analysis on the complex plane of the form factor integrand, a task
which is hardly doable even by assuming that" M and" E are known numerically.

This problem is already manifested at zero momentum transfer in the simplest model case of a BS amplitude
given by the product of free propagators corresponding to the external lines:

" M =
1

[k2 ! m2 + i #][ ( p ! k)2 ! m2 + i #]
(19)

In this case, the integral (18) corresponds to the Feynman amplitude represented in Fig.11 with constant
vertices (g = 1). The form factor is obtained by multiplying its result (18) by ( p + p#)µ . For p = p#it reads:

4M2FM(0) = i
!

d4k
(2$ )4

(4M2 ! 4káp)
[k2 ! m2 + i #][ ( p ! k)2 ! m2 + i #]2

(20)
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Since the BS amplitude (19)Ñand consequentlyFMÑare not normalized, Eq. (20) determines the
normalization factor. Using the Feynman parametrization

1
ab2 =

1!

0

2xdx
[(1 ! x)a + xb]3

the integral (20) can be calculated analytically and reads:

FM(0) =
1

16! 2M3

"

#
4m2 arctan M"

4m2! M2
"

4m2 ! M2
! M

$

% (21)

which form = 2 andM = 3 takes the numerical valueFM(0) = 4.99241# 10! 4.
In the rest framep = 0 the form factor (20) has the form:

FM(0) =
i

(2! )4M

$!

0

4! k2dk

$!

!$

(M ! k0)dk0

[k2
0 ! k2 ! m2 + i " ][ (k0 ! M)2 ! k2 ! m2 + i " ]2

(22)

In order to check the validity of the Ònaive Wick rotationÓ in the form factor integral (22), we replace there
k0 = ik4 and integrate overk4 in real inÞnite limits. We obtain in this way:

FN W(0) =
! i

(2! )4M

$!

0

4! k2dk

$!

!$

(M ! ik4)idk4

[k2
4 + k2 + m2][ (k4 + i M )2 + k2 + m2]2

(23)

We have omittedi " in denominator, since the integrand in (23) is now non-singular at realk4. For par-
ticular values of the parameters this integral can be computed numerically. Form = 2, M = 3 we get:
FN W(0) = 3.15404# 10! 4 which differs from the valueFM(0) obtained above, using Minkowski BS ampli-
tudes. This shows, by a simple example, that performing the Wick rotation to the variablek0Ñthe argument
of the BS amplitudeÑin the expression for the em form factor is not allowed.

The reason for this difference is the existence of a pole in the integrand of (22) created by the zeros of
the denominator rightest factor which are given byk0 = M %

"
k2 + m2 ± i " . If k2 < M2 ! m2, the pole

corresponding to

k0 = M !
&

k2 + m2 + i " ,
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lies in the Þrst quadrant and it is crossed by the Wick rotation. The residue at this pole is

Res=
! i (M !

"
k2 + m2)

25! 2M3
"

k2 + m2(2
"

k2 + m2 ! M)2

and its contribution to the form factor is given by:

FRes(0) =

"
M2! m2!

0

(2! i Res) 4! k2dk (24)

Numerical calculation form = 2 andM = 3 givesFRes(0) = 1.83837# 10! 4 and the sum of both contribu-
tions is in perfect agreement with the valueFM(0).

FN W(0) + FRes(0) = 3.15404á10! 4 + 1.83837á10! 4 = 4.99241á10! 4

This example illustrates, hopefully clearly, how the singularities in the Þrst quadrant indeed appear and that
they prevent from the Wick rotation. Taking properly into account their contribution restores the form factor
value. However, this cannot be done if one knows only the numerical values of the Euclidean BS amplitude.

The second reason results from the fact that even neglecting the above explained impossibility of the Wick
rotation in the variablek0, i.e., neglecting the contribution of the singularities denoted by X in Fig.12, we
still cannot compute the form factor in terms of the Euclidean BS amplitude at rest. Indeed, the amplitude
" (k, p) = " (k2, pák) depends on the scalarsk2 = k2

0 ! k2 and pák = p0k0 ! pák. After Wick rotation
k0 = ik4, the Þrst scalar becomesk2 = ! (k2

4 + k2). Suppose that we are working at the rest framep = 0.
Then the second scalar turns intopák = p0k0 = i Mk4. This purely imaginary value is just the argument of
the Euclidean BS amplitude and we do not cause any problem.

However, for non-zero momentum transferQ2 = ! ( p ! p$)2 we havep! %= 0. The argumentp$ák of
the amplitude" (k, p$)Ñright vertex in Fig. 11Ñtransforms in the Wick rotation asp$ák = p$

0k0 ! p!ák =
ip$

0k4 ! p!ák, i.e. a complex value. The amplitude with complexÑnot purely imaginaryÑvalue of its argument
p$ák is not the Euclidean one, which enters the left vertex. Therefore, even after performing the invalid Wick
rotation, the form factor integrand, cannot be expressed via BS amplitude obtained by real boost from the
Euclidean BS amplitude at rest.

To avoid the complex boost one can solve the Euclidean BS equation in a moving frame withp %= 0 and
obtain in this way the BS amplitude for any value ofp. This approach was followed in [39,40] in the framework
of the quark model. The form factor was computed in terms of the Euclidean amplitudes atp %= 0 but without
taking into account the contribution of the singularities discussed above.

Another approximate way to compute the form factors, widely used in the literature, is the so called static
approximation [36]. It consists in replacing the BS amplitude in a moving frame" (k; p$

0, p!) by the rest frame
amplitude" (k; p$

0 = M, p! = 0) boosting only the spatial part of its argumentk, i.e. letting unchanged the
time-componentk0. This means in practice that the left vertex of Fig.11 involves the Euclidean BS amplitude
with p = 0, " E(k4, k), while the right vertex involves" E(k4, k + p!). In this way, the form factor is approx-
imately expressed via Euclidean BS amplitude. The accuracy of static approximation was estimated in [36]
perturbatively, at relatively smallQ2.

When using the Minkowski BS amplitude, represented via Nakanishi integral (2), we can calculate the
integral ofd4k analytically and express the form factor in terms of the computed Nakanishi weight function
g(#, z). The procedure is now theoretically safe and the precision of the result depends only on the accuracy
of the numerical solution of theg(#, z) functions.

The exact results [37,38], together with the static approximation, are shown in Fig.13(left). The difference
between the exact calculation and static approximation is small at small momentum transfer but it strongly
increases with increase ofQ2.

In Fig. 13 (right) we compare the exact (Minkowski) form factor with the one found through the LF wave
function (6). At all Q2 they are almost indistinguishable from each other.
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The existing results in the literature (Òstatic approximationÓ) are very  different  
from the Minkowski-space ones (only scalar case was computed) 



The ÒNa•ve EuclideanÓ results  Ð only computed using g due to Òboost problemÓ Ð  
are also  different from the Minkowski-space ones (only scalar case was checked) 
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When properly computed (Minkowski space) BS and LFD are very  close  
(only scalar case was tested) 
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