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Overview

@ Scale vs. conformal invariance

@ Conformal non-invariance of Maxwell theory in d # 4

— Classical: non-invariance of the action and equation of motion (EOM)
— Quantum: mixing between physical and unphysical sectors

© Extended conformal symmetry on the physical sector of Maxwell theory

— Extended special conformal transformation (ESCT)
— Invariance of action and classical EOM
— Invariance of gauge-invariant transverse two-point correlation functions

© Discussion
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Global Conformal Transformations in d spacetime
dimensions

In d spacetime dimensions, conformal group is identified with the
noncompact SO(d, 2) group. It consists of

@ Poincare group : translations, Lorentz rotations
@ Scaling (dilatation)

@ Special conformal transformations (SCT)

Scale invariance usually implies conformal invariance
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Scale vs. conformal invariance

For Poincare invariant unitary theories...
d=12:
@ Scale invariance = conformal invariance
(Zamolodchikov and Polchinski)
d>2:
@ Scale invariance usually implies conformal invariance
o Counterexamples

— higher spin theory in curved spacetime (Iorio)
— 2 real scalars 4+ one Weyl spinor in d = 4 — € (Fortin)
— Maxwell theory in d # 4
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Is classical Maxwell theory conformally invariant?

Maxwell theory
1w
£(x) = =3 P (1)Fpu (¥)

Under scale transformation
oxt = x,

0L(x) = —0,[x"L(x)] (total derivative)

= Maxwell theory is scale invariant in any dimension
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Is classical Maxwell theory conformally invariant?

Under the special conformal transformation (SCT)
§7xH = 2xTxt — gTH A2,

07AF(x) = (X207 — 2x7x - 0 — (d — 2)x7 ) A (x) + 2xA7 (x) — 2g7Hx - A(x)

@ Action is non-invariant in d # 4
§7L(x) = =8, [(227x" — g7 ) L(x)] + (d — 4)F7H (x)A,(x)

o Transformation of the gauge-invariant field strength is gauge dependent
ind #4
SFM (x) = (x20° — 2x%x - O — dx% ) F™ (x) + 2xHF°" (x) — 2x"F7H(x)
+ 28 xo FV (x) — 287" xo FH*(x)
+ (d — 4)[¢7"A" (x) — g7MA" (x)]
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Is classical Maxwell theory conformally invariant?

@ Classical EOM non-invariant in d # 4
67 (8, F™ (x))
=(x*07 — 2x°x - 9 — (d + 2)x7) O F* (x) + 2x" 9, F" (x)
— 287 x0 0, F" (x) + (d — 4)[g70 - A(x) — 0VA? (x)]
=(d —4)[g”"0 - Ax) — 9"A7 (x)]
#0
@ U(1) current conservation is NOT preserved in d # 4
870, 0" (x) = (x*0° — 2x7x - 0 — (d + 4)x7)d - J(x) + (d — 4)J7 ()
= (d —4)J% (x)
#0!

=-SCT is not compatible with gauge symmetry in d # 4
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Recovering conformal symmetry in £ = d/(d — 4) gauge

@ Gauge-invariant classical Maxwell theory does not have the SCT
invariance in d # 4

o El Showk et al. showed that the gauge fixed theory with
| 1
Le(x) = ——F" (x)Fp(x) — %

2
! (0.40)
is SCT invariant in any dimension if £ = d/(d — 4)

Proof:
Under the SCT, the quantum two-point function is invariant

67 (A (x)A"(0)) = 0
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Recovering conformal symmetry in £ = d/(d — 4) gauge

— Classical : gauge-invariant and the gauge-fixed Maxwell theory are
distinct

— Quantum : expectation values of gauge invariant operators are
independent of specific gauge choices

SCT Invariance in § = d/(d — 4)
177

Quantum Maxwell theory is SCT invariant in any gauge
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Is quantum Maxwell theory conformally invariant?

In QFT, a valid transformation O compatible with gauge symmetry should
only map one physical state to another physical state.

In the BRST language, the (d — 2) physical/transverse modes al_ ind
dimensions satisfy

[QB761L(k)] =0

= O must commute with the BRST charge Qp in the physical Hilbert space :

105, 0),a! (k)] =0

Check:
Generators of Poincare transformations and dilatation all satisfy

105, 0],a' (k)] =0
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Is quantum Maxwell theory conformally invariant?

For the SCT generator 47,

[[05,0%),al (k)] ~ (d — 4)e7 ¢ (k)
#0

SCT mixes physical modes with the unphysical sector in d # 4

=- SCT is not a physical transformation of quantum Maxwell theory in d # 4
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Gauge field decomposition

To better understand how the physical and unphysical components transform
under the SCT, we decompose

A (x) = A7(x) + AL(x),

ALx) = 2040 A)

AL(x) = A1(x) — 1049 A(W)

Al (x) : gauge dependent, and 9-A =0 -Af

A% (x) : gauge invariant, and 9 -A7 =0
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|
SCT of A} and A}

@ Under the SCT,

I7AH(x) = (xza‘f —27x- 0 — (d — 2)x7) A" + 2xHA7 — 2g7Hx - A
= K7A"(x)

(K? A" denotes the action of SCT on a primary vector field)

@ SCT on A} and A’} are defined as

57 A (x) = éaﬂaa 1574 (x)]
FALY) = BAR(x) — L0 [57A% ()

( SCT on A* followed by the projection into A% and A}’ )
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|
SCT of A} and A}

5TAR(x) = K7AL(x) — dé@“A‘}(x) —(d- 4)%[

FAL() = KOAL(R) + dZ0"AT(x) + (d — 4) L [0A7(x) — 70 - As ()

A (x) — g710 - AL (x)]

I3 I3
A and A}
@ Under Poincare transformations and dilatation, transform as vectors

@ Under the SCT, do NOT transform as conformal primary vectors
57 Al (x) # KA (x)
57AY(x) # KA (x)

@ SCT mixes physical and unphysical degrees of freedom in d # 4
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Extended special conformal transformation (ESCT)

Define an extended special conformal transformation (ESCT)
~ 1
87A%(x) = K7A(x) — dE(?“A‘;(x)

FAL() = KAL) + (d — 4) L 047 (x) — 70 - As )

@ ESCT does not mix physical and unphysical physical degrees of freedom
e A’ is mapped only within the physical Hilbert space under the ESCT
@ ESCT of the field strength is gauge invariant in any dimension

STFM (x) = (X207 — 2x%x - & — dx”)F™ (x) + 2xMF7 (x) — 2x" F7H(x)
+ 28 xo FV (x) — 287" xo FF*(x)
+(d —4)[g7 AL (x) — g7 A7 (x)]
= ESCT is compatible with of gauge symmetry
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ESCT invariance of classical Maxwell theory

@ ESCT invariance of the action :

0L (x) = =9, [(2x7xH — g7HP)L(x)] + (d — 4)F° , (x)A7(x)
and
A7
P = o7 (A1) — 0 (agAr,) + A3(0- A7)
Since 0 -Ar =0,

57 L(x) = — 0, [(2x7xH — g7Hx*) L(x)]

T A2 X
o[- agan))

= Maxwell action is invariant under the ESCT
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ESCT invariance of quantum Maxwell theory

e ESCT invariance of (A%(x)A%(y)) :

Gauge-invariant transverse two-point function

Whlioas(—ky = (g -5

In position space,

xHx d—2
x2 N

WA = s (8 20

Under the ESCT,
07 (AK(x)AL(0))

- <(SJA¢(x))A;<o)> - <A‘T‘(x) (5"A%<0))>

= K7 (A7(x)A7(0)) — dé( 0" (A7(x)A7(0)) — 0" (AF(x)A7(0)) )
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ESCT invariance of quantum Maxwell theory

Since J
K7 (A7(x)A7(0)) = W( g7t — g7x")
and
—al (0 (W50A%0)) - 0 (Ah(0AT0) )
- _ 1 TV GOV
d 27 (g g7x")
= 7 (ARAFO) = s (870 670 ) = s (470 =)
=0
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ESCT invariance of quantum Maxwell theory

Since U(1) gauge theory is a non-interacting QFT,

Invariance of the gauge-invariant two-point function

4

Invariance of all gauge-invariant n-point functions

57 (Ah(x)A%(0) = 0
(8

ESCT is a symmetry of the quantum Maxwell theory
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Discussion

Summary

o Studied why the SCT is not a symmetry of Maxwell theory in d # 4 —
SCT is not compatible with gauge symmetry

o Constructed an extended special conformal transformation(ESCT) which
only maps physical states within the physical Hilbert space

o Unveiled a new symmetry of the gauge invariant physical sector of both
classical and quantum Maxwell theory in d # 4

Future work
@ Non-Abelian theories

o Abelian gauge theory in curved spacetime
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