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A new form of the light front Feynman propagators is proposed. It contains
no energy denominators. Instead the dependence on the longitudinal
subinterval x7 = 2x*x~ is explicit and a new formalism for doing the
perturbative calculations is invented. These novel propagators are
implemented for the one-loop effective potential and vacuum polarization for
a massive scalar field. The consistency with results for the standard covariant
Feynman diagrams is obtained and no spurious singularities are encountered
at any step. Some remarks on the calculations with fermion and gauge fields
in QED and QCD are added.
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Outlook

@ Definitions and introductory remarks about the light front (LF)
@ Definitions in D = 3+1
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Definitions in D = 3+1
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Definitions in D = 3+1

coordinates
N L4 3 03
XT=—ron— X =———, XL
V2 V2
momenta 0 3 0 3
+_Ptp - _P -

=(xT,x7) x. = (xl,xz)

— (pT »— — (pl 2
\/E y P \/5 y PL (p P ) Py (p 7p)

longitudinal (L) and transverse (L) scalar subproducts

xi-p, =x'p'+ 277,

xP =20y, xpep =x"p 4+xp, ‘xﬁ
partial derivatives
0 0
Oy =5, O_=-—, 0=
T oxt Ox '
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Wightman functions and Feynman propagators

Wightman function for a free scalar field | (0|é(x)$(0)]0) = Wa(x)

k., O dkt e
Wt xm,x ) = [ oosseher e i
r2 (27) o Arkt

LF propagator Ajr(x) is defined as

Arr(x) = (0T ¢(x)p(0)[0) = O(x")(0]p(x)9(0)[0) + O(—xT)(0[$(0)¢(x)|0) =
= O@MWa(xt,x7,x1) + O(—x")Wa(—xT, —x~, —x.1).
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Outlook

@ Definitions and introductory remarks about the light front (LF)

@ LF propagator - standard approach
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LF standard approach

dk— g+ i
Okt = “r ik x
") /Rzﬁ 10’

CdkT et
arK" ik~
Jr 27 k- +i0

i

; /OO dk+e—ik+x’/ dk;efik’,ﬁi .
0 R 27 K e - o

i /Oo Eeﬂwr ot (k) /(2kT)
ket
0
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LF standard approach
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Outlook

@ Definitions and introductory remarks about the light front (LF)

@ Novel LF representation of propagator
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Novel LF representation of propagator

for xt > 0 we take kt = 2\x T

+ e
Wa(x) ~ / UK i it / T AN ixg i)/ (4N)
0 47l'k+ 0

4\
for x* < 0 we take kKt = -2 xT
0 gkt o A X dN 2 a2
Wo (—x) ~ iktxT i X :/ G —idxp —i(mP K )/ (40)
2(=) /0 Ak ¢ e 0 A’ ¢

This leads to the A representation of the LF propagator

Py g [ AN _ne ar
OT*ows)I0) = [ Fhgehom [7 Dol I - )

where x7 = 2xtx~ and M? = m? + k3
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Novel LF representation of propagator

Let us take the Fourier transform in the 2-dimensional longitudinal subspace

2
DHL i3,/ ()

—ixe} :/ dk* dk~ iR X ik /(20) /
. dTA Jes A

which leads to

_ / dsze—ikai/ ﬂ —1M2/4A)/
R 0 47T\ 4/1

ALF(X) 2 (27T 2
- / &k, / P i i / dA g —ar)/(ax)
k2 (27)2 JRo (47)2 A2 ’

Light-front perturbation

Jerzy Przeszowski (Univ. of Biatystok)

& kL ik xp elki,/(4A) _

22 Sept. 2015, LC2015 INFN

10/36



Novel LF representation of propagator

Let us take the Fourier transform in the 2-dimensional longitudinal subspace

oM :/ dk+dk7e—i(k*x’+k’x’)gik+k’/(2A) / d’k;, ﬂkaLC:k,/(M)
> 4m R? Sy

which leads to

_ ko. eikixy —1M‘ 4)\)/ & kL ikpx iky/(4N) _
Aurl) = / (2n)? ) 47TA T

o Pk [ AR kL x L ik 2 dA K=Y /(43)
T Jre (27)2 Jge (47)2 A2 ’

The integral over A is defined in the sense of distributions

/OC @em/)\: i
, N ATi0’

thus we have the correspondence with the covariant Feynman propagator

Py [ e , 4i
A _ —ikyxy ,—ikpxp -
r() / (2n) / 2 @Am)2¢ C Bt 0
— d k —lk-A i —
- / @ e A
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Outlook

© Convolutions of LF propagators
@ Two propagators
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Two propagators

We define the convolution of two LF propagators as follows

A+ Arp](x —z) = Alp(x —2) = / d*yApp(x — y)ALp(y — 2).
R4
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Two propagators

We define the convolution of two LF propagators as follows
(Bur * Aurl(x—2) = Abplr—2) = [ @ydelx =)y~ )
R

Thus for the A representation

AiF(X—Z) / dpu/ dpu/ y e (FL=y 1) pmipa - T)

d/\] d/\z / 2 —2X\ (xT—y ) (x— —y™) —i2 ot — ) (v —7—
d 2Ty (T =yT) g2 (T =) 0T —27)
/0 47r)\1/ 47\ JRr2 yee ¢ x

—iM?/(4A1) ﬂM’/ 4)\2

xXe

where Mf =m? +1)12L and M% =m? +pzi.
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Two propagators

We define the convolution of two LF propagators as follows
(Bur * Aurl(x—2) = Abplr—2) = [ @ydelx =)y~ )
R

Thus for the A representation

AzF(X—Z) / dpll/ deL/ y e —ipy -(x 1 yL) —ipy, (v, IL)X

dX d/\z/ 2 Aty (- =) 2 (v —z )y 2
d 2M (T =y ) (67 =y7) g 22 (6T =) (T —27)
/0 47r)\1/ 47\ JRr2 yee ¢ x

—iM?/(4A1) ﬂM’/ 4)\2

xXe

where Mf =m? +1)12L and M% =m? +p22L.
The integration over the transverse and longitudinal coordinates give

/7 dzyLe*fpu‘(xL*YL)eﬂszUL*ZL> — (271—)2(’52(171L 7p2l)e*i17|LxLeiszzL’
) S — )y — T 2222 (o~ ) (x =)
/zdzyLe P21 (¢t —y ) (x™ —y >€ 22 (y )T -) )\1+)\2 X X )
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Two propagators

@ Thus we obtain

dzp i ad d)\] d d)\z
A2 (x — _ 1L —ipy -(x1—2z1) / /
LE ()C Z) \/]Rl (27()2 ¢ 0 47 0 47y

PYEDYY

X
A+
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Two propagators

@ Thus we obtain

d*p ; X dN\ [ d\
A2 (x— = 1L *'I’]L'(—VL*ZL)/ /
Lr(x¥=2) /Rz (2m)? ¢ o 4 Jo 4mhy

T effh*,'ffz (F =)@ =27) M/ (4N) =M/ (40)
AL+ X
@ For evaluating the integrals over A » we introduce new parameters A € (0,00) and § € (0,1)
defined as
1 1 1 A2 A A A
- 4= — A =2 Ny= 2 -~
1 >\1+)\27 13 N =% =g J a1 -

thus we have

/oo dA /OO dry m e*izril%(x+*l+)(17*27)e—iMf/(4)\|)efiMf/(4)\z) _
Jo 4t Jy Amha M+ N\

1 [dx| [! ; Sy ML [dN 2
_ 167/0 = e—lZ)\(.ﬁ—z*)(x -z )e—xﬁ _ 167‘/0 - e—l/\(x—z)ze—!TA'A
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Two propagators

@ Thus we obtain

dp _ . 0 d)\] e d)\z
A2 (x — — IL =ipiL- (x1-z1) / /
Lrlx—2) /R Rt b N Sy A

™ effh*,'ffz (F =)@ =27) M/ (4N) =M/ (40)

X
AL+ X
@ For evaluating the integrals over A » we introduce new parameters A € (0,00) and § € (0,1)
defined as
1 1 1 A2 A A A
- 4= — A =2 Ny= 2 -~
1 >\1+)\27 = N =% =g J a1 -

thus we have

/‘°° dX\ /°° dva, T —12%‘3}()(*7:*)()6’*2’)e—iMf/(4)\|)e—iMf/(4)\z) _
o 4T\ A7 M+ A2

- / = d) / P . S / A ine2t i
16 Jo A2 167 Jo e

o ) representation for the convolution of two LF propagators

l : dp : dA\ i Nl
2 L —ip (x1—z1) iNxL—z1)? iy
Afp(x—2) = /Z 2 )ze /0 )\29 e ' Tax .
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Two propagators

@ For comparing LF and covariant results we introduce the longitudinal momenta as

2
oMz / EPL ip,-(x1-20) i} /(40
R2 4T ’

thus we have
1 d? ) 4N . )
Mrl=a) = g /R (z:fzf”’i'("’“) L /0 e

_ L[ A e / AN i) /4
16 Jus 2y MEDE ‘

The integral over A can be performed explicitly according to

/ TN a1
Jo N (A +i0)2’
leading to
d4p o iZ
AZ _ _ —ip-(x—2)
ZE /R @n)° (P —m? +i0)2’

[Which agrees with the covariant result.]
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Outlook

© Convolutions of LF propagators

@ Convolution of three propagators
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Convolution of three propagators

@ We define the convolution of three LF propagators as follows

(Sur s A+ Aurl(r=2) = Al =)= [ ourtx=9)A3 0 =)
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Convolution of three propagators

@ We define the convolution of three LF propagators as follows
(Bur s Bur + Burl(r—2) = A=) i= [ a'yerla =) %0 - 2).
R

@ Thus we have

d2p d2p . )
A3 — = li/ 2l/ d* —ip (LY 1) p=ipay (Y —21)
om0 = [ o [ e ‘ "

y / * dh / T / Pyge )bt =)0 =)
o 4mhiJo 167A5 Jr2
x M/ N =iM3/(422)

where M7 =m? +pQ and M3 =m®> +p.
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Convolution of three propagators

@ We define the convolution of three LF propagators as follows
(Sur s A+ Aurl(r=2) = Al =)= [ ourtx=9)A3 0 =)
@ Thus we have
d2p d2p . )
A3 _ _ 1L / 21 / d2 —ipy X1 =y1) =Py (v —21) %
om0 = [ o [ e ‘

X /OO = /Dc d)\22/ APy e PO T) =220 =0T =)
o 4mhiJo 167A5 Jr2

x M/ N =iM3/(422)

where M7 =m? +pQ and M3 =m®> +p.

o These integrals are very similar to those for the convolution of two propagators.
The integration over the transverse coordinates and the integration over the longitudinal
coordinates is unchanged, thus we have

" dl’u _ . dA [ dh
A3 _ — ipyy(ri—z1)
Lrl¥ = 2) /Rﬂ (271')2 Jo 4mhi Jy  16mA2

iy ALA
T RN u*f"* YT =27 M3/ (4N)) p—iMF/(4X)

x
A+
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Three propagators

For evaluating the integrals over A » we again introduce the parameters

A A A

1 1 1 A2
A = —- )\ :77 e —
! =i T an_ee

ERD YLD SR Vi

thus we have

/oo d\ /00 d\, ™ —izjlfgz(ﬁ_ﬁ)(f—z*)e_iMf/(4A,)e—iM12/(4/\g) _
0 0

drn Jo o 16mE N x

Tedr Jy N 0

Thus the convolution of three LF propagators in A representation is given by

11 d’p, _, © dx 2
A3 )= L —ipy-(x1-z1) AR miMa—a)? iy
D= 501 e @ o 4mn© ‘
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Three propagators

o For comparing it with the covariant result we introduce the longitudinal momenta as

2
e*i)\(XL*ZL)Z — / d PL e*ipL-(XL*ZL)eipg/(ét)\)l
R2 4 ’
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Three propagators

o For comparing it with the covariant result we introduce the longitudinal momenta as

2
e*i)\(XL*ZL)Z — / d PL e*ipL-(XL*ZL)eipg/(ét)\)l
R2 4 ’
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Three propagators

o For comparing it with the covariant result we introduce the longitudinal momenta as

e—i)\(xzfu)z :/ dpL o~ iPL(¥L—zr) tpL/(A)\)
R2 471')\

thus we have

Alp(x—z) = % / (dz :)L ip (i) dPL / o ipu (1) i) /(4N)
= L AP ey /°° @ei(pzfnﬂ/mm,
128 Jps (27)" EDE

o The integral over \ can be performed explicitly according to

= @eiA//\ _ 27
o M (A +10)3’

leading to
dp .. P
A3 _ — —ip-(x—2) )
Lr(x—2) /R (2m)*° (7 —m2 +i0)3’

which [agrees with the covariant result].
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Outlook

© Convolutions of LF propagators

@ Convolution of n propagators and effective potential
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Convolution of n propagators and effective potential

@ The convolution for generic n propagators is given by

1 1 dp, _, ©dN 2 i
Al ) —ip  (x1—21) / —iX(xp—z1)* —i )
Lr(x = 2) = 3 (n—1)! /Rz @2m)2° o Amn© e
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Convolution of n propagators and effective potential

@ The convolution for generic n propagators is given by

1 1 dp, _, ©dN 2 i
Al ) —ip  (x1—21) / —iX(xp—z1)* —i )
Lr(x = 2) = 3 (n—1)! /Rz @2m)2° o Amn© e

@ The 1-loop effective potential (for the A¢* theory) is given by

i (=" (A L\ .,
ng}) [¢c] = 5 ; W <§¢3) 1r(0),
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Convolution of n propagators and effective potential

@ The convolution for generic n propagators is given by

1 1 dp, _, ©dN 2 i
Al ) —ip  (x1—21) / —iX(xp—z1)* —i )
Lr(x = 2) = 3 (n—1)! /Rz @2m)2° o Amn© e

@ The 1-loop effective potential (for the A¢* theory) is given by
1 i (=) (A L\
Vol =33 CF (S42) atro)
n=1

o thus we need to evaluate A} ,(0)

1 1 dp, [® d\ _wd
n 0 — —17.
r0) = Z =)y /]R (271')2/0 FES AR
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Convolution of n propagators and effective potential

@ The convolution for generic n propagators is given by

1 1 dp, _, ©dN 2 i
Al ) —ip  (x1—21) / —iX(xp—z1)* —i )
Lr(x = 2) = 3 (n—1)! /Rz @2m)2° o Amn© e

@ The 1-loop effective potential (for the A¢* theory) is given by
V(l ( ) 2 n
0= 23 CF (262 ap0),
n:l

o thus we need to evaluate A} ,(0)

 d\ ”’*PL
Tr(0 .
1r(0) = 4n =T nfl /Rz / dran€
o But we have
/°° dX SN _ i"(n—1)!
A+l (A—l—iO)”’
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Convolution of n propagators and effective potential

@ Thus using

A+l (A +i0)ﬂ ’

S "(n— 1)!
/ elA//\ _ L (}’Z )
JO

we directly find

n in_l dsz 1
ALr(0) = dr(n—1) /RZ (2m)% (m? Jrpzl)”*' '
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Convolution of n propagators and effective potential

@ Thus using

S "(n— 1)!
elA/)\:l(n )

o Al (A +1i0)"’
we directly find
LI ' N —
dn(n— 1) Jp2 (2m)2 (m? Jrpzl)”*'

@ For the standard LF propagators one obtains

_ " dp p*t [ !
A" (0) — / L / / d[J7 2 n
R R O A Pk
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Convolution of n propagators and effective potential

@ Thus using

® A _ 1))
o A (A+i0)"

we directly find

n — ln_l d 1
LF(O) - 471'(” — l) /Rz (271')2 (m2 +p2L)n7

@ For the standard LF propagators one obtains

1
st [ 2 [ n
w (27)? Jr 47(p7) [ = 4 isgn(p 0]

@ by residua we find

I
LR 1,
/Rp - —azop 70

for any finite value of a.
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Convolution of n propagators and effective potential

@ Thus using

® A _ 1))
o A (A ti0)"”

we directly find

' (0) = i1 /d 1
T dn(n = 1) Jre 27)2 (m? +p2 )

@ For the standard LF propagators one obtains

1
a0y = [ 2 [ [ n
e (27)2 4W(P+) {p* - L;:fzi + isgn(pﬂO]

@ by residua we find

_ 1

for any finite value of a.
@ One needs to look for the large circle contribution etc.
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Outlook

© One loop 2-point functions
@ Scalar vacuum polarization function
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Scalar vacuum polarization function

@ Let us consider the product of two covariant Feynman propagators

d*p . d*k i i
Ap(x)Ap(x) = i :
F()AF(x) /W 2m)*° /w Q2 —m2+i0 (k+p)2—m> +i0

Thus the 2-point scalar vacuum polarization function X(p) is the inverse Fourier
transformation of the product of two Feynman propagators.
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Scalar vacuum polarization function

@ Let us consider the product of two covariant Feynman propagators

d*p . d*k i i
Ap(x)Ap(x) = i :
F()AF(x) /W 2m)*° /w Q2 —m2+i0 (k+p)2—m> +i0

Thus the 2-point scalar vacuum polarization function X(p) is the inverse Fourier
transformation of the product of two Feynman propagators.
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Scalar vacuum polarization function

@ Let us consider the product of two covariant Feynman propagators

dp . d*k i i
Ap(x)A = i .
F(X)Ar() /R4 (27r)4e /R4 2m)* k2 —m? +i0 (k +p)? — m2 +i0

Thus the 2-point scalar vacuum polarization function X(p) is the inverse Fourier
transformation of the product of two Feynman propagators.
o Therefore we will consider Azp(x)App(x)

dzl’u dzl’u —i
A A = i(py L +poy )X L
wdut) = [ GH [ ke "

X/oc dX\ /00 AN i+ M) (1) bR/ () iR/ (4)
0 47T)\1 0 47T>\2

where M% = m? —l—plzL and M% =m? +p22l.

Jerzy Przeszowski (Univ. of Biatystok) Light-front perturbation 22 Sept. 2015, LC2015 INFN

)

23/36



Scalar vacuum polarization function

@ Let us consider the product of two covariant Feynman propagators

dp . d*k i i
Ap(x)A = i .
F(X)Ar() /R4 (27r)4e /R4 2m)* k2 —m? +i0 (k +p)? — m2 +i0

Thus the 2-point scalar vacuum polarization function X(p) is the inverse Fourier
transformation of the product of two Feynman propagators.
o Therefore we will consider Azp(x)App(x)

dzl’u dzl’u —i
A A = i(py L +poy )X L
wdut) = [ GH [ ke "

X/oc dX\ /00 AN i+ M) (1) bR/ () iR/ (4)
0 47T)\1 0 47T>\2

where M% = m? —l—plzL and M% =m? +p22l.
o For evaluating the integrals over \; » we introduce

M=XL =16, T=A
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Scalar vacuum polarization function

For new integral variables

)\IZ)‘gv )‘2:)\(1_5)7 J=A

we find

- /oc d/\l/ dX o IEN) M2 /(4N i3/ (4Na) _
0 47T)\1 4-71')\2

_ Q/ dE  —ixed ,—id/(4€)) ,—iM3/(4(1-€)N)
1672 0 £(1-¢)

Next we take the Fourier transform in the 2-dimensional longitudinal subspace

oM :/ &p, e PLELGIPL/ ()
R2 47[')\

which leads to

1
I = / PPy, ipx, / dA / A€ ip2/(4%) M3/ (4EN) ,—iM3/(4(1-E)N)
we (4m)° Ny €(1-9)
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Scalar vacuum polarization function

The integral over A can be performed explicitly according to

/w@em/x: i
o A2 A+i0’

thus we obtain

1
/ PL i / d? p}/(43) ,—iM3 /(4EN) b3/ (4(1-E)N) _
)

R2

(47)
= / dpL 67WLxL : 4
Jr2 (47)3 o €01 —S)poMf/ngg/(l — &) +i0

This leads to

d’pyy d’pyy —i(py ) +pyy )Xy d’p, —ippx; b
ALF(X)ALF(X) —/]R 5 /]Rz We‘ 1 Iy = /]Rz We L /0 5(1 — g) X

2 .
P21 —i(p), +pyy )X 4i

d’p d
X/R (27m)? Jge (27T)ze pr— M/ —M35/(1—¢€)+i0
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Scalar vacuum polarization

@ We parameterize the transverse momenta as
PiL=Pi§+q, Pa=pi(1-8—q., J=1

with the property

Accordingly we find

dpL _ dpL _ /l d§ / an 4
Ap(OAp(x) = ip L ipxL
urte) = [ Ghseren [ G [Tty @) g gt T g

and finally

A () = . qu%f A
ot = [ bier i [l [ B8 G
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Scalar vacuum polarization

@ We parameterize the transverse momenta as

piL=pPi&+a, pr=p(1-§—4q., J=1

with the property

P —p.2 7
Py +£<17£)-,

Accordingly we find

2 1 > .
Apr(x)Arr(x) = / dpL e PLrL / dpéef'vplx*/ df / d qé di o
Jre (2m)? Jr2 (2m) Jo &1 =€) Jp2 (4m) pi-pl— ’"(l "5 4o

and finally

ot = [ e | [ o e )

@ Thus the scalar vacuum polarization is given by

=)= [ s ! M
© Jre @m)A R —m2 400 (k+ p)? — m? +i0
S gy —
ar re (2m)2 p2E(1 — &) —m? — g% +i0°
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Outlook

© One loop 2-point functions

@ Vector vacuum polarization - I case
@ Longitudinal component
@ Transverse component
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Vector vacuum polarization - I case

Jerzy Przeszowski (Univ. of Biatystok) Light-front perturbation 22 Sept. 2015, LC2015 INFN 28/36



Vector vacuum polarization - I case

@ Let us consider another product of two Feynman propagators

4
9 AF()AF(x) = /R 4 (%4

e*ip-x

J.

d*k k, i

(2m)* k2 —m2 +i0 (k + p)2 — m2 +i0

d4p —ip-x
= e "%, (p),
V/R“ (27T)4 I(p)

where the expression in the box is the vector vacuum polarization function.
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Vector vacuum polarization - I case

@ Let us consider another product of two Feynman propagators

d4p . d*k k i d4p .
9uAF (D) Ap(x) = i . = S (p),
wr(x)Ar () /R @y’ /]R Qo R — 2 + 0 (k+ p) —m? + 0 /R @y o)

where the expression in the box is the vector vacuum polarization function.
o First we consider the longitudinal partial derivative, say 0., which leads to

-0 -0
00 AL (D) ALr() = (—20x7) /Z piy /Z APoL itprtp20) w1
Jr R

(27)? (2m)?
X/“"’ d\ M/Oo d\y eI AFNIE M/ (AN (=iM3/(402)
o 4T\ o 4T

where M7 =m? +p2 and M3 = m*> +pJ} .
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Vector vacuum polarization - I case

@ Let us consider another product of two Feynman propagators

dp d*k k i dp
QuAF()AF(x) = i " - / ——
W Ar(X)Ar() /R m)* /]R QR =m0 (k+p)P—m2+10|  Jas (27m) u(p)

where the expression in the box is the vector vacuum polarization function.
o First we consider the longitudinal partial derivative, say 0., which leads to

) .
08008 = (-20) [ [ TP e
JR

2 (2m)? (2m)?
X/Do dA A / X, e—l()\ﬁ»)\z)x,_ eszZ/(4,\\ —iM3 /(4)\2)
o 4T\ o 4T

2 2 2 2 _ 2 2
where M{ = m* +p) and M5 = m" +p;, .
o For evaluating the integrals over \’s we parameterize them as

A=A =AM1-E), T=A

Also we take the Fourier transform in the 2-dimensional longitudinal subspace

(—21')6’)@7")"‘z = A =0, / dpL e~ iPLxL lPL/(‘U\)
2 42
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Vector vacuum polarization - I case

This gives
- (721.{)/ d/\l/ 4(?\;2 i) MY/ (4N1) M/ (40a) _
_ d’p, —ip xL/ /1 dg i3 /() ,—iM2 ) (4EN) —iM2/(4(1—E)N)
_8+/R“(47T)3 - ol—feL e i e "2 .

The integral over A can be performed explicitly according to

< dA IA/)\ i
b A2 TA+I0

thus we obtain

!/ o dpL —thL ! dé 4i
b= 8*/ (47)3 " /()1—§k{—M%/E—M§/(1—§)+io'

This leads to

_ dzpli d Pyl Pl 2N ZIDE dsz —iprxL ' dg
oaran = [ o8 [0 B=or [ et [
></ dzpll/ dp2le—f(l’u+1’u)'xi 4i .
re (27)2 Jpe (27)? kj —M/€ = M3/(1—€) +i0
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Vector vacuum polarization - I case

o We parameterize the transverse momenta as

‘ PiL=PiE+q, P =pi(1-8—q,, ‘

thus
2 2 2
P, Py 2 91
L =p.’+
€ Ti-e Tt -9
which leads to
080 = 0y [ Sl [ i [ [ e A
- > 2 5 2 _ 3 gl -
w2 (27) 2 (2m) o 1 =& Jp (4m) p—pl — 's"(lt"g) +i0

and finally

oir d’q ¢
B+hr(@hr(n) = a+/ e / /RZ @ 2p2E(1 =€) —m* — g% +ie

&P i
- [ £P 4 (p).
./R“ @ +)
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Vector vacuum polarization - I case

o We parameterize the transverse momenta as

‘ PiL=PiE+q, P =pi(1-8—q,, ‘

thus

which leads to

d’p &cpy ' de [ dq 4
0L Ap(x)Ap(x) = 6+/ Lze"”‘f'”/ 2e’"""‘*/ 7/ T
w2 (27) 2 (2m) o 1 =& Jp (4m) p—pl — 's”(lt"g) +i0

and finally

oir d’q 3
8+AF(X>AF(X>:B+/ ,4 ’ / /Rz L2€lf)fmzfqi+te

p i
- [ £P 4 (p).
./R“ (27‘-)42 i(]’)

o Thus the vector vacuum polarization is given by

E()i/d"k ke i B /§ d*q, I3
HP = P R =m0 (k+p)? —mE+i0 | 4m o Qr)2p2E(1— &) —m2— @ +10°
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Vector vacuum polarization - I case

@ Then we consider the transverse partial derivative, say J;, which leads to

& " .
8,'ALF(X)ALF(X) = /2 PiL /2 PaL (_ipll_)e*’(l’uﬂ’u)'xl X
R R

(2m)? Jgo (2m)?
X/oo d\ /oo ANa i) ()2 =it/ () —id3/(422)
0 47T>\1 0 47T>\2 ’

where M? = m? +p 2} and M? = m? +p,%, . The calculation with \’s is exactly that from the
scalar case thus we may take

B Epy i [N dE 4i
I)\_/RZ (@) /0 =& p; — M7/ —M5/(1 - &) +i0

which leads to

py | d’py, —i(py L+
. —in,. i(pyLtpyy )Xy
QAL (x) App(x) /R2 )2 /}R2 e (—=ipy;)e

by [ i
(4m)3 Jo €1 =& p; —M}/e —M3/(1 - &) +i0
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Vector vacuum polarization - I case

@ Then we parameterize the transverse momenta as

‘ pii=pi§+tq, pu=p.(1-§-q5, ‘

which leads to

dp, [ g
OALF(X)ALp(x) = A
iALp(X) AL (x) /Rz (2n)? ./]RZ @n) ¢
L[ D [N Lt
I Jo (n)? o E01—8&) 2 _ 2 _ ma
PPt~ Tt 0
or finally
0,A1F<X)A,F(x):/ d*p e—xpxpz/ dql/ d§ 7/ d*p —[/)-XE‘(P)
iDL g Jrs (2m)* P —€) —m? —q7 +i0| Jpe 2m)* o

Thus the vector vacuum polarization is given by

E_(p)i/ 'k k; i
T Jre 2m) k2 —m2 400 (k +p)* — m? +i0
_ / / d’zlu ¢
R (2m)2 p2E(1 —€) —m? — g} +i0°
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Outlook

© One loop 2-point functions

@ Vector vacuum polarization - II case
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Vector vacuum polarization - II case

o Let us consider another product of two Feynman propagators

d*p [ d*%k k i
A A2 _ —ip-x| i
KArRAF) = | Gyt /RA @) R —m2+ 0 [(k+p)> —m? + 0 |

where the expression in the box is another vector vacuum polarization function X' (p).
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Vector vacuum polarization - II case

o Let us consider another product of two Feynman propagators

d*p o / d*k k, i
R

2 — —
OuBrWARN) = [ s @AY K2 —m2 £ 0 [(k+ p)® — m2 +i0]2 |

where the expression in the box is another vector vacuum polarization function X' (p).
o First we consider the longitudinal partial derivative, say 0, which leads to

2
DrdrAL) = () [ T [ CO2L i

o (2n)? Jye 2r)2
o [T 4N / T A i) 0)? M /4N i/ (N)
Jo AnaiT Joo 16mA3

where M2 =m? +1’u and M2 m? +I’u Proceeding analogously to the I case we find

) o = d’q &
O+ ALr(x)Afp(x) = 8+/R 2n© v / / s PP —6) —m— g tief

Thus the vector vacuum polarization is given by

/ _ d4 ki l2
) = /sz m? +1i0 [(k + p)? — m? +i0]?
- 'pi/ d‘h &
Jre (27)? [pPE(1 =€) —m? — g7 +i02
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Vector vacuum polarization - II case

@ Then we consider the transverse partial derivative, say d;, which leads to

&3 &3 . s )
OB (AL () = /m (2{:])é /m (2I:rz)§ (—ipy e PP

X/O@ d\ /"" A i),
o 4T Jo 1671')\%

m? 4+ pzzl. Proceeding analogously to the case I we find

—iM3/(4\1) e—iM%/(“)\z)l’

where M% =m? 4»1112L and M? =
the vector vacuum polarization

d*k k i
/ _
i) = /W (2 & =m0 (e pF = 410
ipi dg d’q, &
4r w2 (2m)2 [p26(1 =€) —m? — g3 +i0
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Vector vacuum polarization - II case

@ Then we consider the transverse partial derivative, say d;, which leads to

& & ‘
&'ALF(X)A%F()C) = / (zp])é/ Py (71p1i)e*'(Pu+l’u)'xi x
r2 (27

e (2m)?
/“’ A /°° Do iR w0 V4N oM/,
4\ 16m\ '
0 1Jo 2

where M% =m? 4»1112L and M2 = m? +p22l. Proceeding analogously to the case I we find

the vector vacuum polarization

() = / d*k ki i
! re 2m)* K2 —m2 40 (k + p)2 — m + i0

ipi qu &
/ / P P2E(1 =€) —m? — g3 +i0]

@ Accordingly we have the general result

2

sy = [ :
H R (2W)4 k> —m? 40 [(k + p)* — m? + i0]?

_ lpu df/ dqu 52
V2P — &) —m? — g5 +i0]2
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Vector vacuum polarization - II case

@ Then we consider the transverse partial derivative, say d;, which leads to

&3 &3 . s )
OB (AL () = /m (2{:])é /m (2I:rz)§ (—ipy e PP

X/O@ d\ /"" A i),
o 4T Jo 1671')\%

m? 4+ pzzl. Proceeding analogously to the case I we find

—iM3/(4\1) e—iM%/(“)\z)l’

where M% =m? 4»1112L and M? =
the vector vacuum polarization
S = [k S
re 2m)* K2 —m2 40 (k + p)2 — m + i0
ipi / / & qL &
: 2n) €1 =€) — m? — g + 0P

@ Accordingly we have the general result

2

4
) - / Pk,
H re (2m)4 K2 —m? +i0 [(k + p)? — m? + i0]?
R €
)2 [p2E(1 —€) — m? — g% +10]?

o D.Melikhov, S.Simula, Phys.Let. B 556 (2003) 135-141, End-point singularities of Feynman

graphs on the light cone
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Conclusions and prospects
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Conclusions and prospects

First
the \ representation for the scalar field LF propagator is free of
any problems which usually arise for the k™~ integration
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