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Wait? I can bind muons?

Proposed in 1971

Nearly purely leptonic, nearly purely QED bound state

τTM ≈ 1 ps � τµ = 2.2 µs (compare to τπ0 ≈ 10 as)

Never detected, but many channels suggested [Brodsky, Lebed
PRL 2009]

Many BSM scenarios can be cleanly explored! [Lamm PRD 2015]

Arguably a better QED analogy of Quarkonium
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Future experimental efforts to detect exist

DIRAC Experiment at CERN
HPS Experiment at JLab

Both could observe (µ+µ−)

DIRAC has “possibility” of measuring Lamb shift

Future muon facility at Fermilab should be considered
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24 years spent developing LF techniques to solve 3+1
bound states

Development of DLCQ for 3+1 [Tang et al. PRD 1991]

First numerical computation of eēγ model of Ps [Kaluza et al. PRD 1992]

Partial 1/r2 counterterms implemented [Krautgärtner et al. PRD 1992]

Instability in singlet state of Yukawa [Glazek et. al PRD 1993]

Hyperfine split w/o annihilation in T-D equation [Kaluza et al. PRD
1993]

First attempt at QCD bound states [Wölz Diss. 1995]

Ps with |γ〉 and Full Coulomb counterterms [Trittmann Diss. 1997]

Flow Equations for Ps [Gubankova et al. hep-th/9809143]

Flow Equations for Glueballs [Gubankova et al. PRD 2000]

AdS/QCD wavefunctions [Brodsky et al. PRL 2006]

BLFQ Positronium [Wiecki et al. PRD 2015] (See Vary talk Friday)
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Using HLC it is possible to construct eigenvalue problem

(
M2 −

∑
i

m2
i + k2

⊥i
xi

)
ψ(xi,k⊥i;hi)

=
∑
hj

∫
D

dx′jd
2k′⊥j〈xi,k⊥i;hi |V |x′j ,k′⊥j ;hj〉ψ(x′j ,k

′
⊥,j ;hj)

(1)

Potential V given be vertex, seagull, and fork diagrams
calculable from LCPT.

Infinite tower of Fock states→Must truncate

Divergences appear at x→ 0, 1 and k⊥ →∞ → Regularization
integrals via D/Renormalization
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Fock State can be truncated by Method of Iterated
Resolvents

IF we can truncate Fock space, we have model wavefunctions
(Yay) but breaks gauge invariance (Boo)

Using method of iterated resolvents we “include” effects of higher
Fock states in an effective interaction [H.C. Pauli
hep-th/9608035]
The Fock space will have an energy squared operator:

HLC =

(
HPP HPQ

HQP HQQ

)
(2)

We write a generic state |Ψ〉 with Q component as a function of P
component and a resolvent

Q̂|Ψ〉 = Q̂(ω −HLC)−1Q̂HLC P̂ |Ψ〉 (3)

With this, we write an effective Hamiltonian without Q states

Heff (ω)LC = P̂HLC P̂ + P̂HLCQ̂(ω −HLC)−1Q̂HLC P̂ (4)
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How to fix ω?

This equation can be solved exactly if we could fix ωi = M2
n(ωi) to

the true values.

We can use ω approximations used to ensure closure and repair
gauge violation.

For a P space of |ff̄〉 and a Q space including |ff̄γ〉 and |γ〉 states
alone, ω = Tavg works as a first approximation to cancel
divergences and repair gauge invariance

Tavg =
1

2

(
m2
i + k2⊥i

xi(1− xi)
+
m2
j + k2⊥j

xj(1− xj)

)
(5)

[H.C. Pauli hep-th/9608035]
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Solving Positronium at O(mα4) with Mesonix

Trittmann starts from Fock space of |ee〉, |eeγ〉, |γ〉 [Trittmann
Diss. 1997]

Using MIR, remove the |eeγ〉, |γ〉 to have only |ee〉 in Hamiltonian
Use unphysically large α = 0.3 to accentuate differences, study
non-perturbativity, QCD analogy
Produced entire Jz spectrum with very cut-off dependent energies
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Improving and Expanding Trittmann’s Mesonix

3+1 Fermionium model of |ee〉, |eeγ〉, |γ〉, |µµ〉, |µµγ〉
Single computation produces both Ps and TM

Improved | `¯̀γ〉 regularization through asymptotic counterterm

Improved discretization, larger N
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NF = 2 spectrum

Units of mµ for me = 1/2mµ, α = 0.3, Λe ≈ 15.3Λµ, Λµ = mµα/2
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Initial results for effects of electron loop consistent
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m
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Eigenvalue shifts ∆M2 ≡M2
µµ −M2

0 (in units of m2
µ) for 1 3S0

1 . The dashed
line IF is the instant-form prediction, using the non-relativistic wave function,
while the light-front (LF) points are obtained by taking α = 0.3,
Λµ = αmµ/2, Λ2

e = [Λ2
µ + 4(m2

µ −m2
e)]

1/2 ' 11.6αmµ/2, and averaging over
the results using several suitable values of N
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TMSWIFT: A natural extension of Mesonix with a
simple framework

Dramatically expands
possible Fock-space through
parallel implementation

Uses SLEPc and PETSc
libraries

Arbitrary number of flavors
and Jz, with independent
number of points and cut-off
for each flavor

Multiple discretization
methods available, easily
expanded

New interactions easily
accommodated
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13S0
1 3-flavor component wavefunctions are found

µµ ↑ ↑  component of state 6 for Jz=0
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Mesonix-
Nfock ≈ 1× 104 → t = 24 hr

TMSWIFT- Largest test
Nfock ≈ 2.4× 104 → t = 1 hr
with 512 nodes (unoptimized)

Results are still dependent on
which continuum states are
sampled.
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13S0
1 3-flavor component wavefunctions are found

µµ ↑ ↑  component of state 6 for Jz=0

 0.1
 0.3

 0.5
 0.7

 0.9x
 0

 0.97

 1.94

 2.91

 3.88

k⊥

0.0x10
0

2.6x10
-9

5.2x10
-9

7.8x10
-9

1.0x10
-8

µµ ↑ ↓  component of state 6 for Jz=0

 0.1
 0.3

 0.5
 0.7

 0.9x
 0

 0.97

 1.94

 2.91

 3.88

k⊥

0.0x10
0

1.8x10
-4

3.6x10
-4

5.4x10
-4

7.2x10
-4

9.0x10
-4

ee ↑ ↑  component of state 6 for Jz=0

 0.1
 0.3

 0.5
 0.7

 0.9x
 0

 0.99

 1.98

 2.97

 3.96

k⊥

0.0x10
0

2.5x10
-4

5.0x10
-4

7.5x10
-4

1.0x10
-3

ee ↑ ↓  component of state 6 for Jz=0

 0.1
 0.3

 0.5
 0.7

 0.9x
 0

 0.99

 1.98

 2.97

 3.96

k⊥

0.0x10
0

1.5x10
-3

3.0x10
-3

4.5x10
-3

6.0x10
-3

7.5x10
-3

ττ ↑ ↑  component of state 6 for Jz=0

 0.1
 0.3

 0.5
 0.7

 0.9x
 0

 0.95

 1.9

 2.85

 3.8

 4.75

k⊥

0.0x10
0

2.7x10
-12

5.4x10
-12

8.1x10
-12

1.1x10
-11

1.4x10
-11

ττ ↑ ↓  component of state 6 for Jz=0

 0.1
 0.3

 0.5
 0.7

 0.9x
 0

 0.95

 1.9

 2.85

 3.8

 4.75

k⊥

0.0x10
0

2.5x10
-8

5.0x10
-8

7.5x10
-8

1.0x10
-7

1.2x10
-7

Mesonix-
Nfock ≈ 1× 104 → t = 24 hr

TMSWIFT- Largest test
Nfock ≈ 2.4× 104 → t = 1 hr
with 512 nodes (unoptimized)

Results are still dependent on
which continuum states are
sampled.

Hank Lamm True Muonium LIGHTCONE2015 14 / 17



| γγ〉 effective interactions are a crucial piece

Why?

Dominant decay channel of singlets and sizable effect in
spectrum

Develop techniques for iterated |`+`−γ〉

How?

19 TO diagrams need summed (Must include some | ` ¯̀̀ ¯̀〉)
Fix ω to repair gauge symmetry, treatment for IR sing. (e.g. mγ)

Produce helicity table for effective, J-dependent interactions
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Improvement in regularization and renormalization
needed

 3.86

 3.87

 3.88

 3.89

 3.9

 3.91

 1  10  100

M
2

Λµ

Accurate predictions require a proper renormalization treatment

Iterated | `¯̀γ〉 can be implemented similar to | γγ〉
Self-energies need investigating
Starting to study renormalization methods requirements for
differing choices [See Karmanov, Gomez-Rocha, Hiller talks]
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TMSWIFT is a strong step forward

It is possible to compute production cross sections for
experiments from current wavefunctions

Renormalization remains a problem to be tackled

Precision TM will require additional matrix elements, but with
TMSWIFT this may not be a computational issue

Quarkonium requires implementation of gluon self interactions
elements

Nonperturbative BSM predictions for fermionium could be
studied with new interactions
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