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⋆⋆ LFQ of the Restricted Gauge Theory of QCD2

— Talk by Daya Shankar Kulshreshtha (Delhi-Iowa)

— International Conference on Light-Cone Physics:
— Frascati-LC2015 (— 23rd September 2015)

.
Collaborators
..

......

Usha Kulshreshtha (Delhi-Iowa)
James Vary (Iowa State)

.
Plan of the Talk:
..

......

⋆ Restricted gauge theory of QCD2 (à la Cho et al.)
(MPLA22, 2799 (2007) and a Series of Papers):
⋆ Motivations and Recap of Basics
⋆ IF Quantization of the theory (cf. my Raleigh talk)
⋆ LF Quantization of the Theory

Daya Kulshreshtha (Delhi-Iowa Collaboration) () LFQ of RQCD2 September 23, 2015 1 / 50



.....
.
....

.
....

.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....

.
....

.

Important References on RGTheory of QCD2:

.

......

Daya Shankar Kulshreshtha, “Quantization of the Restricted Gauge
Theory of QCD2”
(–talk at LC2014, Raleigh, NC, May 26-30, 2014)
— published in the Proceedings: Few. Body Systems, (2015)).

and Y. M. Cho et al. MPL A 22 (No.37) 2799 (2007).

.

......

G. ’t Hooft, NP B190, 455 (1981).
Y.M. Cho, PR D21, 1080 (1980); PRL 46, 302 (1981).
Y.M. Cho, PR D23, 2415 (1981); PR D62, 074009 (2000).
Y.M. Cho et al. PL B525, 347 (2002); PR D65, 074027 (2002);
Y.M. Cho, JHEP 05, 073 (2004); MPL A19, 2707 (2004)
— and a series of papers.
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*** Restricted Gauge Theory of QCD2

à la Cho et al.: Motivations and Recap of Basics:

.

......

– understanding of QCD and the confinement mechanism is important

– one hopes that the confinement could be explained by condensation of
the non-Abelian monopoles

.

......

the dual dynamics of RQCD: – restricted by the Abelian projection of the
QCD potential plays an important role in the confinement of color

.

......

** dual dynamics of RQCD describes the interaction between the
chromo-electric gluon and the chromo-magnetic monopole
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Dual dynamics of RQCD is non-trivial because it describes
the dynamics of a constrained system

.

......

Restricted gauge theory of QCD2 due to Cho et al. and others, makes use
of a mechanism called Cho-Faddeev-Niemi- decomposition (CFND) or the
Cho-decomposition (CD)

CD is a gauge-independent decomposition of the non-Abelian potential Aµ

into the restricted potential Âµ (RP) and the valence potential Xµ (VP).

.

......

– the advantage of CD is that it clarifies the topological structure of the
non-Abelian gauge theory

– and it takes care of the topological features in the dynamics of the theory
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In fact, it is well known that non-Abelian gauge theory has rich topological
structures manifested by the non-Abelian monopoles, the multiple vacua
and the instantons.

.

......

in view of this, the so-called topological features need to be taken into
account properly in the non-Abelian dynamics.

.

......

an important consequence of this CD is that it allows
to view QCD as the restricted gauge theory:
– made of the restricted potential (RP) which is coupled to a
gauge-covariant colored vector field (the valence potential (VP))
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The restricted potential is defined in such a manner that it allows us to
introduce a co-variantly constant unit iso-vector (n̂) everywhere in
space-time which enables one to define the gauge-independent color
direction everywhere in space-time

– and at the same time it allows one to define the magnetic potential of
the non-Abelian monopoles.

.

......also, this RQCD has the full SU(2) gauge d.o.f. even though it is restricted

.

......

– consequently, RQCD made of the RP, describes a very interesting dual
dynamics of its own
– and plays a crucial role in the understanding of QCD.
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— a natural way to accommodate the topological dof into the theory is to
introduce a topological field (n̂) of unit length and to decompose the
connection into the Abelian projection part (RP) (which leaves (n̂) a
covariant constant)

– and the remaining part (called VP) which forms a covariant vector field

.

......

CD helps in the clarification of the topological structure of the
non-Abelian gauge theory, and it also takes care of the topological features
in the dynamics.
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The restricted QCD is a constrained system, due to the presence of the
topological field n̂ which is constrained to have the unit norm.

The theory is seen to be gauge-invariant (GI) possessing a set of first-class
constraints. We quantize this theory under appropriate gauge-fixing
conditions (GFC’s)

.

......

CFND/CD is gauge-independent, and consequently:

– for a given Aµ

– one can have infinitely many different decompositions with different Âµ

and Xµ by choosing different n̂

– and equivalently for a given or fixed n̂
– one can have infinitely many different Aµ which are gauge equivalent to
each other
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A natural way to identify the monopole potential is to introduce an
iso-triplet unit vector field n̂ (of unit norm)
(which selects the Abelian direction (i.e., the color change direction) at
each space-time point).

.

......

this also decomposes the connection into the restricted potential (called
the Abelian projection) Âµ

and the remaining valance potential Xµ.

.

......

Introduction of the topological field n̂ (of unit norm)
also introduces the topological degrees into the theory.
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We introduce a topological field n̂ of unit norm, and we decompose the
connection into the Abelian projection part which leaves n̂ a co-variant
constant and the remaining part which forms a co-variant vector field:

.

......

Aµ = Aµn̂ −
1

g
n̂ × ∂µn̂ + Xµ = Âµ + Xµ (1)

Aµ = n̂ · Aµ , n̂2 = 1

.

......

where Aµ is the “electric” potential and the Abelian projection Âµ is
precisely the connection which leaves n̂ invariant under the parallel
transport and makes n̂ a covariant constant:

D̂µn̂ = ∂µn̂ + gÂµ × n̂ = 0
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.
– a check:
..

......

Aµ = [Aµn̂ −
1

g
n̂ × ∂µn̂] + Xµ = Âµ + Xµ (2)

Âµ = [Aµn̂ −
1

g
n̂ × ∂µn̂] , n̂2 = 1 , n̂ · Xµ = 0

Aµ = n̂ · Aµ

= n̂ · [Âµ + Xµ] = n̂ · Âµ + n̂ · Xµ

= n̂ · [Aµn̂ −
1

g
n̂ × ∂µn̂]

= Aµn̂ · n̂ −
1

g
n̂ · (n̂ × ∂µn̂)

= Aµ

= n̂ · Aµ

n̂2 = 1 , n̂ × n̂ = 0
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Also, under the infinitesimal gauge transformation:

δn̂ = −α⃗× n̂ , δAµ =
1

g
Dµα⃗

.

......

one has

δAµ =
1

g
n̂ · ∂µα⃗ , δÂµ =

1

g
D̂µα⃗ , δXµ = −α⃗× Xµ

.

......

This shows that Aµ by itself describes an SU(2) connection which enjoys
the full SU(2) gauge dof.
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The restricted potential Âµ actually has a dual structure and the field
strength made up of the restricted potential is decomposed as:

.

......

F̂µν = (Fµν + Hµν)n̂ , Fµν = (∂µAν − ∂νAµ) (3)

Hµν = − 1

g
n̂ · (∂µn̂ × ∂ν n̂) = (∂µC̃ν − ∂νC̃µ)

Here Aµ is the electric potential and C̃µ is the magnetic potential.
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Also one has the identities:

.

......
∂µH̃µν = 0 , H̃µν =

1

2
ϵµνρσHρσ

.

......

This allows one to identify the non-Abelian monopole potential by:

Cµ = − 1

g
n̂ × ∂µn̂

.

......

in terms of which the magnetic field is expressed as

Hµν = ∂µCν − ∂νCµ + gCµ × Cν = − 1

g
∂µn̂ × ∂ν n̂ = Hµν n̂ (4)
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With the above connection (albeit decomposition) one has:

Fµν = (Fµν + Hµν)n̂ + D̂µXν − D̂νXµ + gXµ × Xν (5)

n̂ · Xµ = 0 , n̂ · D̂µXν = 0

.

......

and for the Yang-Mills Lagrangian density one has:

L̃ =

[
−1

4
F̂µν F̂

µν − 1

4
(D̂µXν − D̂νXµ)

2 − g

2
F̂µν · (Xµ × Xν)

− g2

4
(Xµ × Xν)

2 + λ(n̂2 − 1) + λµn̂ · Xµ

]
(6)
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where λ and λµ are the Lagrange multiplier fields.
The Lagrangian density of the so-called restricted gauge theory made of
the Abelian projection without Xµ is therefore defined by:

L =

[
−1

4
F̂µν F̂

µν + λ(n̂2 − 1)

]
.

......

The theory defined by the above Lagrangian density has a full SU(2)
gauge invariance

– and it describes the dual dynamics of QCD with the dynamical degrees
of the maximal Abelian subgroup U(1) as the electric component and the
topological degrees of SU(2) as the magnetic component.
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Hamiltonian and Path Integral Formulations of the Restricted Gauge
Theory of QCD2

.

......

We now consider the quantization of the above restricted gauge theory of
QCD2 (made of the Abelian projection without Xµ) defined by the
Lagrangian density:

L =

[
−1

4
F̂µν F̂

µν + λ(n̂2 − 1)

]
=

[
−1

4
GµνG

µν + λ(n̂2 − 1)

]
=

[
−1

4
(Fµν + Hµν)(F

µν + Hµν) + λ(n̂2 − 1)

]
=

[
−1

4
FµνF

µν − 1

2
FµνH

µν − 1

4
HµνH

µν + λ(n̂2 − 1)

]
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In the IFQ the above Lagrangian density reads:

L =

[
1

2
(∂0A1 − ∂1A0)

2 +
1

g
(∂0A1 − ∂1A0)Φ +

1

2g2
Φ2 + λ(n̂2 − 1)

]
(7)

Φ = [∂0n̂ · (n̂ × ∂1n̂)]

Here Φ is a pseudo scalar topological field constructed out of the

topological field n̂ (of unit norm) and its space derivative (∂1n̂) as well as
its time derivative (∂0n̂), as defined above.

.

......

Here, the vector field n̂ is an O(N) vector and O(2) scalar and other fields
(A0,A1, λ) are O(N) scalars and O(2) scalars

– and equivalently na (with a = 1, 2, ....N) represents a multi-plet of N real
scalar fields in 2D.

In fact, the vector field n̂ or na maps 2D space-time onto N-dimensional
internal sub-manifold whose coordinates are na

(a is the QCD color index).
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The canonical momenta obtained for the above theory are:

Πλ =
∂L

∂(∂0λ)
= 0 , Π0 =

∂L
∂(∂0A0)

= 0 (8)

E (:= Π1) =
∂L

∂(∂0A1)
= (∂0A1 − ∂1A0) +

1

g
Φ (9)

Π̂n̂ =
∂L
∂(∂0n̂

) =
1

g
(∂0A1 − ∂1A0)(n̂ × ∂1n̂)

.

......

Here Πλ, Π0, E (:= Π1), and Π̂n̂ are the momenta conjugate canonically
to λ, A0, A1, and n̂ respectively.

.

......

The above equations however, imply that the theory possesses three
primary constraints:

χ1 = Πλ ≈ 0 , Ω1 = Π0 ≈ 0 , ψ1 = n̂ · Π̂n̂ ≈ 0
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The symbol ≈ here denotes a weak equality (WE) in the sense of Dirac,

– and it implies that these above constraints hold as a strong equality only
on the reduced hyper-surface of the constraints and not in the rest of the
phase space of the classical theory

– (and similarly one can consider it as a weak operator equality (WOE) for
the corresponding quantum theory).

.

......

The canonical Hamiltonian density of the theory reads:

HN
c =

[
1

2
E 2 + E∂1A0 − λ(n̂2 − 1)

]
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After including the primary constraint χ1, Ω1, and ψ1 in the canonical
Hamiltonian density Hc with the help of Lagrange multiplier field u(x , t),
v(x , t) and w(x , t) which are treated as dynamical, the total Hamiltonian
density of the theory HT could be written as:

HN
T =

[
1

2
E 2 + E∂1A0 − λ(n̂2 − 1) + χ1u +Ω1v + ψ1w

]
.

......

The Hamilton’s equations of motion of the theory that preserve the
constraints of the theory in the course of time could be obtained from the
total Hamiltonian: HT =

∫
HTdx

1

– Demanding the preservation of PC’s χ1 and Ω1 for all time leads to the
secondary Gauss-law constraints χ2 and Ω2 respectively:

χ2 = (n̂2 − 1) ≈ 0 , Ω2 = ∂1E ≈ 0
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The preservation of ψ1 for all times does not lead to any secondary
constraint.

– The preservation of χ2 and Ω2 also does not lead to any new constraints.

– The theory is therefore seen to possess a set of five constraints:

ρ1 = Ω1 = Π0 ≈ 0 (10)

ρ2 = Ω2 = ∂1E ≈ 0 (11)

ρ3 = χ1 = Πλ ≈ 0 (12)

ρ4 = χ2 = (n̂2 − 1) ≈ 0 (13)

ρ5 = ψ1 = n̂ · Π̂n̂ ≈ 0

.

......

The non-vanishing matrix elements of the matrix Rαβ of the Poisson
brackets among these constraints ρi are:

R45 = −R54 = 2n̂2δ(x − y)

Daya Kulshreshtha (Delhi-Iowa Collaboration) () LFQ of RQCD2 September 23, 2015 22 / 50



.....
.
....

.
....

.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....

.
....

.

.

......

Matrix Rαβ is clearly singular implying that the set of these constraints
ρi is first-class and that the theory under consideration is GI.

In fact, the theory is seen to be invariant under the LVGTs:

δAµ =
1

g
n̂ · ∂µα⃗ =

1

g
∂µα , δλ =

1

g
∂0α , δn̂ = n̂ × α⃗ = 0 (14)

δΠ0 = δE = δΠλ = δΠ̂n̂ = δΠu = δΠv = δΠw = 0

where gauge parameter α(x , t) is an arbitrary function of its arguments.
Components of the vector gauge current (Jµ ≡ J0, J1) are:

J0 =

∫
dx0dx1 j0 =

∫
dx0dx1

[
1

g
∂1α

(
∂0A1 − ∂1A0 +

1

g
Φ

)]
(15)

J1 =

∫
dx0dx1 j1 =

∫
dx0dx1

[
− 1

g
∂0α

(
∂0A1 − ∂1A0 +

1

g
Φ

)]
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The non-vanishing equal-time Dirac brackets (DB’s) of the theory under
the gauge-fixing conditions:

ζ1 = λ ≈ 0 , ζ2 = A1 ≈ 0 , ζ3 = A0 ≈ 0

are obtained as:

{Πa
n̂(x , t) , Π

b
n̂(y , t)}DB =

1

n̂2

(
naΠb

n̂ − Πa
n̂n

b

)
δ(x − y) (16)

{na(x , t) , Πb
n̂(y , t)}DB =

1

n̂2

(
naΠb

n̂ − Πa
n̂n

b

)
δ(x − y) (17)

{Πa
n̂(x , t) , n

b(y , t)}DB =
−1
n̂2

(
naΠb

n̂ − Πa
n̂n

b

)
δ(x − y)

.

......

Here one needs to remember that while making a transition from ETDB’s
to the ETCR’s using the DQR one needs to take in to account the
problem of operator ordering – (which occurs here because the results of
the ETCR’s involve the product of the operators).
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Light-Front Quantization (LFQ) of the theory:

.

......

We now consider the LFQ of the theory on the hyperplanes defined by the
equal light-cone (LC) time (τ = x+ = 1√

2
(x0 + x1)) = constant, using the

Hamiltonian, path integral and BRSTQ procedures under appropriate LC
GFC’s.
In LFQ the Lagrangian density of the theory reads:

L =

[
1

2
(∂+A

+ − ∂−A−)2 +
1

g
(∂+A

+ − ∂−A−)Φ +
1

2g2
Φ2 (18)

+ λ(n̂2 − 1)

]
Φ = [(∂+n̂) · (n̂ × ∂−n̂)]

Here Φ is another topological scalar field constructed out of the
topological field n̂ (of unit norm) and its space derivative (∂−n̂) as well
as its time derivative (∂+n̂), as defined above.
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Here, the vector field n̂ is an O(N) vector and O(2) scalar and other fields
(A+,A−, λ) are O(N) scalars and O(2) scalars

– and equivalently na (with a = 1, 2, ....N) represents a multi-plet of N real
scalar fields in 2D.

In fact, the vector field n̂ or na maps 2D space-time onto N-dimensional
internal sub-manifold whose coordinates are na

(a is the QCD color index).
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The canonical momenta obtained for the above theory are:

Πλ =
∂L

∂(∂+λ)
= 0 , Π+ =

∂L
∂(∂+A−)

= 0 (19)

Π− =
∂L

∂(∂+A+)
= (∂+A

+ − ∂−A−) +
1

g
Φ

Π̂n̂ =
∂L

∂(∂+n̂
)

=
1

g
(∂+A

+ − ∂−A−)(n̂ × ∂−n̂) +
1

g2
Φ(n̂ × ∂−n̂)

.

......

Here Πλ, Π+, Π−, and Π̂n̂ are the momenta conjugate canonically to λ,
A−, A+, and n̂ respectively.These equations imply that the theory
possesses three PC’s:

χ1 = Πλ ≈ 0 , Ω1 = Π+ ≈ 0 , ψ1 = n̂ · Π̂n̂ ≈ 0
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The symbol ≈ here denotes a weak equality (WE) in the sense of Dirac,

– and it implies that these above constraints hold as a strong equality only
on the reduced hyper-surface of the constraints and not in the rest of the
phase space of the classical theory

– (and similarly one can consider it as a weak operator equality (WOE) for
the corresponding quantum theory).

.

......

The canonical Hamiltonian density of the theory reads:

HN
c =

[
1

2
(Π−)2 +Π−(∂−A

−)− λ(n̂2 − 1)

]
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After including the primary constraint χ1, Ω1, and ψ1 in the canonical
Hamiltonian density Hc with the help of Lagrange multiplier field u(x , t),
v(x , t) and w(x , t) which are treated as dynamical, the total Hamiltonian
density of the theory HT could be written as:

HN
T =

[
1

2
(Π−)2 +Π−(∂−A

−)− λ(n̂2 − 1) + χ1u +Ω1v + ψ1w

]
.

......

The Hamilton’s equations of motion of the theory that preserve the
constraints of the theory in the course of time could be obtained from the
total Hamiltonian: HT =

∫
HTdx

−

– Demanding the preservation of PC’s χ1 and Ω1 for all time leads to the
secondary Gauss-law constraints χ2 and Ω2 respectively:

χ2 = (n̂2 − 1) ≈ 0 , Ω2 = ∂−Π
− ≈ 0
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The preservation of ψ1 for all times does not lead to any secondary
constraint.

– The preservation of χ2 and Ω2 also does not lead to any new constraints.

– The theory is therefore seen to possess a set of five constraints:

ρ1 = Ω1 = Π+ ≈ 0 (20)

ρ2 = Ω2 = ∂−Π
− ≈ 0 (21)

ρ3 = χ1 = Πλ ≈ 0 (22)

ρ4 = χ2 = (n̂2 − 1) ≈ 0 (23)

ρ5 = ψ1 = n̂ · Π̂n̂ ≈ 0

.

......

The non-vanishing matrix elements of the matrix Rαβ of the Poisson
brackets among these constraints ρi are:

R45 = −R54 = 2n̂2δ(x− − y−)
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Matrix Rαβ is clearly singular implying that the set of these constraints
ρi is first-class and that the theory under consideration is GI.

In fact, the theory is seen to be invariant under the LVGTs:

δAµ =
1

g
n̂ · ∂µα⃗ =

1

g
∂µα , δλ =

1

g
∂+α , δn̂ = n̂ × α⃗ = 0 (24)

δΠ+ = δΠ− = δΠλ = δΠ̂n̂ = δΠu = δΠv = δΠw = 0

where gauge parameter α(x , t) is an arbitrary function of its arguments.
Components of the conserved vector gauge current density (jµ ≡ j+, j−)
are:

j+ =

[
1

g
∂−α

(
∂+A

+ − ∂−A− +
1

g
Φ

)]
(25)

j− =

[
− 1

g
∂+α

(
∂+A

+ − ∂−A− +
1

g
Φ

)]
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The theory could now be quantized e.g., under the following gauge-fixing
conditions (GFC’s):

ζ1 = λ ≈ 0 , ζ2 = A+ ≈ 0 , ζ3 = A− ≈ 0

The total set of constraints of the theory under these GFC’s becomes:

ξ1 = ρ1 = Ω1 = Π+ ≈ 0 (26)

ξ2 = ρ2 = Ω2 = ∂−Π
− ≈ 0 (27)

ξ3 = ρ3 = χ1 = Πλ ≈ 0 (28)

ξ4 = ρ4 = χ2 = (n̂2 − 1) ≈ 0 (29)

ξ5 = ρ5 = ψ1 = n̂ · Π̂n̂ ≈ 0 (30)

ξ6 = ζ1 = λ ≈ 0 (31)

ξ7 = ζ2 = A+ ≈ 0 (32)

ξ8 = ζ3 = A− ≈ 0
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The non-vanishing matrix elements of the matrix Mαβ of the PB’s among
these constraints ξi are:

M18 = −M81 = −δ(x− − y−) (33)

M27 = +M72 = −∂−δ(x− − y−) (34)

M36 = −M63 = −δ(x− − y−) (35)

M45 = −M54 = +2n̂2δ(x− − y−)

The matrix Mαβ of PB’s of the constraints ξi is non-singular implying that
the constraints ξi form a set of second-class constraints.

Theory could now be quantized using the Dirac’s HF as well as using the
PIQ.

– Square root of the absolute value of the determinant of this matrix Mαβ

is:
[||det(Mαβ)||]

1
2 = [2n̂2(δ(x− − y−))3∂−δ(x

− − y−)]
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The non-vanishing equal-LC-time τ = x+ = y+ Dirac brackets (DB’s) of
the theory are:

{Πa
n̂(x

−, τ) , Πb
n̂(y

−, τ)}DB =
1

n̂2

(
naΠb

n̂ − Πa
n̂n

b

)
δ(x− − y−) (36)

{na(x−, τ) , Πb
n̂(y

−, τ)}DB =
1

n̂2

(
naΠb

n̂ − Πa
n̂n

b

)
δ(x− − y−)

{Πa
n̂(x

−, τ) , nb(y−, τ)}DB =
−1
n̂2

(
naΠb

n̂ − Πa
n̂n

b

)
δ(x− − y−)

.

......

Here one needs to remember that while making a transition from ETDB’s
to the ETCR’s using the DQR one needs to take in to account the
problem of operator ordering

– (which occurs here because the results of the ETCR’s involve the
product of the operators).
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Also for the later use, for considering the BRST formulation of the theory
we convert the total Hamiltonian density of the theory into the first order
Lagrangian density LI0 :

LIO =

[
Πλ∂+λ+Π+∂+A

− +Π−∂+A
+ + Π̂n̂ · ∂+n̂ (37)

+ Πu∂+u +Πv∂+v +Πw∂+w −HT

]
=

[
1

2
(∂+A

+ − ∂−A−)2 − 1

2g2
Φ2 + λ(n̂2 − 1)

]
(38)
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In the PIQ the transition to quantum theory is made by writing the
vacuum to vacuum transition amplitude for the theory

– called the generating functional Z [Jk ] of the theory

– (following the Senjanovic procedure for a theory with a set of IICC’s)

under the GFC’s in the presence of the external sources: Jk as:

Z [Jk ] =

∫
[dµ] exp

[
i

∫
dx+dx−

[
JkΦ

k +Πλ∂+λ+Π+∂+A
−

+Π−∂+A
+ + Π̂n̂ · ∂+n̂ +Πu∂+u +Πv∂+v

+Πw∂+w −HT

]]
(39)

where the phase space variables of the theory are:
Φk ≡ (λ,A−,A+, n̂, u, v ,w) with the corresponding respective canonical
conjugate momenta: Πk ≡ (Πλ,Π

+,Π−, Π̂n̂,Πu , Πv ,Πw ).
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The functional measure [dµ] of the generating functional Z [Jk ] under this
gauge-fixing is obtained as:

[dµ] =

[
[2n̂2(δ(x− − y−))3∂−δ(x

− − y−)][dλ][dA−][dA+][dn̂][du]

[dv ][dw ][dΠλ][dΠ
+][dΠ−][dΠ̂n̂][dpu][dpv ][dpw ]

δ[Π+ ≈ 0]δ[∂−Π
− ≈ 0]δ[Πλ ≈ 0]δ[(n̂2 − 1) ≈ 0]

δ[n̂ · Π̂n̂ ≈ 0]δ[λ ≈ 0]δ[A+ ≈ 0]δ[A− ≈ 0]

]
(40)

The Hamiltonian and path integral formulations of the theory are now
complete.
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For BRST formulation, we rewrite the theory as a
quantum system that possesses the generalized GI called
BRST symmetry

.

......

For this, we first enlarge the Hilbert space of our GI theory and replace the
notion of GT, which shifts operators by c-number functions, by a BRST
transformation, which mixes operators with Bose and Fermi statistics.

We then introduce new anti-commuting variables c and c̄ (Grassman
numbers at classical level and operators in the quantized theory) and a
commuting variable b such that (with δ̂2 = 0):

.

......

δ̂λ =
1

g
∂+c , δ̂A

− =
1

g
∂+c , δ̂A

+ =
1

g
∂−c , δ̂u =

1

g
∂+∂+c (41)

δ̂Π̂n̂ = δ̂Π+ = δ̂Π− = δ̂Πλ = δ̂Πu = δ̂Πv = δ̂Πw = 0

δ̂n̂ = δ̂v = δ̂w = 0 , δ̂c = 0 , δ̂c̄ = b , δ̂b = 0
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We now define a BRST-invariant function of the dynamical phase space
variables of the theory to be a function f such that δ̂f = 0. Now the
BRST gauge-fixed quantum Lagrangian density LBRST for the theory
could be obtained by adding to the first-order Lagrangian density LI0, a
trivial BRST-invariant function, e.g. as follows:

LBRST =

[
1

2
(∂+A

+ − ∂−A−)2 − 1

2g2
Φ2 + λ(n̂2 − 1) (42)

+ δ̂[c̄(g∂+A
− + g∂−A

− − g∂+A
+ +

1

2
b)]

]
The last term in the above equation is the BRST-invariant gauge-fixing
term.
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Proceeding classically, the Euler-Lagrange equation for b reads:

− b = (g∂+A
− + g∂−A

− − g∂+A
+)

The requirement δ̂b = 0 then implies

−δ̂b = g∂+δ̂A
− + g∂−δ̂A

− − g∂+δ̂A
+

which in turn implies
∂+∂+c = 0

Above equation is also an Euler-Lagrange equation obtained by the
variation of LBRST with respect to c̄.

.

......

The bosonic momenta is defined in the usual manner:

Π+ :=
∂

∂(∂+A−)
LBRST = gb
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for the fermionic momenta with directional derivatives we set

Πc := LBRST
←−
∂

∂(∂+c)
= ∂+c̄ ; Πc̄ :=

−→
∂

∂(∂+c̄)
LBRST = ∂+c (43)

implying that the variable canonically conjugate to c is ( ∂+c̄) and the
variable conjugate to c̄ is (∂+c). The Hamiltonian density has to be
Hermitian s.t.:

HBRST =

[
Πλ∂+λ+Π+∂+A

− +Π−∂+A
+ + Π̂n̂ · ∂+n̂ +Πu∂+u (44)

+ Πv∂+v +Πw∂+w +Πc(∂+c) + (∂+c̄)Πc̄ − LBRST
]

=

[
Πu∂+u +Πv∂+v + n̂ · Π̂n̂w +

1

2
(Π−)2 − λ(n̂2 − 1)

+Π−∂−A
− +

1

2
g2b2 +ΠcΠc̄ − gb(∂+A

− − ∂+A+ + ∂−A
−)

]
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The consistency of the last two equations could now be easily checked by
looking at the Hamilton’s equations for the fermionic variables. Also for
the operators c , c̄ , ∂+c and ∂+c̄ , one needs to satisfy the anticommutation
relations of ∂+c with c̄ or of ∂+c̄ with c , but not of c, with c̄ . In general,
c and c̄ are independent canonical variables and one assumes that

{Πc ,Πc̄} = {c̄ , c} = ∂+{c̄ , c} = 0 , {∂+c̄ , c} = (−1){∂+c , c̄}

where { , } means an anticommutator. We thus see that the
anti-commulators in the above equation are non-trivial and need to be
fixed. In order to fix these, we demand that c satisfy the Heisenberg
equation:

[c ,HBRST ] = i∂+c

and using the property c2 = c2 = 0 one obtains

[c,HBRST ] = {∂+c̄ , c}(∂+c)
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The last three equations then imply :

{∂+c̄ , c} = (−1){∂+c , c̄} = i

Here the minus sign in the above equation is nontrivial and implies the
existence of states with negative norm in the space of state vectors of the
theory.

– The theory is infact, seen to posses negative norm states in the fermionic
sector. The existence of these negative norm states as free states of the
fermionic part of HBRST is, however, irrelevant to the existence of physical
states in the orthogonal subspace of the Hilbert space.

The BRST charge operator Q is the generator of the BRST
transformations. It is nilpotent and satisfies Q2 = 0. It mixes operators
which satisfy Bose and Fermi statistics.
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The BRST charge operator of the theory is:

Q =

∫
dx−

[
ic(∂−Π

− + n̂2 − 1)− i∂+c(Π
+ +Πλ + n̂ · Π̂n̂)

]
.

......

The Hamiltonian is also invariant under the anti-BRST transformations
given by:

¯̂
δλ = − 1

g
∂+c̄ ,

¯̂
δA− = − 1

g
∂+c̄ ,

¯̂
δA+ = − 1

g
∂−c̄ ,

¯̂
δu = − 1

g
∂+∂+c̄(45)

¯̂δΠ̂n̂ = ¯̂δΠ+ = ¯̂δΠ− = ¯̂δΠλ = ¯̂δΠu = ¯̂δΠv = ¯̂δΠw = 0
¯̂δn̂ = ¯̂δv = ¯̂δw = 0 , ¯̂δc̄ = 0 , ¯̂δc = −b , ¯̂δb = 0

.

......

with the generator or anti-BRST charge:

Q̄ =

∫
dx−

[
−i c̄(∂−Π− + n̂2 − 1) + i∂+c̄(Π

+ +Πλ + n̂ · Π̂n̂)

]
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Hamiltonian density: HBRRST of the theory finally reads:

HBRST =

[
1

2
Π− +Π−∂−A

− − λ(n̂2 − 1) +
1

2
g2b2 +ΠcΠc̄

]
.

......

We also have

∂+Q = [Q,HBRST ] = 0 , ∂+Q̄ = [Q̄,HBRST ] = 0

with HBRST =
∫
dx−HBRST and we further impose the dual condition

that both Q and Q̄ annihilate physical states, implying that:

Q|ψ >= 0 andQ̄|ψ >= 0

.

......

The states for which the constraints of the theory hold, satisfy both of
these conditions and are in fact, the only states satisfying both of these
conditions
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Thus the only states satisfying Q|ψ >= 0 and Q̄|ψ >= 0 are those that
satisfy the constraints of the theory.

Now because Q|ψ >= 0, the set of states annihilated by Q contains not
only the set of states for which the constraints of the theory hold but also
additional states for which the constraints of the theory do not hold in
particular.

This situation is, however, easily avoided by additionally imposing on the
theory, the dual condition: Q|ψ >= 0 and Q̄|ψ >= 0.
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Thus by imposing both of these conditions on the theory simultaneously,
one finds that the states for which the constraints of the theory hold
satisfy both of these conditions and, in fact, these are the only states
satisfying both of these conditions

because in view of the conditions on the fermionic variables c and c̄ one
cannot have simultaneously c, ∂+c and c̄ , ∂+c̄ , applied to |ψ > to give
zero.

Thus the only states satisfying Q|ψ >= 0 and Q̄|ψ >= 0 are those that
satisfy the constraints of the theory and they belong to the set of
BRST-invariant as well as to the set of anti-BRST-invariant states.
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In this work we have studied the Light-Front Hamiltonian, path integral
and BRST quantization of the restricted gauge theory of QCD2 à la Cho
et al.

We have studied its quantization using the Hamiltonian, path integral and
BRST formulations, in the usual instant-form (IF) of dynamics (on the
hyperplanes: x+ = τ = constant).

** The theory is seen to be gauge-invariant (GI) possessing a set of
first-class constraints. We have quantized this theory under appropriate
gauge-fixing conditions (GFC’s) using the Hamiltonian, path integral and
BRST formulations.
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Also, it is important to emphasize here that the BRST (gauge) symmetry
of the present theory is maintained even under the BRST gauge-fixing.

** This is in contrast to the Hamiltonian and path integral quantization of
the theory under gauge-fixing, where the gauge-invariance of the theory
necessarily gets broken under the gauge-fixing.

** It is therefore desirable to achieve the BRST quantization of the theory
also if possible. This then makes a kind of complete quantization of the
theory.

.

......Thanks for your kind attention.....!!!
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