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Review and comparison of results of a few researches
obtained in collaboration with:

J.-F. Mathiot LPC, Clermont-Ferrand, France

A.V. Smirnov LPI, Moscow, Russia

Yang Li ISU, Iowa, USA

P. Maris ISU, Iowa, USA

J. Vary ISU, Iowa, USA

Main attention:

Convergence vs. regulator µPV →∞.

Convergence vs. truncation N →∞.

Critical coupling constant αc.
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Non-perturbative solution of field theory

H |p〉 =M |p〉

Non-perturbative renormalization is most important part

of the problem
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• Truncation
The state vector is represented as the (exact) Fock
decomposition:

|p〉 =

∞
∑

n=1

∫

ψn(k1, . . . , kn, p) |n〉

It contains infinite number of the Fock components ψn.
Main approximation: replace this sum by the finite one
(truncation):

|p〉 =

N
∑

n=1

∫

ψn(k1, . . . , kn, p) |n〉

Another approximation (for the present): quenched
theory (without antifermions).
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• Eigenvalue equation:

H |p〉 =M |p〉

It results in a system of equations for the Fock
components:
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The coupling constant α in H int may be large.
After truncation, the numerical (non-perturbative) solution
of the system of equations is rather precise.

The solution requires renormalization!
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• Advantages

General advantage of the Hamiltonian LF approach:
knowing state vector, we can calculate any observables.

Particular profit: Minkowski space, wave functions,
form factors, etc.

Being developed enough, this approach might form an
alternative to the lattice calculations.
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• Two-body truncation
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System of equations for the vertex functions in the two-body truncation.
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• Renormalization condition

n-body truncation:

Γ
(n)j=0
2 (k⊥, x)

∣

∣

∣

s2=m2
= g

√

J
(n−1)
1

s2 = (k1 + k2)
2 =

k
2
⊥
+ µ2

x
+

k
2
⊥
+m2

1− x

Constraint: s2 = m2 → k⊥ = k∗
⊥
(x) = i

√

x2m+ (1− x)µ2

Γ
(n)j=0
2

(

k∗
⊥
(x), x; g0

)

= g

√

J
(n−1)
1 ⇒ g0 = g0(x)

– a consequence of truncation.
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• Two-body truncation

Γ
(2)
2 (k⊥, x) =

g02
√

1 + g202J̄
(2)
2

= const, J
(1)
1 = 1

⇒
g02

√

1 + g202J̄
(2)
2

= g,

where J̄
(2)
2 is (amputated) two-body norm. That is:

g202 =
g2

1− g2J̄
(2)
2

– Landau pole
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• Three-body truncation
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System of equations for the vertex functions in the three-body truncation.
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• Excluding Γ3
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Equation for the two-body component Γ2 in the three-body truncation.
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• Four-body truncation

For the first time solved in: Yang Li, V.A. Karmanov, P. Maris and J.P. Vary, Proc. LC2014
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System of equations for the vertex functions in the four-body truncation.

After excluding Γ4 we get system of equations
for Γ2 and Γ3.
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• Sector dependent renormalization

R. J. Perry, A. Harindranath, K. G. Wilson (1990)

V.A. Karmanov, J.-F. Mathiot, A.V. Smirnov, Phys. Rev. D77 085028 (2008)

Solve n = 2 problem, find g02 (from the renormalization
condition)

Solve n = 3 problem, use previously found g02, find g03

Solve n = 4 problem, use previously found g02, g03, find
g04

Etc.

The same for the mass counterterm
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•Why sector dependent renormalization?
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❣
Two time-ordered graphs in the g3 order

To cancel infinities after renormalization, we need all the
graphs in the same order. However, Γ2,b is omitted in a

given truncation.

The universal (sector independent) counter terms are not
enough to cancel infinities. Uncancelled infinities survive.
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• x-dependent counter terms

Coming back to the renormalization condition:

Γ
(n)j=0
2

(

k∗
⊥
(x), x; g0n(x)

)

= g

√

J
(n−1)
1 ⇒ g0n = g0n(x)

�✷❀❜�✷❀❛

❣

❣

❣ ❣ ❣

❣

Two time-ordered graphs in the g3 order

To cancel x-dependence of g03(x), we need all the graphs
in the same order. However, Γ2,b is omitted in a given

truncation. We calculate Γ2,b and add it to Γ2,a.
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• Finding mass counter term

ψ1δm
2
3+

1
∑

j=0

(−1)j
∫

d2k′
⊥

(2π)3

∫ 1

0

g03(x)Γ
(3)j
2 (k⊥, x)

[sjN2 (k⊥, x)−m2]

dx

2x(1− x)
= 0
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• Perturbative f̄ contribution

Scalar Yukawa model
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Dashed curve: Γ2,a(k
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solid curve (stright line) - sum of them.
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• Perturbative f̄ contribution

True Yukawa model

Spin structure of the wave function:

Γ2 = b1(k⊥, x) +
6ω

ω·p
b2(k⊥, x) ← two spin components

After adding f̄ :

b1(k
∗

⊥
(x), x) = const

b2(k
∗

⊥
(x), x) ≡ 0
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• Non-perturbative f̄ contribution
True Yukawa model

V.A. Karmanov, J.-F. Mathiot, A.V. Smirnov, Phys. Rev. D86, 085006 (2012).

x-dependence of g′03 = [g03(x)− ḡ03]/ḡ03. The solid (dashed) lines correspond to the

results obtained with (without) the antifermion contribution.
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• Dependence of ff F2(0) on PV mass

True Yukawa model (with fermion), n = 3 truncation.
V.A. Karmanov, J.-F. Mathiot, A.V. Smirnov, Phys. Rev. D86, 085006 (2012).

Form factor F2(0) vs. PV mass µ1

Convergence relative to increase of PV mass µ1 →∞!
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• E.M. form factor vs. Q2

True Yukawa model (with fermion), n = 3 truncation.
V.A. Karmanov, J.-F. Mathiot, A.V. Smirnov, Phys. Rev. D86, 085006 (2012).

Form factor F1(Q
2) (PV mass µ1 = 100)
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• Dependence of norm on PV mass

Scalar Yukawa model
Yang Li, V.A. Karmanov, P. Maris and J.P. Vary, Phys. Lett. B 748, 278 (2015)

The Fock sector norms I1−4 vs. PV mass µ1
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• E.M. form factor vs. Q2

Scalar Yukawa model
Yang Li, V.A. Karmanov, P. Maris and J.P. Vary, Phys. Lett. B 748, 278 (2015)

The e.m. form factor F (Q2) (PV mass µ1 = 15m)

Convergence relative to truncation n = 3 → n = 4 !
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• Dependence of norm on α
Scalar Yukawa model

Yang Li, V.A. Karmanov, P. Maris and J.P. Vary, Phys. Lett. B 748, 278 (2015)

The Fock sector norms I1−4 as a function of
the coupling constant α.
Singularity near α ≈ 2.2?
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• Equation in the three-body truncation

Reminder:
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Equation for the two-body component Γ2 in the three-body truncation.

Γ
(3)j
2 (k⊥, x) = g03ψ1 +

Γ
(3)j
2 (k⊥, x)Σr(s1)

(s1 −m2)
+ I

j
2(k⊥, x)

Ij2(k⊥, x) =
1

∑

j′=0

(−1)j
′

∫ 1−x

0

dx′

2x′(1− x′)(1− x− x′)

×

∫

d2k′
⊥

(2π)3
g202Γ

(3)j′

2 (k′

⊥
, x′)

[sj
′

2 (k′

⊥
, x′)−m2][sjj

′

3 (k⊥, x;k
′

⊥
, x′)−m2]
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• Fredholm integral equation

of the second kind:

φ = f +Kφ → φ = (1−K)−1f

Determinant of the kernel det|1−K| vs. α
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• Renormalized equation
Renormalization condition for n = 3

Γ
(3)j=0
2 (k∗⊥, x) = g

√

1− g2J̄
(2)
2

Apply to the equation:

g

√

1− g2J̄
(2)
2 = g03(x)ψ1 + Γ

(3)j=0
2 (k∗⊥, x)Σ

′(m2) + I02 (k
∗

⊥, x)

Subtracting this equation from the initial one we get equation

for the renormalized Γ
(3)j
2 (k⊥, x):

Γ
(3)j
2 (k⊥, x) = g02(g) +

Γ
(3)j
2 (k⊥, x)Σr(s1)

(s1 −m2)
+ ∆Ij2(k

2
⊥, x)

where: I
j
2(k

2
⊥, x) ∼

∫

KΓ2, ∆Ij2(k
2
⊥, x) ∼

∫

(K −K∗)Γ2

New kernel: (K −K∗)
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• Determinant of new kernel

Yang Li, V.A. Karmanov, P. Maris and J.P. Vary, To be published in Phys. Rev. (2015)

Determinant of the kernels vs. α

Singularity (critical coupling constant) disappears
in the renormalized theory!
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•Mechanism of the αc removal

Γ2 ∼
g03

α− αc

If g03(x) = const (not true!), then g03 ∼ (α− αc)

If g03(x) depends on x, then g03 ∼ (α− αc) is not true.
However, the cancellation still takes place (more subtle, due

to zero of integral).
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• Toy model
Yang Li, V.A. Karmanov, P. Maris and J.P. Vary, To be published in Phys. Rev. (2015)

F (k, x) = g0(x) +

∫

K(k, x; k′, x′)F (k′, x′)dk′dx′

with the separable kernel:

K(k, x; k′, x′) = αh(k, x)h(k′, x′)

and with the renormalization condition:

F (k∗(x), x) = g ⇒ g0(x) = f(g, x)

Non-renormalized solution:

F (k, x) = g0(x) +
αh(k, x)

1−
α
αc

∫

h(k′, x′)g0(x
′)dk′dx′, αc =

[

inth2(k′, x′)dk′dx′
]−1

Singular at α = αc!
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• Renormalized solution

F (k, x) = g +
g[h(k, x)− h(k∗(x), x)]

∫

h(k′, x′)dk′dx′

1− α
αc

+ α
∫

h(k∗(x′), x′)h(k′, x′)dk′dx′

Non-singular at α = αc!
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• Renormalized off-mass shell solution

F (k, x; p) = g
ψ1(p)

ψ1(m)
− αg

ψ1(p)

ψ1(m)

I1(m)h(k∗(x), x;m)

1−
α

αc(m)
+ αI′2(m)

+ αg
ψ1(p)

ψ1(m)

[

1−
α

αc(m)

1−
α

αc(p)

]

I1(p)h(k, x;m)

1−
α

αc(m)
+ αI′2(m)

+ αg
ψ1(p)

ψ1(m)

[

I1(p)I′2(m)− I1(m)I′2(p)

1−
α

αc(p)

]

h(k, x; p)

1−
α

αc(m)
+ αI′2(m)

Singular at α = αc(p)!

On-mass shell:
[

1−
α

αc(m)

1−
α

αc(p)

]

p=m

⇒ 1,

[

I1(p)I′2(m)− I1(m)I′2(p)

1−
α

αc(p)

]

p=m

⇒ 0.

Singularity disappears!
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• Singularity at α = αc at n = 4
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Contribution off-shell Γ2 in Γ3 in the n = 4 truncation

Reminder: singularity at α = αc in the n = 4 truncation

The Fock sector norms I1−4 as a function of the coupling constant α.
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• Conclusions

The Yukawa theory is solved non-perturbatively.
After sector dependent renormalization we obtain:

Removal of divergences – good convergence relative to
increase of the PV mass.

Good convergence relative to increase of truncation – in
the scalar Yukawa model we are close to saturation (to
exact solution).

Removal of critical coupling constant αc in the n = 3
renormalized solution, but its survival in the n = 4
renormalized solution.

The approach is rather efficient.

Need to consider other systems (like scalar 2N2π, N3π
with spin).
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